Ergod Th & Dynam Sys (1990), 10, 627-644
Printed in Great Britain

The box and Hausdorff dimension of
self-affine sets

TIM BEDFORD' anp MARIUSZ URBANSKI?

' Department of Mathematics and Informatics, Delft Unmwersity of Technology,
PO Box 356, 2600 AJ Delft, The Netherlands
% Intytut Matematyki, Umwersytet M Kopermka, ul Chopina 12/18, 87-100 Torun,
Poland

(Recetved 28 November 1988 and revised 22 June 1989)

Abstract Under a natural assumption the Hausdorff dimension of a measure u
canonically associated with a given self-affine set 1s computed A simplified proof
of Bowen’s formula for the box dimension of self-affine sets proved earlier 1s given
A condition for the box dimension and Hausdorff dimension to be equal 1s proven,
and a collection of examples in which this condition can be checked 1s discussed

1 Introduction

In this paper we consider the box dimension (or ‘capacity’) and Hausdorff dimension
of certain self-affine sets which include those studied in [Be2] and 1n § 6 of [PU]
Bedford [Be2] calculated the box dimension of some self-affine connected curves
and obtained a formula involving the topological pressure of a certain function
This formula 1s analogous to that of Bowen [Bo2] for the Hausdorff dimension of
self-similar sets (see also Manning and McCluskey’s formula [MM] 1n a shghtly
different context, and also [Bel] for the connection with box dimension) Here we
give a simplified proof of the formula for the box dimension of self-affine sets Our
approach 1s based only on the theory of Gibbs states presented in [Bol] and does
not involve the more advanced thermodynamic formalism of [R] and the ‘singularity
spectrum’ results of [BR]

The main part of this paper 1s stimulated by a conjecture made in the preprint
version of [Be2] The box dimension formula obtained 1n [Be2] states that the box
dimension of a self-affine curve E <R? 1s given by the unique real ¢+ 1 such that
the topological pressure P(tfw + f;) =0 where f,, and f are functions measuring
the scaling structure of E If p 1s the equilibrium state for tfy, +f, and mw, u an
associated measure on E then we can state the conjecture from [Be2] as follows
the Hausdorff dimension of E ts equal to the box dimension of E 1f and only 1f
HD(pymen)=1, where py R’->R 1s orthogonal projection onto the y-axis For
certain self-affine sets which generalize the so-called limit Radamacher functions
considered 1n [PU] we calculate the Hausdorff dimension of the measure 7, u The
formula obtained permuts (for this class of sets) to give a positive answer for one
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direction of this conjecture and some positive partial contributions to the other
direction In the last section of this paper we describe two classes of self-affine sets
for which we are able to verify the assumptions we make to obtain our results
We now recall some of the general notions and results used in this paper
If A 1s a subset of a metric space (X, p) then the box dimension of A 1s defined
as follows Let N(A, £) denote the minimum number of balls of radius € > 0 needed
to cover A We set

log N(A
Da(A) = im nf 08 N4, €)
£~0 —loge
_ log N(A
Da(A) = lim sup log N(A, ¢)
€0 —log ¢

If Dg(A) = Dp(A) then the common value 1s called the box dimension of A and 1s
denoted by Dz(A) For the definition and basic properties of Hausdorff dimension,
which we denote by HD, we refer the reader to the book by Falconer [Fa] The
Hausdorff dimension and box dimension are related by

HD(A) = Dg(A) =< Dg(A)
If w 1s a Borel probability measure on X then the Hausdorff dimension of u 1s
defined as
HD(u)=mf{HD(Y) Yc X and u(Y) =1}

In order to estimate the Hausdorff dimension of a Borel probability measure on a
Euclidean space we shall rely on the following well known result (see [PU])

FrROSTMAN’s LEMMA If for u-ae x we have

log u(B(x, £))
log ¢

8;=limnf =§,,
-0

where B(x, €) 1s the ball of radws € around x, then 6, < HD(u)< 5,

If £, g X >R are two real-valued functions then we shall say that f and g are
boundedly equivalent and write f= g 1if there 1s a constant C =1 such that

C'g(x)<f(x)<Cg(x) forevery xeX an

Note that = 1s an equivalence relation and that af = f for every a>0

2 The construction of self-affine sets
In this section we recall some of the facts and definitions from [Be2] that we need
here They are formulated in a shghtly more general setting which enables us to
deal with disconnected self-affine sets as well At the end of this section we present
another proof of the Bowen dimension formula for self-affine sets first proved 1n
[Be2] Note that our notation does not coincide everywhere with that of [Be2]
We put I=[0,1] and consider orentation preserving, contractive C'*°
diffeomorphisms ¢, I xR - I xR (for 0=1 < k) satisfying the following properties

e (x, )= (x), 7.(x,y)),0=1<k for some differentiable functions ¢, I->1
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and 7, I XxR->R such that
A=sup {¢¥i(x) xeL0=1<k}<1

and
J
B=SUP{5‘T,(x,y) (x,y)EIXR,0S1<k}<1, 21
y
the fixed points of ¢, and ¢,_, are (0,y,) and (1, y,_,) respectively for some
yO,yk—IERs (2 2)
and
¥,(1)=4,,,(0) forevery 0=1<k-1 (23)

