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COMPACT SUBSEMIGROUPS OF (gN, +) CONTAINING THE
IDEMPOTENTS

by NEIL HINDMAN* and DONA STRAUSS
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The space BN is the Stone-Cech compactification of the discrete space of positive integers. The set of elements
of BN which are in the kernel of every continuous homomorphism from SN to a topological group is a
compact semigroup containing the idempotents. At first glance it would seem a good candidate for the
smallest such semigroup. We produce an infinite nested sequence of smaller such semigroups all defined
naturally in terms of addition on N.

1991 Mathematics subject classification: 22A15.

1. Introduction

Given a discrete semigroup (S, -) the operation can be extended to the Stone-Cech
compactification S of S so that (8S, -) is a compact right topological semigroup. (See
[12] for an elementary construction of this extension, with the caution that there fS is
left rather than right topological) As a compact right topological semigroup BS has
idempotents [6, Corollary 2.10]. The existence of these idempotents, especially idem-
potents in the smallest ideal of 8S, has important combinatorial consequences (See [11]
and [15], for example).

Of special interest are the semigroups (N, +) and (N, -), where N is the set of positive
integers. Let E={peN:p+p=p} and let [ =clE. It turns out that I is a right ideal of
(BN, -). This fact provided the first (and for a long time only) proof of the following
result: If N is partitioned into finitely many cells, then there exist sequences {(x,)%, and
{yaoX, such that FS({x,>2 )uFP(Ky,>Z ) is contained in one cell of the partition [9,
Theorem 2.6]. (Here FS({x,>%;)={Y ,erx.F is a finite nonempty subset of N} and
FP({y,>& 1) ={[]nerynF is a finite nonempty subset of N}).

It is an intriguing fact that I' is defined additively, is a right ideal, in particular a
subsemigroup, of (BN, -), and yet is not a subsemigroup of (8N, +). In fact there exist
idempotents p and ¢ in (BN, +) such that p+q¢I. (See Section 3 for the easy proof of
this latter assertion.) An intriguing and potentially useful problem then arises: Charac-
terize the smallest compact subsemigroup of (BN, +) which contains the set E of
idempotents.

We take the points of SN to be the ultrafilters on N. The reader is referred to [12]
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for background material. We will often use the fact that Aep+q if and only if {xeN:
A—xeq}ep, where A—x={yeN: y+xeA}. (And similarly Aep-q if and only if
{xeN:A/xeq}ep, where A/x={yeN: y-xeA}.)

Homomorphisms to other algebraic structures are a useful tool for investigating the
algebraic structure of BN. For example, such homomorphisms were used in [13] to
show that the maximal groups in the smallest ideal of (N, +) contain copies of the free
group on 2° generators. Now given any continuous homomorphism from (N, +) to a
compact topological group the kernel necessarily contains E. (It also must contain any
element of finite order [1, Corollary 2.3]. Whether any such exist besides the
idempotents is a difficult open problem.)

Let C be the intersection of the kernels of all continuous homomorphisms from
(BN, +) to arbitrary compact topological groups. (We use “C” for kernel because K
standardly represents the smallest ideal.) Then C is a compact semigroup containing E
and at first glance seems like a good candidate for the smallest such. This turns out to
fail badly, as we shall see.

The set I'=clE can be characterized as follows [11, Lemma 2.3(a)]: Let pe SN. Then
pel if and only if for every Aep there is a sequence {x,>%; with FS({x,>;%,)SA. In
a similar fashion we define sets S, <N for each ne N\{1} as follows: Let pe SN. Then
peS, if and only if for each Aep, there is a sequence {x,)/-, with FS({x, f-,) S A.
(Given an index set J, FS({x;Y;c;)={D icrx; F is a finite nonempty subset of J}.) In a
similar vein define T and M by agreeing that, given pe N, pe T if and only if whenever
Aep, there exist some a and some {y, >, with a+ FS({y )2 ;)4 and that pe M if
and only if whenever Aep anda nelN, there exist {(x,)/-; and {y>2,; such that
FS({x o= )+ FS({y>2,)=A. It will be shown in Theorem 2.4 that T is the smallest
closed left ideal of (8N, +) containing the idempotents.

Let I be the semigroup generated by the set E of idempotents and let S, be the
smallest compact subsemigroup of (SN, +) containing E. In Section 2 we investigate
each of the objects defined above, show that all (except I' and cll) are semigroups and
show that the following pattern of inclusion holds:

iccdicS;,csMcTn() S,= () S.c...S38,<C.

n=2 n=2

In Section 3 we show that N'\I#&, N[ #&, T\(\%:S5,#J, (1=.S\T#J, and
that all but one of the inclusions displayed above (including “...”) is proper. (We have
been unable to decide whether M =Tn(\*.,S,) In Section 4 we present relationships
between these sets and other structures.

We would like to thank the referee for a very helpful and detailed report.

We conclude this introduction by displaying some results which we will utilise later.

Lemma 1.1. (@) Let peE and let Aep. There exists {x,)s-., such that
FS({xppaz1 S A.
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(b) Let {x,>>, be a sequence in N. There exist peE such that for all meN,
FSKxnm€p.

Proof. (a) This is what is shown in the Galvin—Glazer proof of the Finite Sum
Theorem. See (S, Theorem 10.3] or [12].
(b) [10, Lemma 2.4 and Theorem 2.5]. O

Lemma 1.2. Let n and r be in N. There is some me N such that whenever {y,)/., isa
sequence in N and D\, D,,...,D, are subsets of N with FS(Cy,>re,) =\ )i=,D;, there exist
ie{1,2,...,r} and {x, )7, with FS({x,>"-,)<D;.

Proof. By the finite version of the Finite Unions Theorem [8, p. 82] pick meN such
that whenever the finite nonempty subsets of {1,2,...,m} are covered by r cells, there
will exist pairwise disjont B,, B,,..., B, with all sets of the form | J,./B, in the same cell
of the cover (for J#F<{1,2,...,n}).

Next let <y>m, and <D;)., be given with FS({y>~,)<|)i-,D;. For each
ie{1,2,....,r}, let H;={F={1,2,....m}: F#@ and Y, ry,€D;}. Pick ie{1,2,...,r} and
pairwise disjoint By, B,, B, with | ) ;.rB;€H; whenever & #F{1,2,...,n}. Let x; =), 5%
for je{l1,2,...,n}. Then given @#F<{1,2,...,n}, Y, pX;=2 icrdsepye Since
(JjerB;€H, one has that Y ;_.x,eD;. 0

The following lemma is apparently originally due to Frolik.

