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Abstract

We study deformation theory of mod p Galois representations of p-adic fields with values in generalised tori, such as
L-groups of (possibly non-split) tori. We show that the corresponding deformation rings are formally smooth over
a group algebra of a finite abelian p-group. We compute their dimension and the set of irreducible components.
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1. Introduction

Let p denote any prime number, let F be a finite extension of Q,, and let I'r denote its absolute Galois
group. Let L be another finite extension of Q, with ring of integers O, uniformiser @ and residue field
k = O/w. Let G be a smooth affine group scheme over O, such that its neutral component G is a torus
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and the component group G /G is a finite étale group scheme over O. We call such group schemes
generalised tori. We do not make any assumptions regarding p and the component group of G. After
replacing L by a finite unramified extension, one may assume that G is a split torus and G/G® is a
constant group scheme. We will assume this for the rest of the introduction.

An important example of a generalised torus that we have in mind is the L-group of a torus defined
over F: let H be a torus over F, which splits over a finite Galois extension E over F. Then the L-group of
His"“H = A = Gal(E/F), where H is the split O-torus, such that the character lattice of H is equal to the
cocharacter lattice of Hg and Gal(E/F) is the constant group scheme associated to Gal(E/F). In this

example, the surjection G - G /G has a section of group schemes. We do not assume this in general.
We fix a continuous representation p : I'r — G (k) and denote by Dg : Ao — Set the functor from

the category Uy of local artinian O-algebras with residue field k to the category of sets, such that for
(A,myu) € Ap, D/E)(A) is the set of continuous representations p4 : I'r — G(A), such that

pa(y) =p(y) (mod my), Vyelf.

The functor D% of framed deformations of p is pro-represented by a complete local noetherian
(O-algebra R/E) with residue field k.

Theorem 1.1. There is a finite extension L’ of L with ring of integers O’ and a continuous representation
p:I'r = G(O) lifting p.

Remark 1.2. If G = G° > (G /G"), then a lift as in Theorem 1.1 can be constructed over O using the
Teichmiiller lift to define a section of G°(0) —» G°(k), which then induces asection o : G(k) — G(O).
Then o o p is the required lift. In particular, in this case, Theorem 1.1 holds if we replace I'r with any
profinite group. However, it seems nontrivial to prove Theorem 1.1 in general, and our argument uses
that the Euler—Poincaré characteristic formula holds for I'r.

Let I'r be the kernel of the composition I'p N G(k) — (G/G° (k) and let A be the image of
this map. We identify A = Gal(E/F). Let M be the character lattice of G°. The action of G on G°
by conjugation induces an action of A on M. Let FaEb’p be the maximal abelian pro-p quotient of I'g.

Below, we will consider the diagonal action of A on sz’p ® M and - (E) ® M, where i, (E) is the
subgroup of p-power roots of unity in E.

Theorem 1.3. Assume that Theorem 1.1 holds with O = O’. Then
RS = O[(pp=(E) ® M)*[x1, .., xm],

where m =rankz M - ([F : Qp] +1).

Let O be the G-pseudocharacter associated to p and let D%s : Ao — Set be the deformation functor
such that D%S (A) is the set of continuous A-valued G-pseudocharacters deforming ©. These notions are
reviewed in Section 6. The functor D%S is pro-represented by a complete local noetherian (O-algebra
R%s with residue field k, and we denote the universal deformation by ®*. Sending a deformation of p
to its G-pseudocharacter induces a natural transformation DfE) — D%S , and hence a map of local O-

algebras R%s — Rg. If G is a torus or, more generally, when G is commutative, then representations and
G-pseudocharacters coincide, and this map is an isomorphism.

Theorem 1.4. The map R%S - R[E)‘ is formally smooth. Moreover, if Theorem 1.1 holds with O’ = O,
then

RE = O[T @ M)*] = Ol (up=(E) @ M)*[x1, ... %],

where r =rankz M - [F : Q] +rankz Ma.
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We let Xgen Rp -alg — Set be the functor such that Xgen (A) is the set of representations
p:IFp — G(A) such that its G-pseudocharacter ©, satlsﬁes @,) = 0" ®Rps A. This functor is

representable by a finite type R, -algebra Agen,.

Theorem 1.5. The map Rpb — Age is smooth Moreover, if Theorem 1.1 holds with O’ = O, then

AE = R,
G.© o) :
where s = rankz M — rankz M.