We also define a and b by
a=mf{y)(x) xe L0=1<k}>0

and
d
b=mf{é—7-,(x,y) (x,y)eIxR,OSt<k}>0
y

The constants a, b, A and B will be used as defined here throughout the paper

By a result of Hutchinson [H] there 1s a unique compact non-empty set E such
that E = U, o ¢.(E) Following [Be2] we shall call such sets self-affine Let Z=
H, {0, ,k—1} For x=(x,,x,, )eX we set x(n)=(x,, ,x,),(n=1), and
write

‘pg(n) = (Px, ° ° (Px,,, d’x(n) l,/zl ° l/fx,,

and
7()= ) eson(E) 7(x)= () il E)

We shall often 1dentify the finite sequence x(n) with the subset {y e = y(n)=x(n)}<
b
Since ¢ and ¢ are strict contractions and the families

{‘P;(n)(E)}:o:ly {dfgc(n)(l)}cr’l(;l

are decreasing 1n n, the sets 7(x) and 7(x) are singletons Furthermore w(x)e E
since ¢, (E)< E for all n=1 We have thus constructed maps

7w 2>E and 7 X-1,

which are continuous since diam (¢,(,(E)) and diam (¢,(,,(I)) converge to 0
umformly (in fact exponentlally) fast The two maps are surjective because E =
U, o @(E)and I= U, _o ¥.(I) The following properties are also easy to see

‘”(’s Xy, X2, )=‘Pl(xl’x2, ) and W(l, Xy, X2, )=¢l(xlax2, )

for any xeX (24)
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7 and 7 are injective except that given x,, ,Xx, with x,# k—1 the two
sequences (x,, ,x,,k—1,k—1, )and(x,, ,x,,0,0, )havethesame
image under 7 and may have the same image under 7 (25)

An easy consequence of (24) 1s
oxm(E)=m(x(n)) and dm(I)=7(x(n)) (26)

Finally, we define py IXR-—1I and py IXR->R to be the standard projection
maps (x, y)— x and (x, y) > y respectively For a subset D of R we denote the
diameter by |D| and the Lebesgue measure by /(D) For K <R? we put |K|y =
|pw (KD, [K s = pu(K), Iw(K)=1(pw(K)) and I;(K)=1(py(K)) (W and H
stand for ‘width’ and ‘height’ respectively)

As pwo, = U, pw, for 0=<1 <k, we obtain

pwem=1 (27
The following lemma says that E 1s almost the graph of a function

LemMA 1 For all x € I outside a countable set Z < I, each Iine {x} xR contains exactly
one point of E

Proof Let X,={x€3 x,=0 for all large n}, X;_,={xeX x,=k—1 for all large
n}, and let Z = 7(X,uw Xx_;) Now Z 1s countable since X; and X, _, are countable
By (2 5), card 7~ '(x) =1 for every x € I\ Z, and so (2 7) implies that card (E n {x} x
R)=1 This proves the lemma O

Condition (2 1) implies that

Do,(x,y) = ¥u(x) 0 0=<i1<k

3
—l 'S . lx9
axr(x y) ayT( y)

From now on we shall assume that

i(x)

A =sup (x,y)eIXR,0=<1<k <1, (28)

a 7.(x, y)

which means that the maps ¢, have a sharper contraction horizontally than vertically
We define two functions which together measure the contraction rates of the ¢, Let
Jw,fu Z->R be given by

fw(x) =log ¥, (#(ox) fH<zc)=logf;n.<w<ax>)

(note that these functions are minus the corresponding functions 1n [ Be2], but that
they have the same sign as the corresponding function in [Bo2] and [MM]) As the
functions o, 7, 7, (3/8y)7,, and ¢, are continuous, both f,, and f}; are continuous
It 1s not difficult to check (see [Be2]) that they are actually Holder continuous For
f=fw or f and n=1 we denote the sum Z,";o' f(o'x) by §,.f(x)
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We can reformulate Lemma 3, Lemma 5 and Proposition 8 of [Be2] as follows

LEmMMA 2 For every n=1 and x, y € X with x(n) = y(n) we have
exp S.fu(x)=exp S.fw(y) and expS,fu(x)=exp S.fuly)
LEMMA 3 Foreveryn=1 and x€%,

| 7(x ()] =D = |@x(m (E)lw = exp S, fw(x)

LEMMA 4 Foreveryn=1 and xeX,

|7T(2‘("))|H = |¢g(n)(E)|H =exp S,fu(x)