Lemma 1.3. Let X and Y be ag-compact subsets of BN. If clXnclY #5, then
XnclY# or YnclX # .

Proof. See [14, Lemma 1.1]. O

2. Inclusions among semigroups containing the idempotents

We begin by displaying the definitions of the objects we are studying. Recall that
E={pepN: p+p=p}.

Definition 2.1. (a) C={pepN: for any compact topological group G and any
continuous homomorphism ¢ from (BN, +) to G, ¢(p) is the identity of G}.

(b) For neN\{1}, S,={pepfN: for all Aep there exists {x/.; such that
FS({x)i-1) = A}

() T={pepN: for all Aep there exist aeN and {y,>2, such that a+ FS({y,>2 )<
A}.
(d) M={pepBN: for all Aep and all neN there exist {x, >/, and {y,>Z, such that
FS({x,>i=y) + FSKy»2,) S A}

(e) §;= ﬂ{S: S is a compact subsemigroup of (8N, +) and E<S}.

(f) 1=){S: S is a semigroup of (N, +) and EcS}.

(g) I'={pepN: for all Aep there exists {y,»;2, such that FS({y,>2,)c A}.
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Lemma 2.2. Each of the objects defined in Definition 2.1 contains E and all except |
are compact.

Proof. The idempotents are contained in I' by Lemma 1.1(a). Clearly I' is contained
in each of M, T, and S, (for ne N\{1}). The idempotents are contained in I and S, by
definition and are contained in C by elementary algebra.

That S, and C are compact follows from elementary topology. The others all have
definitions which begin “for all A€ p” (and refer no more to p). If a point p is not in the
specified set is has a member A failing the definition. Then clA4 is a neighbourhood of p
missing the specified set. O

We will see in the next section that I is not closed when we show that the inclusion
I<=cll is proper.

Lemma 2.3. Each of the objects defined in Definition 2.1 except I is a semigroup.

Proof. That C, I, and S, are semigroups follows by elementary algebra.

Let neN\{1} and let p,qeS, To see that p+qeS, let Aep+q. Then {xeN:
A—xeq}ep so pick {x,);-, such that FS({x,)i-,)S{xeN: A—xeq}. Now FS({x,)>/-,)
is finite so if B= ﬂ{A——a: ae FS({x,)/-,)} we have Begq. Pick {y )., such that
FS({yr-1) = B. We claim FS({x,+y,)i-1) < A. To see this let ZF#F<{1,2,...,n}. Then
ZterxEBgA_ZteFxx S0 ZleF(xl+YI)EA‘

That T is a semigroup follows from the fact that it is a left ideal which we will
present in Theorem 2.4. To see that M is a semigroup, let p, ge M and let Aep+g4. Let
B={xeN: A—xeq}. Then Bep so pick {x,>}-, and {y, )2, such that FS({x>}-,)+
FS({y,>2 1)< B. In particular FS({x,+y,)!-1)€B. Let D=n{A—a: ae FS({x,+y, /- 1)}.
Then Deq so pick {z,)>/-, and {w,>2, such that FS({z, >~ ;)+FS({w>2,)=D. Then
FS(z,+ X+ yi=1) + FSKwpiL ) S 4. a

We shall see in Theorem 2.11 that T is not a semigroup.

Theorem 24. T is the smallest closed left ideal of (BN, +) which contains the
idempotents and T=cl| J{BN +p: pe E} =cl{ J{N+p: pe E}.

Proof. By Lemma 2.2 T is closed and contains the idempotents. To see that S is a
left ideal let pe BN and qeT. Let Aep+gq. Then {xeN: A—xeq}ep so pick x such
that 4—xeq. Pick a and {y, )2, such that a+ FS({y>2,)€A—x. Then x+a+
FS(Kyp2 S A

As a closed left ideal containing the idempotents, T2cl( J{BN +p: pe E}. To complete
the proof, we show T<cl| J{BN+p: peE}. To this end let ge T and let Aegq. Pick a
and {y,>2, such that a+ FS({y,>2,)=A4. Pick Lemma 1.1 pe E with FS({y>2 ) €ep.
Then Aea+p so (clA)n(N+p)# . O

Theorem 2.5. (a) '=cll.
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(b) clics,

(©) S;=M

(d) M= TA2,S,

(e) For each neN\{1}, S,.,<S,
(f) S;=C.

Proof. Statements (b), (d) and (e) are trivial and (c) follows immediately from the
fact that M is a compact subsemigroup of SN containing the idempotents. By [11,
Lemma 2.3], I'=cIE so (a) holds.

To verify (f), let pe S, and let ¢ be a continuous homomorphism from (8N, +) to a
topological group (G, +) with identity 0. Suppose that ¢(p)=a+#0. Then a#a+a so
pick a neighbourhood V of a such that Vn(V + V)=. Pick Aep such that ¢[clA]cV
and pick x, and x, with {x,,x,,x,+x,}€A. Then ¢(x,+x,)eV(V+V), a contra-
diction. O

The following simple result allows us to tell when a set 4 has closure intersecting
various of our special semigroups. For example, it tells us that for AN and ne N\{1},
clAnS,# & if and only if whenever F is a finite partition of A there exists Be F and
{x,op=1 with FS({x>i- )= B. (Let ¥={FS({x,>{=1): {x,)}{=1 Is an n-term sequence in
N}. Then S,={pe BN: for each A € p there exists Ge ¥ with G< 4}).

Theorem 2.6. Let X be a discrete space, let A< X, and let $<PX. The following
statements are equivalent.

(a) There exists peclA such that for every Be p there exists Ge¥ with GE B.

(b) Whenever & is a finite partition of A there exist Be ¥ and Ge ¥ with GSB.

(c) When & is finite and | JF = A, there exist Be # and Ge ¥ with GSB.

Proof. That (a) implies (b) and (b) implies (c) is trivial.

To see that (c) implies (a), it suffices to show that {A}U{N\B: B&N and for all Ge¥,
G\B#J} has the finite intersection property, since any ultrafilter p extending this
family is as required by (a). But a failure of the finite intersection property would make
A=U.“/' where & is finite and for each Be%, one has no Ge¥% with GcB,
contradicting (c). O

Theorem 2.7. Let ASN. Then (clA)nﬂ;',LzS,,;éQ if and only if for every neN there
exists {x,)7-, with FS({x,>!~,) S A.

Proof. The necessity is an immediate consequence of Theorem 2.6.