An extra condition 1s needed for Lemma 4 to hold as stated This 1s because there
1s a degenerate case 1n which E 1s a differentiable manifold However, this happens
if and only if the strong stable manifolds of the maps ¢, all coincide (see [Be = 2]
for more details) and we shall assume that this highly non-generic possibility does
not occur We remark also that the proof of (our) Lemma 4 given in [Be2] required
the existence of sets C < E with |C|,/|C|w arbitranly large This 1s true in the
disconnected case since for some 1 we have ¢,.,((0, yo)) # ¢,((0, y_,)) (using the
notation of (2 2))—for otherwise [Be2] shows that E 1s connected Hence the set
C ={¢,.,((0, ¥5)), .0, yx_1))} has |C|4 >0, but|C|yw =0by (2 3) With thisremark,
the proofs of the above lemmas work 1n exactly the same way as those in [Be2]

The main technical tools we use in this paper are the notions of topological
pressure and Gibbs states Topological pressure with respect to o £->2 1s an
operator on the space of real-valued continuous function on % It satisfies a vari-
ational principle relating 1t to measure theoretic entropy,

P(g)=sup {hy(U)+J gdﬂ} ge C(2),

where the supremum is taken over o-invariant Borel probability measures A measure
taking the supremum 1s called an equilibrium state for g When g 1s Holder
continuous there 1s a unique equihbrium state p for g, which 1s a Gibbs measure
This means that for all xe X and n=0 we have

u(x(n))=exp{S.g(x) —nP(g)} (29)

(see [Bol], 14 pp 9-10) More information about pressure and Gibbs states can
be found 1n [Bol] The formula for box dimension of E established in {Be2] involves
the zero of the function s — P(sfy +fy) Our assumptions that 0<a, b, A, B<1
imply that there 1s a unique t€R with P(tfw +fy)=0 Furthermore we have the
following bound on the value of ¢

LEMMA 5 The unique real number t defined by P(tfw + fi;) =0 satisfies 0<t <1

Proof We first show that t>0 Let A be the equilibrium state for the function fy
By (29) and Lemma 3 we have

A(x(n))~ exp (S.fw(x) — nP(fw)) ~|7(x(n))| exp (=nP(fw))
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for every n=1 and xe X Therefore

1= Y Ax(n))~ (Z)Iﬁ(ac(n))lexp(-nP(fw))=CXP(—nP(fw))

x(n)

for every n =1, which implies that P(f,,) =0 By (2 8) and (2 1) we have f,, <fy <0,
which gives 0 = P( fw ) < P(fy) Asthefunction s — P(sfw + f) 1s strictly decreasing
we obtain >0

To see that <1, let v be the equilibrium state for the function fy, +fy As
P(fw) =0, the vanational principle for pressure imples that

P(fw+fn)=hyﬂ+jfde+qudV
SP(fW)+J'fHdV

This together with strict monotonicity of s +— P(sfw +fy) shows that 1 <1 O

DerINITION We say that E satisfies the Darboux property if the set py{@ . (E))
1s connected for every n=1 and xe

We end this section with another proof of the Bowen formula established in [Be2]

THeEOREM 6 If E satisfies the Darboux property then Dg(E)=1+1

Proof Let u be the equilibrium state for the function tfy, + f};, and fix £ >0 Since
0<a=A<1 we can find a finite number of pomnts x', ,x”eX and integers
ny, ,n,=1 such that

L:JIﬁ(zc’(n,))=I,

nt (#(x’(n,))) "t (7(x'(n,)) =@ for 1=15#)=p,
and
sa=|w(x'(n))|=¢e forl=;=sp

For each ; define g, =[|7(x’(m)|u-|#(x’(n))| ']+1 Clearly we can find
u;, ,u,€R (depending on j) such that ﬁ(gc’(n,))x[u,,uql]Dw(gc’(n,)) and
U, —u,=|7(x'(n))| for 1=1<q, By Lemmas 3 and 4 we have

g, =lm((aN|u |7 ()™
=exp (S, fu(x’)) exp (=S, fw(x’))
=exp (S, (fu —fwi(x")

Clearly N(E, s)szj‘":1 q, Furthermore as E satisfies the Darboux property and
any ball of radius jae can intersect at most 4 rectangles of the form #(x’(n,)) x
[, u,.,], we must have N(E,lae)=3Y_, g,
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Since u ts the equilibrium state for tfy, +f; where P(tfy, + fi ) =0, 1t follows from
(29) that for any ¢ >0

N(E,;e)=

7

exp (S, (fu —fw)(x"))

1

q,=

1 J

I ™=
I ™~

i ™

exp (Sa, (tfw +fu)(x”)) exp (=S, (1 + 1) fw(x"))

J

- é:] M(EJ(nj))|‘ﬁ'(§’("}))|—(l+l)

4
= T (e (m)e 0 = gm0
1=1

Therefore Dg(E)=1t+1 and the theorem 1s proved J

REMARK (1) The Darboux property was not used to obtain the estimate
P
N(E, e)< ¥ gq,
1=1

and so the inequality Dg(E)=<t+1 1s true for any self-affine set E

(1) The proof of Dg(E) = t +1 given in [Be2] establishes the result via a vanational
principle This principle also contains information about the number of boxes required
to cover certain subsets of E