Sufficiency. We have by Lemma 2.2 and Theorem 2.5 that {(cl4)nS,: ne N\{1}} is a
nested collection of closed sets so it suffices to show that (clA)nS,#J for each
neN\{1}. To this end let ne N{1} and let & be a finite partition of 4. Let r=|% | and
pick m as guaranteed by Lemma 1.2 for n and r. Pick {y, >/, with FS({y>/-,)< A. By
Lemma 1.2 pick Be % and {(x, )., with FS({x,)r-{)<B. d

The following notion, used to characterize members of C, is of independent interest.
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Definition 2.8. Let A<=N. Then A4 is a rational approximation set if and only if
whenever F is a finite nonempty subset of R and >0, there exists some ne A such that
for each x € F there exists me Z with | x—m/n|<g/n.

Lemma 29. Let pe N. The following statements are equivalent.

(a) peC;

(b) for each Aep, A is a rational approximation set,

(c) for each Aep, each xeR, and each ¢>0 there exist ne A and meZ with |x—
m/n|<e/n.

Proof. To see that (a) implies (b), let Aep and let finite nonempty F<R be given.
Write F={x,,X;,...,%,}. We view the circle group T as R/Z, denoting by [x] the
equivalence class x+Z. Define h: N—X!_, T by h(n)=([nx,],[nx,],...,[nx,]). Then h is
a homomorphism so the continuous extension h*: fN—X*_ T is a homomorphism, as
was observed by Milnes [17]. Since pe C, h¥(p)=[0],[0],...,[0]) so pick Bep such that
heLcIB1<{([y,), [y2],---, [y]): for each ie{1,2,...,k}, —e<y; <e}. Pick ne BnA. Since
ne B, pick for each ie{1,2,...,k}, some y; with —e<y; <e such that [nx;]=[y;]. Given
ie{1,2,...,k}, pick m;eZ such that nx;=y, +m; then —g<nx;—m;<e so lxi—m,-/n|<
g/n.

That (b) implies (c) is trivial.

To see that (c) implies (a), observe that it suffices to show that given any continuous
homomorphism ¢: SN—T one has ¢(p)=[0]. (See for example the introduction to [1].)
So let such ¢ be given and pick xeR with [x]=¢(1). Suppose that ¢(p)#[0] and pick
e>0 such that ¢(p)¢{[y): —eSy<e}. Pick Aep such that ¢[clA]n{[y]:
—e<y<e}=0. Pick ne A and meZ such that |x—m/n|<8/n and let y=nx—m. Then
¢(n)=[y] and —e<y<g, a contradiction. O

Theorem 2.10. Let A=N. Then clAnC#J if and only if A is a rational approxi-
mation set.

Proof. Necessity. Pick peclAnC. By Lemma 2.9, A is a rational approximation set.

Sufficiency. Let ¥={B<N: B is a rational approximation set.} It is an easy
consequence of the definition of rational approximation sets that whenever & is a finite
partition of A, one has % "% # . Thus by Theorem 2.6 there is some peclA such that
for every Bep there is some Ge¥ with GS B (and hence Be¥). Then by Lemma 2.9
peC. O

Theorem 2.11. I is not a semigroup. In fact (E+ E\I' # .

Proof. Pick by Lemma 1.1 (b) idempotents p and q such that FS({2*)2,)ep and
FS((2**'y2,)eq for each meN. Let A={}, 2" +Y,.c2**" F and G are finite
nonempty subsets of N and max F<min G}. We claim that Aep+gq. To see this it
suffices to show that FS({2*>% ,)c={xeN: A—xeq} so let F be a finite nonempty
subset of N and let m=maxF + 1. Then FS((22* )2, )S A=) 2% s0 A—) . s2*'€q.
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Now suppose p+gel’. Then pick a sequence {y,>2, with FS({y,>X, < A. Pick F,
and G, with maxF, <minG, such that y, =) ;2%+),.6,2**". Let m=maxG, +1.
Pick nonempty H < N\{1} such that 22" divides ) , 4y, (Take any 2™ elements with all
y, in the same congruence class mod 22™) Pick F, and G, with maxF, <minG, such
that Y, uy =Y cr 2+ 4cc,2* ", Since 22" divides Y, .4y, we have minF,>m. Thus
Y1+ Qe =Duer 22+ 0ec 22 T 4+ Y ek 22 + Y 1e6,2% ! where max  Fy<minG, <
maxG, <minF, <maxF,<minG, so by uniqueness of binary expansions, y, + ,cnV: ¢
A, a contradiction. O

Our proof that cll is not a semigroup is in some respects similar to the proof that I
is not a semigroup. However, instead of the binary expansion of integers we use the
factorial expansion, x=Y,.ra,"t! where each q,€{1,2,...,t}. In the proof we also utilize
in an incidental fashion the semigroup (BN, -).

Theorem 2.12. cll is not a semigroup. In fact (E+I')\cll # .

Proof. Since I'ccll, the second statement implies the first. Let A={), !+
Y aegk-nl: F and G are finite nonempty subsets of N and maxF <minG and ke N and
k<minG}. Define g2 N—N by g(x)=a, where x=) ,.ra, !, each q,€{1,2,...,t}, and
I=maxF. That is g(x) is the leftmost nonzero digit in the factorial expansion of x.
Denote also by g its continuous extension from SN to SN.

We claim that:

o}

If ge () cINn), then g(p+q) =g(qg) for all pe AN. (1)

n=1

To see this, suppose instead there is some BS N with g(p+q)eclB and g(q) € c/(N\B).
Pick Cep+q and Deg with g[clC]l<clB and g[cID]<cl(N\B). Since Cep+q pick
xeN with C—xeq. Pick ye(C—x)nDnNx!. Then y+xeC so g(y+x)eB. But
gy +x)=g(y)e N\B, a contradiction.

Next we claim:

If ge E and clAn(BN +q) # &, then g{g)eN. (2)

To see this suppose that g(g)¢ N, so that for each k, D,={meN: g(m)>k}eq. Pick
pefN with p+qgeclA. Let B={m+n: m,neN and g(n)>g(m)>1 and neNm!}. We
show that Be p+q which will be a contradiction since BnA =J. We claim in fact that
for all xeN, B—xeq. For this, since g=q+gq, it suffices to show that (Nx!)nD, <=
{meN: (B—x)—megq} so let me(Nx)nD,. Then D, ,nNmS(B—x)—m since
gim+x)=g(m)) so (B—x)—meq.