3 The dimension of E and mwp
From now on we make the additional assumption that

i~r,(x,y)EO for0=1<k (*)
ox

and will say that E has an invaniant weak foliatton We are aiming towards conditions
under which the Hausdorff dimension of E 1s equal to ¢+ 1, and shall do this via
a study of the Hausdorff dimension of w, u If E has an invariant weak foliation
then each ¢, I XxR—> I xR can be expressed 1n the form

@.(x, y)=(¥(x), 7.(y)) where 7, R>R

Thus horizontal lines are mapped under ¢, to horizontal lines and so if K < ¢,(I XR)
1s a rectangle with sides parallel to the x and y-axes then ¢, '(K) 1s also such a
rectangle—in future all rectangles used in the proofs will be of this form It follows
from Lemma 4 that if xeX, n=1 and K < I xR has the property that p,(K)c<

Pu@s(n)(E) then
@ xim (Kl =K |1 exp (=S, fu(¥))
In particular we obtain the following
LEMMA 7 Let
K.(x, n)=7(5(n)) x [ pum(x), pum(x)+3 7 (x(n))]],
K_(x, n) = #(x(n)) X[ pum(x) = 3| #(x(n))|, pum(x)],
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and K(x,n)= K, (x,n)u K _(x, n) Then for any xcX and n=1 we have
|<p_:(’,,)(K+(gc, n))!H = |<P;(ln)(K—(Z‘, "))lH = I(p_:(l,,)(K(gc, "))|H
=|7(x(n))| exp (=S, fu(x))
As before we let i be the equilibrium state for the function tfy, + fi;, and we now
take v to be the Borel probability measure on £ given by Ruelle’s Perron-Frobenius
theorem (see [Bo1] 1 7 p 14) for tfw + f; The two measures u and » are equivalent

with continuous never vamishing densities It follows from this theorem that for
Kc (I XR) (0=1<k) we have

W*V(¢T‘(K))=J exp (—tfw —fu) d(myv) = m,v(K) (32)
K
We consider 7., v here as a measure defined on I xR with the property that

(I XxR)\E) =0 Therefore, using Lemma 2, we get the following,

LEMMA 8 Forany xeX, n=1 and K < ¢,,,,(I xR) we have
T V(‘P;(ln)(K)) = J exp (=S, (tfw +fu)) d(m,v)
K

= my v(K) exp (=S, (tfw + fu)(x))
In particular, for any xeX and n=1,
Ty V(Y1) = Ty v(@xn)(E)) = exp (Sp(tfw + fu )(x)) (33)
We now obtain a volume lemma for the measure 7, v (compare to Lemma 8 of [PU])
LEMMA 9 For v and p-almost all x e X we have

- lnflog (7 v(K(x, n)))
00 log |7w(x(n))]|

= HD(m,v)

Proof Let

log (7, v(K(x, n)))
L= ™ og A (x(m))
If y=0o(x) then K(y,n—1)> <p;|'(K(gc, n)) and we get by (3 2) that m, v(K(y,n—
1)) = @, v(K(x, n)) Hence
log w v(K(y, n— 1))<log m v(K(x, n))< log m, v(K(x, n))
log|ay(n—1)] — log|ay(n—1)| ~ log|#x(n)|~loga

Letting n> o0 we get L(ox)=< L(x) As o - X 1s ergodic with respect to u, this
imples that L(x) 1s constant u-almost everywhere and equivalently v-almost
everywhere We denote this u-almost sure value by L Since B(w(x), 2|7(x(n))]) >
K(x, n), we obtain

1 B 2|7
i 1 108 TV BT, AR GD _ )
n—co log |7 (x(n))|
The Frostman Lemma (stated in the introduction) now gives HD(m, v) <L
The calculation of the other inequality 1s more complicated The main technical

problem we face in obtaining the lower bound on HD(w,v) 1s that we do not have
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a good description of the density of w,» around points of E with more than one
corresponding symbol sequence We now make some estimates which will enable
us to deal with this problem

First note that, since P(tfw +fy) =0, by the definition of pressure we have

1
himsup log 2. exp (S,(thw+/u)(x))=0

where for each n=1, B, < X 1s a maximal set such that if x, y€ B, and x # y then
x(n)# y(n) By (3 3) this 1s equivalent to the formula

1 . -
Itm sup ;log Y mev(m(x(n)))=0
n—>oo 5(”)

Thus, given >0, for large enough n we have }_,, 7 v(7(x(n))) =< e In par-
ticular

2 Z)e_F"ﬁ*V(ﬁ(zC(n)))<00 (34)
n=1 x(n

Now fix B >0, choose some n=1 and define m=1+[(1+B)n] Corresponding to
each interval 7(x(n)) there are two endpoints x' and x> and two sequences such
that #(x")=x', #(x*)=x? and x'(n)=x’(n) = x(n) Put

A(B, ny= U (7(x'(m)) L #(x*(m)))

x(n)
We can now use (3 3) to estimate 7, v(A(B, n)),
T V(A(B, n)) = (Z)(ﬁ*V(ﬁ'(zc'(m))Hﬁ*V(ﬁ(zcz(m))))
= Y (exp (Su(tfw +fu)(x")) +exp (S, (tfw +fu)(x%)))

x(n)