Next we claim:

g(m

If pecl(FS({n")>Z )N ﬁ cl(Nn) and re N, then g(r- p)=r. 3)

n=1
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To see this it suffices to show that for all neN, g(n-p)=n, so let neN be given. Let
B={Y,.st": F is a finite nonempty subset of N and minF2n}. Then Bep so n-Ben'p
and g[n- B]={n}. Now by Lemma 1.1 pick pe EncIFS({n!>X.,) and let re SN\N. Now
for each xeN, x-peE so r-pel’. Let s=p+r-p. We show that s¢cll. Suppose instead
that secll. Observe that Aes. Indeed FS((n!)>®,)<{xeN: A—xer-p}. (Given Y, en!
one sees that N\{1} <= {k: (4, .n")/kep} by noting that {}, sn!: minG>maxF and
minG =k} S(A—Y nepn!)/k.)

We claim that secl{ )& (Ing~'[{k}]). To see this, let Bes. Since secll, we have
c(AnB)nl1#F so we may pick [eN and ¢,,95,....,q€E with ¢q,+q,+ -+
qiecl(AnB). We may presume [Z2. Now by (2) we have g(gql)eN. Let k=g(q,). By (1),
glqi+4q:+ - +q)=k so clBn(Ing '[{k}]) # .

Now also secl(N+r-p) so cl(N+r-p)ncll Ji% cl(Ing '[{k}])# so by Lemma 1.3
either one has some neN with n+r-pecll ), cl(Ing  '[{k}]) = (2= 1cl(Nm)) or one
has some gqefN and some keN with q+r-pecl(ing '[{k}])cg~'[{k}]. The first
possibility would imply that ne (2. ,cl(Nm). The second would imply that g(g+r-p)=k
while by (1) and (3) g(g+r-p)=g(r-p)=r¢N. O

3. The inclusions are proper

We show in this section that the objects mentioned in Theorem 2.5 are all distinct
(except that we have been unable to determine whether M =Tn ()2 ,S,). We proceed
from the left in the inclusion diagram from the introduction.

Theorem 3.1. N\I['#F and T\I#J.

Proof. That I\I'# ¥ follows from Theorem 2.11. That I'\I# g follows from
Theorem 2.12 since E+ 1< 1. 0

In the following theorem (and the rest of this section) the inclusions hold by Theorem
2.5 (or are completely trivial). We concentrate on establishing the inequalities.

Theorem 3.2. I'&cll, Iscll, and cllS,.

Proof. That I"'#cll follows from the fact from Theorem 3.1 that I\I'# . The
remaining two conclusions follow from the fact (Theorem 2.12) that cll is not a
semigroup. |

We produce in the following lemma another closed subsemigroup of SN containing
the idempotents. It was not included in those discussed in Section 2 because its
definition is less natural than those defined there. When we write ), fa,t!, we shall
assume F is finite and nonempty and each q,€{1,2,...,t}.

Lemma 3.3. Let B={), ra,-t": (1) F is a finite nonempty subset of N; (2) for each
teF, a,e{l,2,...,t}; (3) there exists te F such that a,>1; and (4) whenever n, te F with
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t<n either a,=a,=1 or a,>a,}. Then ([ ,cINn)\cIB is a closed subsemigroup of
(BN, +) containing the idempotents.

Proof. To see that it is a semigroup, let p,qe([)% cINn)\cIB. Then p+ge
ﬂ,°,°=1can so we only need to show that N\Bep+4. To this end we let xe N\B and
show that (N\B)—xegq. Write x=), ra,'t! and let m=maxF+1. We show that
Nm!<c(N\B)—x, so let ye Nm! and write y=),.¢b, ! and note that minG 2m.

Now x ¢ B. Assume first that for all te F, a,=1. If for all te G, b,=1, we have y+x¢ B
so assume for some neG, b,>1. Pick any teF. Then t<n and aq,=1<b, so again
y+x¢B. Now assume we have t<n in F with gq,Za, and it is not the case that
a,=a,=1. Then directly we have y+ x fails to satisfy (4) of the definition so y+x¢ B.

Now let peE. Then pe ()% ,cINn so we show that N\Bep. Suppose instead that
Bep and let D={},.ft": F is a finite nonempty subset of N}. Then D=N\B so if Dep
we are done. Assume D ¢ p.

Assume that for some k=2, {3, ra,-t!: min F2k and {a;: teF}<={1,2,...,k}}ep.
Since p=p+p+ - +p (k times) and pe ()% ,cINn we have that {3}, ra,-t!: F|;k}ep.
Let E=BN{},.ra,-t: minF2k and |F|2k and {a:te F}={1,2,...,k}}. Then Eep so
pick xeE such that E—xep. Write x=),7a,-t! and let m=maxF + 1. Pick ye Nm!n
(E-x), and write y=Y,.cb, t!. Since xeB and |F|2k and each a,<k, there is some
te F with q,=1. Since yeE, yeB so y¢ D so there is some ne G with b,> 1. But then
t<nand a,<b, so y+x¢ B so y+x¢E a contradiction.

Thus it must be the case that for all keN, E,={),.ra, t": {a; te F\{1,2,...,k} # T}
ep.Since Bep, pick x such that B—xep and write x=) ,a,-t!. Let k=max{a, teF}
and let m=maxF + 1. Pick ye Nm!nE,~(B—x) and write y=) , b, t!. Pick ne G such
that b,>k and pick any te F. Then t<n and b,>aq, so y+ x ¢ B, a contradiction. O

Theorem 34. S,& M.

Proof. Let B be as in Lemma 3.3 and let H={),_ra, t!: whenever n, te F with t<n
one had a,>a,}. Observe that given any ne N there exists (x,>/-, with FS({x,>{-,)<H.
(For example let x,=(n+1—1t)-(n+t)!.) Thus by Theorem 2.7 we may pick peclHn

®.3S, By Lemma 1.1 pick g=g+qe (2= ,cl(FS(t!)2 ). We claim that p+geMn
¢IB (so that by Lemma 3.3, p+qe M\S)).

To see that p+qgeM, let Aep+q and let neN be given. Since {xeN: A—~xeq}ep
and peS, pick (x)l., with FS((x)-)s{xeN: A—xeq}. Let D=(){4d-
2:2€ FS({x,)}-,)}. Since Deq+q pick {y, )2, with FS({y,>;2,)€D. Then FS({x,)}-,)+
FS((ydizy)<=A.

To see that Bep+q we show that Hc{xeN: B—xeq}. So let xe H and write
x=Y,.ra, t!. Let m=maxF +1. Then FS({t!)2,)<B—x so B—xeq. O

As we have remarked, we do not know whether M=Tn[)2,S,. It is trivial that
T\ﬂ,‘?:zs,,;é &, indeed that T\S,#J. In fact by Theorem 2.5 S,=C and trivially
C< () ,cl(Nn) while, given any idempotent p, we have by Theorem 2.4 that 1+
pecl(N2+ 1)NnT. This suggests replacing T by T ()= cl(Nn).
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Theorem 3.5. (\2,S\T#J, (TO 2 c(Nm)\S, # , and TN 15,2 ()25

Proof. For the first statement, let A={ )= ,FS({2*"*'!.,). By Theorem 2.7, (cl4)n
ﬂ,‘:‘; 2S.# . It is easy to see however that one cannot get any te N and any sequence
(X, with t4 FS((x,)3- )€ A (since all elements of A have binary expansions with
support restricted to a small segment of N), Thus (clA)NT={.

Now let B=U,?=4(2-(k!)+FS(<n!),‘§°=k+l)), so that B consists of all numbers whose
rightmost nonzero factorial digit is a 2, occurring at position 4 or above and all other
nonzero digits are 1. Then there do not exist x, ye B with x+ ye B. (Given x, ye B either
the rightmost digit of x+y is 4 or there are two digits in the expansion of x+y which
are greater than 1.) Thus (¢cIB)nS,={.

Now pick by Lemma 1.1 p=p+p with pe [ \2.,cl(FS({n!);%,)) and pick ge BN\N
with {2-(k!): keN}eq. Then p,qe()2_,cINn) so g+pe ()P =1 ci(Nn). By Theorem 2.4,
q+peT. Since {2-(k!):keN and k=24}<{xeN: B—xep}, one has g+peclB.

The last conclusion of the theorem follows from the first. a

The following result is a special case of Theorem 3.9, but its proof is much simpler so
we present it separately.

Theorem 3.6. S,&S,.

Proof. Let A={2?"—22" m,neN and m>n}. It is easy to see that one cannot get
any x,,X;,x3€A with {x;+x;,x; +x3,x; +x3} S A. Thus (clA)nS;=¢F. To see that
(clA)nS, # & we use Theorem 2.6. So let & be a finite partition of 4. For each Fe %,
let B(F)={{n,m}: n,meN and m>n and 2" —2%"e F}. By Ramsey’s Theorem [8, p. 7]
pick Fe# and n<m <r in N with {{n,m}, {n,r}, m,r}} = B(F). Let x, =2>"—2%" and
X, =2%—22" Then x, +x,=2%—2%" 50 {x,x3,x; +Xx,} <F. O

For our proof of Theorem 3.9 we need the following result. Given a sequence (F,){-,
of sets we write FU(CF,)!=,)={{,c6FG is a (finite) nonempty subset of {1,2,...,n}}.

Theorem 3.7. (NeSetfil and ROdl). Let r,neN. There is a finite set & of finite
nonempty sets such that:

(a) whenever & =\)i_ %, there exist ie{1,2,...,r} and pairwise disjoint F,F,,...,F,
in & with FUKF ) {-\) S %, and

(b) there do not exist pairwise disjoint F|,F,,...,F,., in & with FUKF)rtlc¥.

Proof. [18, Theorem 1.1]. (Or see [7].) (The fact that & and the members of & are
finite is not stated, but follows from the proof.) |

The following corollary is not stated in [7] or [18], and we feel it is interesting in its
own right.

Corollary 3.8. Let neN\{1}. There is a set A=N such that
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(a) whenever & is a finite partition of A there exist Be # and {x, /-, in N with
FS({x,>?-,)<B and
(b) there does not exist {x,>'*}! with FS({x)>r*HcA.

Proof. Pick by Theorem 3.7 a sequence {%,)>%, such that

(i) for each reN, &, is a finite set of finite nonempty subsets of N and max(| )¢, <
mm(U r1);

(i) for each reN, whenever &,=|)i- % there exist ie{l1,2,...,r} and pairwise
disjoint F,, F,,...,F,in &, with FU({(F)I-,)=%,; and

(iii) for each reN, there do not exist pairwise disjoint F,F,,...,F,., with
FU(Fihed,

Let #=|J2,¥, Then

(iv) whenever & is a finite partition of &, there exist #e % and pairwise disjoint
F,Fy,....,F,in & with FU((F)>!_,) =4, and

(v) there do not exist pairwise disjoint F,, F,,...,F,,, in & with FUKF)'*hc#.

Indeed, (iv) is immediate since if r—|F | one has &, . To verify (v), suppose we
have pairwise disjoint F,F,,...,F,., in & with FU((F)!2})c&. Observe that, given
any reN and any Ge¥, Ge&, if and only if m1n(U.9’,)§mmG and maxG=<
max(Uy,). Pick reN with F,e%,. If any F,¢ ¥, we have by the above observation
that F,UF, ¢ %.

Thus each F,e4, so, again using the observation, FU({F, )"t Yyc &, contradicting
(iii).

Now let A={), p3"FeZ}. Given a finite partition # of A and BeZ, let
Y(B)={Fe%: Y ,.r3'€B}. Then {%(B): Be #} is a finite partition of & so by (iv), pick
Be# and pairwise disjoint F,,F,,...,F, in &% with FU({(F)>{-,)S%(B). For
te{1,2,...,n}, let x,=Y ;53" Then FS({x,)!~,)< B, so (a) holds.

To verify (b), suppose we have x,,X,,...,X,+; in N with FS({x,>’*!)= A. For each
te{l1,2,...,n+1}, pick F, such that x,= 2.653' We claim that the sets F|,F,,...,F,,,
are paxrwnse disjoint (so that FU({(F '), contradicting (v)) Suppose mstead we
have t#s with F,AF,# . Then x,+ x, —Z-emr3 +Y iernr2 3. But x,+x,€A so for
some G, x,+ x; —Z,EG3 contradicting the uniqueness of ternary expansions. O

Theorem 3.9. Let neN\{1}. Then S,,, &S,

Proof. Pick A as guaranteed by Corollary 3.8. By (b), (clA)NS, ., = while by (a)
and Theorem 2.7, (clA)nS,# J. O

Now we need to show that C#S,. We will utilize §Z. We brush aside the distinction
between ultrafilters on Z with N as a member and ultrafilters on N, and thus pretend
that pNcBZ. Given pe N we let —p={—A: Aep} and note that —pe BZ. (But be
cautioned that unless pe N, —p+p#0; in fact N\N is a left ideal of Z so if pe SN\N
then also —p+pe fN\N.)