= Y (exp (S {tfw+fu)(x")

x(n)

+exp (S.(tfw +fu)(x7))) exp ((tlog A+log B)Bn)
~2exp ((tlog A+log B)Bn) ¥ #,v(#(x(n)))
x(n)

Using the fact that log A, log B <0, (3 4) implies that

7, v(A(B, n)) <o 35)

118

Now observe that by Lemma 3 we have
|7 (x"(m))] = exp (S, fw(x"))
zexp (S, fw(x")) exp (Bn log a)
=exp (Bn log a)| 7 (x'(n))|

The same estimate 1s obviously true for |7#(x*(m))| Thus if x 1s not in 7 '(A(B, n))
then

K(x, n) > B(w(x), ca®"|7(x(n))}),
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where 0 < ¢ =1 1s a umiversal constant Now by (3 5) and the Borel-Cantell: lemma,
v-almost every x €= does not belong to 7 '(A(B, n)) for all large n Therefore

log #,vB(m(x), ca®"|#(x(n))|)

b=lmpf log |#(x(m)
= um nf log ¢+ Bn log a+log|w(x(n))| log #,vB(w(x), ca®|7(x(n))|)
n-co log |7 (x(n))| log (ca®"| 7 (x(n))|)

and as
_logctpn log:1+10g|7r(2€("))|S 148
log |7 (x(n))|

we deduce from Frostman’s lemma that

1 1
oga+l ogc

logA nlogA

log a
L={1+8——]HD
( Blog A) ()
Letting B -0 we get L=< HD(w,v) which proves the lemma O
We shall obtain a formula for the dimension of 7, v 1n terms of (amongst other
things) the dimension of the measure ( pyw),» The following two lemmas are

volume lemmas for (py), v
LemMA 10 For p and v-almost every x € X we have

him mf10g (pum)yv(B(pum(x), r))
-0 log r

= HD((pum)4v)

Proof Denote the map pyw by 7y and the measure (pym),v by # For every x€X
let

log #(B(my(x), 1))
log ¢

L(x)=hm })nf

By Frostman’s lemma 1t 1s sufficient to show that L(x) 1s v-almost surely constant
Now for every n=1 and x €3 we have

@ (7(x(1)) x B(ary (x), 1)) 2 I X B(mwu(ox), B~'r) > I x B(my(0x), 1)
Thus, putting D =max (1, sup {exp (—tfw —fn)(x) x€X}) we obtain
¥(B(my(ox), r)) = mv(I X B(my(ox), 1))
= mev(@e (7(x(1)) % B(my(x), 1))
=< D, v ((7(x(1)) X B(my(x), 1))
= Dm,v(I X B(mwy(x), 1))
= Dv(B(mu(x), r)) (36)
Consequently, for every 0<r<1 we get
log #(B(my(0x), r)) _log #(B(my(x), r) log D
log r log r log r

Thus, letting r >0, we obtain L(ox)= L(x) Since

J L(ox) du(x) = J L(x) du(x),
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this implies that L(ox) = L(x) for u-ae x€X Therefore, by ergodicity of u with
respect to o, L(x) 1s u-a s constant and hence also »-a s constant (as u and v are
equivalent) 0

The next lemma says that the imit around the point py7x 1n the statement of
Lemma 10 can be replaced by a Iimit taken along a sequence of points pymo"x

Lemma 11 If 6, - (0,0) 1s a sequence of measurable functions such that
1
Iim " log 6,(x)=10

foru aa xeX and some 6 <0, then

hm lnflog (pHTr)*V(B(pH’”(U"E)’ 0,,(5)))
e log 6,(x)

= HD((pum)4v),
Jorpaa xeZ
Proof Define wy and 7 as 1n the last lemma For every x€ X let

L(x) = im nf 28 7B (0"%), 0"(x)))
e log 6,(x)

First we show that
L(x)=HD(v) foruae x€X 37

Let Z={xeX lm,_.,n 'log6,(x)=0} By assumption Z has u-measure 1 From
the last lemma and Egorov’s Theorem 1t follows that for every p < HD(7) there
exists r(p)>0 and a Borel set $< 3 such that u(S)>0 and

log »(B(wu(X), 7))
log r B

(38)

for every x€ S and 0<r=r(p) By ergodicity of u, for w-almost all x € X there 1s
an increasing sequence {n } (depending on x) such that o™ (x)e S for yj=1,2,
Now take j,=1 (again depending on x) large enough that 6,{x)=<r(p) for every
n=n, Then by (3 8) we have

log 7(B(my(07x), 6,,(X)))

39
log 0,(x) 39
for every j=j, Fix now 0<e<—6 and let I_, =1 be so large that
1
O—ss;log 0.(x)=0+¢ foreverym=I_, (310)