Lemma 3.10. Let ¢ be a homomorphism from BZ to the circle group T and let pe pN.
Then ¢(—p)=—¢(p).

https://doi.org/10.1017/50013091500023026 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500023026

302 NEIL HINDMAN AND DONA STRAUSS

Proof. Note that the function f: SN —fZ defined by f(p)= —p is continuous. For all
neN, ¢(—n)= —¢(n) (since ¢|z is a group homomorphism). Thus ¢o f and —¢ are
continuous functions agreeing on N, hence on gN. ]

Lemma 3.11. Let {x,>7-, be any increasing sequence in N and let A and B be infinite
subsets of N. Let D={x,+x,,—x,— X3 n>m+3>m>r+3>r>s+3 and n, se A and m,
re B} and let p, qe BN\N with {x,: ne A}ep and {x,: ne B}eq. Then De —p+ —q+q+
pand —p+ —q+q+peC. In particular D is a rational approximation set.

Proof. To see that —p+ —g+qg+ peC it suffices (as is well known and explained in
the introduction to [1]) to let ¢ be a homomorphism from BN to T and show that
¢(—p+ —q+qg+p)=[0]. To this end let such ¢ be given. Define t: Z—T by 17(0)=[0],
and 7(n)=¢(n) and ©(—n)= —@(n) for neN. Then the continuous extension # of 7 to
BZ is a homomorphism and t# agrees with ¢ on BN. Thus, using Lemma 3.10, we have

d—p+—q+q+p)=t(—p+—q+q+p)=1(—p)+1(—q)+1(q) +(p) = —(p) —1(q) + ©(q)

+1(p) =[01.
It is completely routine to verify that De —p+ —q+q+p. The “in particular”
conclusion follows from Lemma 2.9. O

Lemma 3.12. Let (x>, be a sequence in N such that for each ne N, x,,,=2x,. Let
A and B be disjoint infinite subsets of N such that for some i, je{0,1,2}A=N3+i and
B=N3+j. Let D={x,+x,—x,—xg n>m+3>m>r+3>r>s+3 and n, seA and m,
re B}. There do not exist a, be D with a+beD.

Proof. Suppose we have a, be D with a+beD and pick ny>m +3>m;>r, +3>
ri>s1+3, n>my+3>my>r;+3>r>5,43, and ny>my+3>my>ra4+3>r3>83+3
such that a=x, +x,, —X,, — X5, b=X,, +Xp,—X,,—X5,, and a+b=x,,+x,,—X,, — X,
and {n;,n,,n3,5,,5,,83} A and {m;,my,my,r,,r,,r3} =B. Then we have

Xy Xy + Xy + Xy + Xy + Xy = Xy Xpuy + X, + X, + X, + X0 (*)

We may assume without loss of generality that n,>n,. We claim first that n, =n,.
Suppose n; <n;. Then since n,, n;eN3+i, the left hand side of (*) is at most
Xny-3 +xn3—6+xn3—3+xn3—6+xn3—6+xn3—9§xn3—2+xn3—5+xn3—6+xn3—9<xn3’ a con-
tradiction. (Observe that for each n, x,,,>>7_,x,.) Similarly if we had ny <n, we would
have that the right hand side of (*) is at most x, _3+ X, ¢+ X, -6+ Xn, -9+ X, -6+
Xp -9 = Xp, =3+ Xn, -5+ X, —g+X,, -6 <X,,. Thus n; =n; so we have

Xy F Xpy + Xy + Xpy + Xgy = Xy + X, + X5, + X, + X, **)

Now n,eA and m;€B so n,#m,. We claim that n, <m; so suppose instead that
ny>my. If my<n, we have (since n,>m,>r,; +3) that the right hand side of (**) is at
most X, +X,,_qa+X,-7+Xn,—6+Xn,-0<X,, a contradiction. If my>n,(>m,) we
have that the left hand side of (**) is at most X, 3+ Xy, + Xpy—aF+ Xpmy—3+ Xy -6 =
Xms—1F Xmy—2+ Xmy—a+ Xy -6 <Xp, @ contradiction. Thus n, <m, as claimed.
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Now we claim m;=m,. Suppose first that my<m,. Then the right hand side of (**) is
at most X, 3+ Xy, -3+ Xm, —6+ Xm, =7+ Xm, —10 <Xm,, @ contradiction. Similarly if m, <
m; one has the left hand side of (**) is at MoSt X, 3+ Xp, -4+ Xpy =7+ Xy 3Xpmy -6 <
Xn,» @ contradiction. Thus m=m, so we have

_ kK
xnz+xmz+xr;+x33'—xn +xs: +xrz+xsz‘ ( )

Now we claim that n, <r,. Suppose not. Then since n,e A and r, € B we have n,>r, so
the right hand side of (***) is at most x,,_, +X,,— 4+ X,, 6+ X,,-9<X,,, a contradic-
tion. Thus n, <r, as claimed.

Next we claim ry=r,. If ry<r, we have the left hand side of (***) is at most
X, -1+ X%, —a+X,, —3+X, -¢<X,, a contradiction. If r3>r,(>n,) we have the right hand
side of (***) is at most x,,_3+X,,_¢+X,,—10+X,;-13<X,,. Thus ry=r, so we have

X, + X, + Xy = X5, + X, + X, (****)

Continuing in this fashion we see that if n,=s; then also n,=s, so that x,,,+x,,=
X,, + X;, and hence that m, =r, which is a contradiction.

Thus one must have n,#s;, and hence that |{n,,m,,s;}|=3. Now if s, =s, one has
§; =8, <r,<n, so the right hand side of (****) is at most x,, g+ X,,—6+Xp,-90<X,, &
contradiction. Thus s; s, so |{s,,r5s,}|=3. Since x,.,>Y -, for each n, expres-
sions in FS({x,>®,) are unique. Thus from (****) we have {n,,m,,s3}=1{s,,72,5,} so
that {m,}={n,,my,s3}"B={s,,r,,s,}nB={r,} while r,<m,. This contradiction com-
pletes the proof. ]

Theorem 3.13. Let {(x,>>., be a sequence in N such that for each n, x,,,22x,. Let A

and B be disjoint infinite subsets of N and let p, ge BN\N such that {x,: ne A} ep and {x,
neB}leq. Then —p+ —g+q+peC\S,.

Proof. Pick i, je {0,1,2} such that N3+iep and N3+jeq. Let 4'=An(N3+i) and
B'=Bn(N3+j). Let D={x,+x,—x,—x; n>m+3>m>r+3>r>s+3 and n, se A" and
m, reB'}. By Lemma 3.11, De —p+ —q+q+pep and —p+ —q+q+peC. By Lemma
312 —p+ —q+q+péS,. O

It is natural to ask whether in lieu of —p+ —qg+ g+ p above one might be able to get
by with —p+ p for some suitable p. We conclude this section by showing that this is not
possible.

Theorem 3.14. Let pe BN\N. Then —p+peS,.

Proof. Let Ae —p+p. Then {xeZ: A—xep}e —p so B={xeN: A+xep}ep. Pick
x,€B, pick x,eBn(A+x,), pick xje(A+x;)n(A+x,). Let y=x,—x, and let z=
X3—Xx,. Then y, ze A and y+z=x,—x, € A. O

4. Connections with other structures

The interaction of the operations + and - on BN has been a very useful
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combinatorial tool. (See [3] for an example where this interaction is utilized several
times in succession.)

Recall that, given p and g in SN and A=N, Aep-q if and only if {xeN: A/xeq}ep
where A/x={yeN: y-xe A}.

It is not generally true that for neN and pe N one has n-p=p+p+ - +p (n-times).
(For example one sees easily that if n#1 then n-p#p while if p=p+p, then
p=p+p+ - +p (n-times).) On the other hand we do have the following lemma. Recall
that, given pe N and a sequence {(x,>3., in a topological space X, one has p-lim,
x,=y if and only if for each neighbourhood U of y, {neN: x,e U} ep.

Lemma 4.1. Let (G, +) be a compact topological group, let ¢: pN—G be a continuous
homomorphism, let pepN, and let neN. Then ¢n-p)=n-¢(p), where

n-d(p)=¢(p)+ - +¢(p) (n-times).

Proof. Recall that the function 1, defined by A,(p)=n"p is continuous since neN.
Recall further that by the joint continuity of addition in G, we have n-p-lim,, n¢(m)=
p-im, . wn-¢(m). Thus we have @(n-p)=d¢(n:p-lim, ym)=p-lim, nd(n-m)=
p'limme NI ¢(m) =n- p'limmeN¢(m) =h- ¢(p'limmeNm) =n- ¢(P) D

Theorem 4.2. C is a two sided ideal of (N, ).

Proof. Let G be a compact topological group with identity 0 and let ¢p: SN—-G be a
homomorphism. Let peC and let gefN. Pick nets {(x,>,.p and {y).g in N
converging to p and g respectively.

Then ¢(q ’ p) = ¢((limzeE yt) : p) = limteE ¢(yt : p) = limreE(yt : d)(p)) = limreE(yt ) 0) =0.

Now let z=¢(q) and define : N—»G by 7(n)=n"z. Then the continuous extension t¥:
BN—G is a homomorphism. Thus ¢(p-q)=¢((lim,., x,)-q)=lim,., ¢(x, q) =
limqe D(xn : ¢(q)) = limneD T(X") = limr]eD Tﬂ(xn) = Tﬂ(]imr’eD X,,) = Iﬂ(p) =0. D

Theorem 4.3. For each ne N\{1}, S, is a two sided ideal of (fN,-).

Proof. Let neN, let peS, and let ge N.

To see that p-qeS§,, let Aeq-p and pick yeN such that A/yep. Pick (x,)_, with
FS({x>{=1) = A/y. Then FSKy x)i=1)SA. .

To see that p-geS,, let Aep-q and pick (x,>{-, such that FS({x,)/-,)<={yeN:
A/z€q). Pick ye({A/z: ze FS({x,>"-,)}. Then FS({y"x,){-;) S A. O

In the process of our study of the semigroup C, we were led to the following result
(and its fortuitous corollary). By a divisible sequence {x,>>, in N we simply mean an
increasing sequence with the property that each x, divides x,, ..

Recall that we are representing the circle group T as R/Z. By T' we mean the set of
all functions from T to T with the product toplogy (=“topology of pointwise
convergence”).

Theorem 4.4. Define h: N—»T7" by h(n)(a)=n"a and let h? be the continuous extension
of h to BN. Let {x,>*., be any divisible sequence in N. Then h® is one-to-one on cl{x,:
neN}.
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Proof. Let p and g be distinct elements of cl{x, neN}. Pick disjoint A and B
contained in N such that {x,; ne A}ep and {x,: neB}egq. Since {x,; neN}=| )% o{x,
n=ilmod3)} we may presume we have some i€{0,1,2} such that for all n, me 4,
n=m(mod3). As a consequence, if n, me 4 and n<m then n+3<m so x,2x,,3=8"X,.
Now let t=Y .., X,+1/(2x,) }/x,+;, Where | | denotes the greatest integer function.
(Since  {x, )%, is a divisible sequence we have each x,=2""'so
Lxn+1/(2x,) V%, 41 S1/(2x,) £1/2" so the series defining ¢ converges (and O<t<1). As
before write [t]=t+Z. We show that h®(p)([]) # h*(q)([t]).

Let D={[s]: 1/3<5<4/7} and let E={[s]: 0<5<9/28}. Then D and E are disjoint
closed subsets of T. We show that if neA4 then h(x,)([t])eD and if neB then
h(x,)X[t]) e E. As a consequence we will have that h(p)([t]) € D and h¥(q)([t]) € E.

To this end we first observe that given any ne N, Y {(LXx+ 1/(2xi) J/xx+,) X k€ A and
kzn+3}<1/14. Indeed, given the first keA with k=n+3 one has
(Uxe+1/(2x) U/ Xk 4 1) X0 £ x,/(2x,) £ 1/16. Given k, me A with m>k>n+3, one has x,=
X,+328°x,.  Consequently Y {(Lxi+,/(2x) /xk+1) X k€A and k=2n+3}<
(1/2%5 ,1/85=1/14.

Now let ne A. Then h(x,)([t])=x, [t]=[x, t]. Now x, t=>{(Lxx+1/(2x) Xk +1)" X
ke A and k<n}+(Lx,+1/(2%,) JXns 1) X+ DA x0+ 1/(2%0) Xk 4 1) X5 k€A and k2 n+3}.
The first of these sums is some integer ! and the last of these is at most 1/14. Now
consider the middle term. We have (| x,+,/(2x,))/x,+1) X,<1/2 and equality holds if
X, +1/X, is even. If x,.,/x, is odd we have x,,,23x, sO (Lx,+1/(2X))/Xps1) Xn=
(xp+1/(2x,) = 1/2) X /X 0y 1 =1/2—1/2- (X/Xp 4 1) 21/2—1/6=1/3. Thus I+1/3<x,-t<I+
1/2+4+1/14 so [x,-t]e D as required.