Let t(m)=[(0+¢)/(6—e)m]=m and let j(m) be the largest integer such that
nm=t{m) Since hm,_ . n =00, there exists l,=1_, so large that n,,,=1_, aad
Jj(m)=j, for m=1, Using (3 10) we therefore have that for every m=1,,

log On(x)<(0+te)ym=(0-e)t(m)=(0—¢&)n,m=<log¥,  (x)
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Hence 0,,(x)< 0, (x) and using (3 6) we get for m = |, that

yem)
#(B(my(a7x), 6,(x)))= D" "o p(B(my(g"ewx), 0,,(x)))
< D™ " p(B(my (0" mx), 8, (X))
Therefore for m = I, we have,

log #(B(my(0™x), 8m(x)))

log 6,.(x)
_(m=ny)l0g D 108 61, (x) 10g H(B(my (0" %), n0y(¥)))
T log0,(x)  log On(x) log 8,,,,,(x)
(m—nl(m)) 1
2" 1og D log 6, (x) )
= 5 Wimy My(m) & O IOgV(B("TH(U"”""-_X),ermm)(Z‘)))
log 0,,,,(x)

1 1
—log6,(x) | —log O.(x)
m m

(311)

By the defimtion of t(m) and j(m) we have n,,,)., ={(8+¢)/(8 —¢)}m From the
Birkhoff ergodic theorem we deduce that lim,,(n,/n,,,) =1 Therefore for m=1,
large enough we have

8+eg
0—¢

n](m)Z(l_E)nj(m)+12(l_€) m

Thus taking the lhimit of m — oo from (3 11) and (3 9) we get,

0+
£ SlogD

L=t q-tel

*= 9 o—c0’

Letting e \y0 we get L(x)=p In particular, as u(Z)=1 we get L(x)=p for u-aa
xe€X Letung p /” HD(7) we obtain inequality (3 7)
In order to prove the converse inequality, let
R=supess(L) =inf{sup{L(x) xeI} u(X)=1}
From Egorov’s theorem we have that for every Q < R there exists an integer [, =1
and a Borel set Y, < X such that u(Y,)>0 and
log 7B(m(0"x), 6.(x))
log 6,(x)

=Q forevery xe Y, and n=1, (312)
Also by the same theorem, for every 0 <& < —@ there exists an integer ,=1 and a
Borel set Y, 2 such that u(Y;)=1-4u(Y,) and

(6—€e)n=log 6, (x)<(0+e)n forevery xe Y,and n=1, (313)

Now, forany xe X let m, = m;(x),k=1,2, betheincreasing sequence of integers
m=0forwhiche ™ (x)NY,n Y, #T As u(Y,n Y5)=3u(Y,)>0 we deduce from
the Birkhoff ergodic theorem applied to the Rochlin natural extension of the system
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(o, 1) that for u-ae xeZ, say xe V with u(V) =1, the sequence m, = my(x) 1s
infimte and furthermore that

lim —% =1 (3 14)

k—>co mk+1

Consider now any x¢€ V, let m; = m,(x) and let {x,} -, be a sequence consisting of

elements of Y, Y, such that o™ (x,)=x for every k=1, 2, For every small
enough 0<r<1 let p=p(r)=1 be the largest integer such that
Om, (X,) =T, (315)

so that in particular,
am,,+l(}lp+l) <r (3 16)
(a largest such p exists because (3 13) holds for each x,) Thus p(r)->o as r->0
and so there exists 0 <ry<1 such that
myn=max (I, L) forevery 0<r=r, 317)
Thus for any r e (0, ro] 1t follows from (3 15) that B(wy(x), r) < B(wn(x), 0. (x,))
From (3 12) we therefore get

log 7B(mp(x), r) _ log #B(mp (X)), Om, (X))
log r - logr

_log PB(m40 " (%,), Om(X,)) log Om,(X,)
log 6., (x,) log r
lOg Bmp(-_x-p)

(318)
logr

=Q

In view of (3 13) and (3 17) we obtain log 6,, (x,)=(6+¢)m, and log 0,,, , (X,+)=
(0 —¢e)m,,, Consequently
log 6,, (x,) _ 0+e m,
log om,,“(lfpﬂ) -« My

From this, (3 16) and (3 18) we get

log vB(my(x), r)> 0+ m,

logr 0—c m,,,

Hence, letting r > 0, by Lemma 10, and (3 14) we obtain HD(v)= Q[(8+¢)/(0 —¢)],
and letting first e >0 and then Q. ”R we get HD(#)= R This completes the

proof O
We shall now prove the main result of the paper (compare with Theorem 7 of
(PU])
THEOREM 12 The Hausdorff dimension of m,pu satisfies
HD(myp) = r+ﬂHD(<pr)*m(1 —&)
Xw Xw

where szjfw du and xu :IfHdﬂ-
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Proof As p and v are equivalent, HD(m, )= HD(m,v) and 1t 1s enough to prove
that

HD(m,v)= t+ﬁ+ HD((pr)*p,)(l —ﬁ)
Xw Xw

We keep the notation wy =pyom, and ¥ =(pym),y, and we put o =(pym).p
Recall from Lemma 7 that K(x, n) 1s a square of side length |7(x(n))| about 7(x),
then by Lemma 7 there exists a constant 0 < C <1 such that

B(pum(o"x), Cl7(x(n))| exp (=S, fu(x))) < pueimK(x, n)