Finally let neB. Then x, t=Y{(x+/2x))/xc+1) xsk€eAd and k<n}+
YA Xk s 1/2x) VX 1) xp: ke A and n<k<n+3}+ {(LXu+ 1/(2x) J/X+1) X,: k€A and
k=n+3}. Again the first sum is some integer ! and the last is at most 1/14. The middle
sum has at most one term which is at most 1/4. Thus I<x, t<[+1/4+1/14 so
[x, t] €E as required. O

We obtain as a corollary the following result communicated to us by Kenneth Berg.
For extensions of this result see {2]. Recall that, given f: T—T, the enveloping
semigroup of f is the closure in T of { /™ ne N}.

Corollary 4.5. Define f: T—-T by f(ax)=2-a. Then the enveloping semigroup of f can
be identified with BN.

Proof. Note that f"(a)=2"-a so if h is defined as in Theorem 4.4, one has for each
neN, h(2")=f". Thus the enveloping semigroup of f is h[cl{2" neN}]. Since h is
one-to-one on this closure, it is a homeomorphism on cl{2™ neN}. O

It was shown in [16] that if p is a right cancellable element of SN, then every element
of cl{p,p+p,p+p+p,...} is right cancellable. As a consequence, any such semigroup
has a closure which misses the set of idempotents. We show next that one can get
semigroups in SN whose closure is reasonably far removed from the idempotents. (In
particular the closure cannot be a semigroup.)
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Theorem 4.6. Let {x,>, be any divisible sequence in N and let pe(cl{x,: ne N})\N.
Then cl{p,p+p,p+p+p,.. )NnT=0.

Proof. We may presume x,=1. (If x,>1, let y,=1 and y,,,=x, for neN. Then
(cl{y, neN}\N=(cl{x,: neN})\N.) For each neN let a,=x,,,/x,. Then each meN
has a unique expression of the form Y, gb,-x, where for each teF, b,e{1,2,...,a,—1}.
Further x, divides m if and only if minF2n. Given meN, define c(m)=|F | where
m=Y b, x, as above. Let ¢ BpN— BN be the continuous extension of c¢. Since c is
constantly equal to 1 on {x,: ne N} we have c(p)=1.

Let X =(&,cl(Nx )N (= cl{meN: ¢(m)>n}). We observe that the idempotents
are all in X. We have C< (2 ,cl(Nx,). To see that the idempotents are contained in
N2 cl{meN: ¢(m)>n}, let e=e+e and suppose that for some n, {meN: c¢(m)<n}ee.
Then, since e is an ultrafilter one has in fact that for some n, {meN: ¢(m)=n}ee. Let
A={meN: ¢(m)=n} and pick me 4 such that A —mee. Pick ¢ such that x,>m and pick
ke Nx,n(A—m). Then c(k+m)=c(k) + c(m)>n so k+m¢ A, a contradiction.

Now suppose (c{p,p+p,p+p+p,... )nT#. By Theorem 24, T=cl| J{N+e:
ecpN and e+e=e}, so Tccl|yn+X). Thus cl{p,p+p,p+p+p,...}n
c(l)2 n+X)# & so by Lemma 1.3 either cl{p,p+p,p+p+p,...}n({ Uiz in+ X)# D or
{pp+p,p+p+p,...}nc(U n+X)#F. But cl{p,p+p,p+p+p,...} ()% cl(Nx,)
and (2 c(Nx)n(| 2 n+X)=. Thus we have some ge{p,p+p,p+p+p,...}n
(2 in+X). Now g=p+p+ - +p (m-times) so c’(q)=m. Let A={yeN: c(y)=m}.
Then Aeq so cdAn({ )2 n+X)#F, so pick neN with cldn(n+X)# ¢ and pick
reclAn(n+ X). Pick keN such that x,>n. Now r—ne X ccl(Nx,)ncl{yeN: c(y)>m})
so Nx,n{yeN: c())>m}n(Ad—n)#F. Pick yeNx,n{yeN: c(y)>m}n(A—n). Since
y€eNx, and x;,>n we have ¢(y+n)=c(y)+c(n)>m so y+n¢ A, a contradiction. O

On the other hand, we see that no semigroup can get too far removed from the
idempotents.

Theorem 4.7. Let S be any subsemigroup of BN. Then (cIS)n(\Z .S, # .

Proof. Pick any peS. Define ¢: N—BN by ¢(n)=p+p+ - + p(n times) and let ¢* be
the continuous extension to BN. Note that ¢#: pN—BN is a homomorphism. Pick any
g€ (215, Then ¢#(q) e clS. We claim that ¢#(q)e ()= .S,.

We show first that for any A e ¢#(q) and any ne N\{1}, there exist r,r,,...,r, in clA
that commute with each other with FS({r){.,)<clA. (The fact that ry,r,,...,r,
commute with each other is not really relevant except that we do not need to spell out
the order of the sums in FS({r,>"-,).) To see this let Ae¢?(q) and pick Begq such that
¢’[clB]=clA. Now let neN\{1} and (since ge€S,) pick x;,x;...,x, in B with
FS({x,);-1)B. For each te{l1,2,...,n}, let r,=¢(x,).

To complete the proof we show by induction on neN that given ASN, if there exist
commuting r,,r,,...,r, with FS({r)/-,)SclA, then there exist x;,x,,...,x, with
FS({x,>r-)=A. The case n=1 is trivial, so let ne N and assume the statement is true
for n and let r,,rs,...,7,4, be commuting elements of cld with FS({r>r2)=clA. Let

https://doi.org/10.1017/50013091500023026 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500023026

COMPACT SUBSEMIGROUPS OF (N, +) 307

D={xeN: A—xer,,,}. Now given any nonempty F<{1,2,...,n} we have A€, ¢, +
aty SO D€, pr. That is FS({r)i-)ScID. Since also FS({r)j-,)=cl4 we have
FS({r)7- ) cl(AnD) so by the induction hypothesis choose (x,)?-, with FS({x,)>/-,)&
AnD. Now Aer,,, and for each nonempty F<{1,2,...,n}, A=Y, px,€F,. 4 SO pick
Xpe1 €EANYA =Y, cpxi P#F<{1,2,...,n}}. Then FS((x,)"”)CA O
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