< B(pum(o"x), C7'|7#(x(n))| exp (=S, fu(x))) (319)
for every x€e X and n=1 In view of Lemma 8,
mev(K(x, n))=exp (S,(tfw +fu ) () 7 v (@2 K (5, 1)) (320)
Take now
0.(x) = C|7(x(n))| exp (=S, fu(x))
and

07(x) = CT N 7 (x(n))| exp (—S.fu(x))
forxeXandn=1,2, As ¢ (K (x, n)) 1s a rectangle which lies across the full
width of the umt interval, by (3 19) and (3 20) we get

log m, v(K(x, n)) = S,(tfw + fu)(x) +log m,v(@(mK(x, n))+ X,
= S, (tfw + fu)(x) +log #(B(mu(o"x), 67(x)) + X,
and
log 7, v(K (%, n)) =< S,(tfw +fu)(x) +log #(B(my(c"x), 67'(x)) + X;,
where X,, X,>0 are uniformly bounded, both from above and from zero, with
respect to x€ X and n=1 Therefore
log 7, ¥(K(x, n))
log |7 (x(n))|
< Snltfw +fH)(zC)+ log 8,(x) log #(B(my(o"x), 6:(x))) log X,
log |7 (x(n))|  log|@(x(n))| log 6,,"(x) log |#(x(n))|’
(321)

and
log m, v(K(x, n))
log |7 (x(n))|
_ Sa(tfw+fu)(x)  _log 8.(x) log #(B(mu(o"y), (z‘i.”(x))+ log X,
~ log|#(x(n))| log|#(x(n))| log 67(x) log |7(x(n))|
(322)

Now, by Lemma 3 and the Birkhoff ergodic theorem we know that foru-aa x€3,

1 1
hm —log 6.’(x)=hm —log 07(x) = J Sw—fudp <0
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This property means that we can apply Lemma 11 to each of the sequences {8}
and {6'’} Using this Lemma, taking the linit of n-> o0 1n (3 21) and (3 22) gives

txwt Xu Xw — XH
w

HD(myv)= + HD(5)2X—XH

Xw
and

tyw +
HD(m,v) > XWX, HD(v)
X

w Xw

Xw —XH

Rearranging these expressions gives the claimed dimension formula The proof is
thus complete (W

As u 1s an atom free measure, the set E (mod m, u) can be regarded as the
graph of a Borel function f I >R defined 7, u almost everywhere In this context
the measure (pyw),u can be interpreted as the probability distribution of the
random vanable f I >R defined on the probability space (I, #,pn) The following
theorem gives a positive answer to one direction of the conjecture stated in the
introduction

THeOREM 13 If E has a weak mvanant foliation (*) and HD((pym),p)=1 then
HD(E)= Dg(E)=t+1

Proof From the remark after Theorem 6 we have Dg(E)=<1t+1, and Theorem 12
gives HD(E)= HD(w u)=1t+1 As HD(E)= Dg(E), this finishes the proof [

Remark. In the above theorem we do not use the assumption that E satisfies the
Darboux property

We can also give a partial positive answer 1n the second direction of the conjecture
stated 1n the introduction

THEOREM 14 Suppose that E has a weak mvarant fohation (x) and that
HD{((pum)4ep)<1 Then H,, (E)=0 where H,(E) s the (t +1)-dimensional Haus-
dorff measure of E

Proof Theorem 12 implies the existence of a Borel set F < E such that m, u(F)=1
and HD(F)<t+1 Hence, if Z= E\F then 7, u(pw(Z))=0 Since the sequence
{7 (x(n))},}n<; of partitions (mod m,u) of I 1s increasing and generates the Borel
o-algebra on I, for given 6, y >0 we can find a countable subset {x’};Z, of = and
a sequence {n,};, of positive integers such that

e o]

(21U A ), T FuFm))=y

J=1
and
diam (7(x’(n,))) =0 for every j=1
By Lemmas 3 and 4, every set ¢/, ,( E) can be covered by at most const exp (S, (fn —

fw)(x’)) squares with edges of length |7(x’(n,))] We can therefore estimate Haus-
dorff measure as follows Let

H, . (Z 0) =mf{ ZI (diam U)"™' U U >Z diam U <6, U, open}
= J

J
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Then

(e o]

H,.\(Z, 0)=const Y, exp (S, (fu —fw)(x"))(exp (S, fw(x' M

= const i exp (S, (tfw +fu)(x’))

Now as P(tfw + fuy) =0 1t follows from (2 9) that

H,.\(Z,0)=const ) 7 wv(w(x'(n)))=const y
1=1

If we now let y and then 6 go to zero we get H,,,(Z)=0 As H,, (F)=0 this gives
H, . (E)= p O
ReMARK All the results of this section rely heavily on the assumption that E has

a weak invaniant foliation, and we suspect that without it they are not true We shall
develop this remark in a forthcoming paper

4 Some examples of self-affine sets
In this last section we describe some examples of self-affine sets for which we can
check whether or not HD((pum),p) =1 holds We begin with the following

ProprosiTiON 15 Let J be the convex hull of py (E) If E has a weak invanant fohation
(*) and J =, 7(J) then E satisfies the Darboux property
Proof By condition (*), the set py (E) 1s self-similar under the maps 7, Since J 1s
compact and non-empty, the uniqueness of self-similar sets (see [H]) imphes that
J=pn(E) Now for any x€ X and n=0,
pH‘P;(n)(E) = Tg(n)(‘])

which 1s connected Hence E satisfies the Darboux property O

A simple family of self-affine sets can be defined as follows Take 0<p, B <1
such that max (p, 1 —p)< B and let E(p, B) be the self-affine set determined by the
contractions ¢g, ¢; I XR-> I XR defined by

eolx, ¥) = (px, By), @x,y)=(p+(Q-p)x,By+1-p)

It 1s easy to check that E(p, B) satisfies (*) and that the assumptions of Proposition

15 are fulfilled 1n particular E(p, B) satisfies the Darboux property The functions
Ju,Jw Z->R associated to E(p, B) are given by

log p if x;,=0

Su(x)=log B fw(i‘):{log(l_p) if x,=1

The measure u 1s particularly simple 1n this case Let m be any o-invariant probability
measure on X and let g=m{{x€eZ x,=0}) Then

hm(0)+f (sfw +fu) dm

=-qlogg—(1—q)log(l1-q)+sqlogp+s(l1-q)log(1—p)+logB = F(s,q)

https://doi.org/10.1017/50143385700005812 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700005812

The box and Hausdorff dimension 643

and we have equality 1f and only if m 1s the product measure on X determined by
the probability vector (g, 1 —¢q) In order to find the corresponding number ¢ and
the equilibrium state u we have to find ¢, g € {0, 1] such that F(¢t,q)=0and F(t,d) =
F(t, g) for every d €[0,1] With elementary calculus one obtains the following

PROPOSITION 16 The number t 1s uniquely deternined by the equation p'+(1—p)' =
B! and the equilibrium state . 15 the Bernoulli measure given by the probability vector

(p'B,(1-p)'B) a
Now observe that the map py7 2> R 1s given by

prm(x) = (1—B) i:lﬂ"“xn

This expresses pym as a series of independent random variables on the probability
space (%, u) Therefore, the Fourier transform of the measure ( py), u 1s the infinite
product of the Fourier transforms of measures ((1—8)B""'x,),u which can easily
be computed by hand Using this one can prove, in the same way as in [E], the
following

THeOREM 17 For all p€(0, 1) there exists B(p) € (max (p, 1 —p), 1) and a set Z( p)
of full measure in [B(p),1) with the property that for any B € Z(p) the measure
(pum) sty g 1s absolutely continuous with respect to Lebesgue measure on R Further-
more hm, .o HD(([B(p), INZ(p)) A (1-¢,1)) =0 O

Since the Hausdorff dimension of any measure that 1s absolutely continuous to
Lebesgue measure on R 1s equal to 1 we can combine the above with Theorem 13
to get

CoroLLARY 18 For every (p, B)EUPG(O wip}xZ(p) we have HD(E(p, B))=
Dg(E(p, B)) In parucular, the set of parameter values (p,B) for which
HD(E(p, B))= Dg(E(p, B)) has positive Lebesgue measure in (0, 1)°

The above class 1s a generalization of some examples considered in [PU] Define
amapping h I-1I by

h(x)={p_]x . 0=x<p
(1-p) ' x—p/(1-p) p=x=1
and let f I>R be the map f(x)=(1-8)Y._,B"r.(x), where r, = Lpyoh” Ttas
easy to check that E(p, B) coincides up to a countable set with the graph of f
Fixing p =3 puts us 1 precisely the class of functions considered 1n § 6 of [PU]
Some examples are given there of sets E(3, 8) for which HD((pym),u)<1 and
HD(E(3, B)) < Dg(E(, B)) They correspond to 8 being the reciprocal of a Pisot
number

Finally we shall briefly describe a subclass of self-affine sets (that are graphs of
continuous functions) introduced 1n [K] for which the conjecture stated 1n the
introduction can be proved completely We say that f I - I 1s a self-affine function
if there exists 1> H >0 and an integer r =4 such that for every n=1,0=<:<r" and
0=h<r™" we have

far"+h)=f(r™") =T, r ""f(r"h)
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where T,,, equals erither 1 or —1 It 1s easy to see that a bounded self-affine function
1s continuous 1f and only if the above condition holds for any 0= h=r"" A useful
characterisation of the class K of self-affine functions for which f(0)=0, f(1)=1
can be found in [K] Observe that for feK, the graph of f coincides with the
self-affine set determined by the contractions

0.0, y)=(G+x)r ", Ty, r Ty+f(r™"1)), O0=i<r

It 1s easy to check that Dg(graph (f))=2— H, and 1t has been proved in [U] that
HD(graph(f))=2—H if and only if (pym).p (the probability distribution of
f I->R) 1s absolutely continuous with respect to Lebesgue measure on [0, 1]
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