We note that y,~(E) is a finite p-group. This implies that y = (up=(E) ® M)2 is also a finite p-
group, and we denote its order by p”*. We assume further that O contains all p™-th roots of 1 and let
X (u) be the group of characters y : u — O*. It then follows from Theorems 1.3, 1.4, 1.5 that the sets
of irreducible components of Rg, R%S and A‘(ée %, respectively, are in X(u)-equivariant bijection with

X(u). Moreover, the irreducible components and their special fibres are regular. The identification of
the set of components with X(u) is non-canonical in general, as one has to distinguish one component,
which corresponds to the trivial character. However, we explain in Section 7.4 that there is a canonical
action of X(u) on the set of irreducible components, which is faithful and transitive.

Remark 1.6. Let us point out that if G = G°>xG/G", then the lift constructed in Remark 1.2 is
canonical, as it is minimally ramified. This distinguishes the irreducible component that it lies on. Thus,
in this case, there is a canonical X(u)-equivariant bijection between X(u) and the set of irreducible
components.

The above theorems are used in an essential way in a companion paper [12], where we study
deformations of Galois representations with values in generalised reductive O-group schemes G, which
means that the neutral component G° is reductive and the component group G /G is finite étale. If
we let G’ be the derived subgroup scheme of G°, then G°/G’ is a torus and G/G’ is a generalised
torus as considered in this paper. If p : I['r — G (k) is a continuous representation, then we show
in [12, Proposition 4.20] that its deformation ring Rg can be presented over the deformation ring of
pop:T'r — (G/G')(k), where ¢ : G — G /G’ is the quotient map. This allows us to split up the
arguments into ‘torus part’, carried out in this paper, and ‘semisimple part’, carried out in [12].

If u is any finite abelian p-group, then u = ﬂf.zl Z/p€, and hence,

N Olz]
ol = ® (+z)7 1)

is complete intersection. It then follows from Theorems 1.3, 1.4, 1.5 that the rings Rg, Rpg and AgGe n@ are

locally complete intersections. To relate their dimensions to the dimensions of the deformation rings
appearing in [12], we note that rank; M = dim Gy, and if A = (G/G°)(k) (which we may assume
without changing the functors DE, Dpf and Xgen,) then ranky Mx = dim Z(G). The scheme Xgen
coincides with the scheme denoted by Xgen_“ in [12] when G is a generalised torus. In [12], in the
definition of X (g; _«, an additional condltlon is imposed on representations, called RP_condensed, and

we show in Lemma 9.6 that when G is a generalised torus, this condition holds automatically.

1.1. Arithmetic setting

Let us first recall how one proves the result when G = G,,. The first step is to observe that Theorem 1.1
holds with O” = O - for example, using the Teichmiiller lift o : k* — O* and letting py = o o p. The
second step is to observe that the map p +— ppg ! induces a bijection between Dg — DY, where 1 is

the trivial representation. One may identify D} (A) with the set of continuous group homomorphisms
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I'r — 1+ my, and since the target is an abelian p-group, the functor is representable by (9|[l";b’p ]. An
interesting feature of this argument is that DY takes values in Ab as opposed to Set, and the map

DY(A) x D2(A) — D2(4), (®,p) - @p

defines an action of an abelian group D7 (A) on the set Dg(A). Moreover, if the set is nonempty, then
this action is faithful and transitive.

If G is connected, then G = D(M), where M is the character lattice, and so G(A) = Hom(M, A).
The same argument goes through, and we only need to observe that

Homgy, (r, G(A)) = Homéigtup(r;b & M, A¥),

which implies that D/E) is representable by O|[F;f”p ® M].

Let us consider the general case now. The first issue, alluded to in Remark 1.2, is that it is not
clear anymore that such a lift exists. However, let us postpone the explanation how we deal with this
problem until Section 1.3 and let us give ourselves a lift pg : I'r — G(O) of p. Then the map
p = [y = p(¥)po(y)~'] considered above induces a bijection between D%(A) and the set Z'(A) of

continuous 1-cocycles @ : I'r — Hom(M, 1 + my,). Further, one may interpret Z' as D% for the group
G=D(M)xAandp : I'r — G(k) givenby p(y) = (1,7(y)), where & : I'r — A is the quotient map.
The functor Z! is the analogue of DY, and we have to find the ring pro-representing the functor Z'.

Before we describe our solution, let us point out one dead end. If ® € Z! (A), then its restriction to
I'g is just a continuous homomorphism

®|r, : T'r —» Hom(M, 1 + my),
as I'g acts trivially on M. This induces a continuous homomorphism
QTP @M — 1+my,

and the fact that the homomorphism is obtained by a restriction of a cocycle to I'g implies that ¢ factors
through (sz’p ®M)p — 1+m4. However, in Theorem 1.3 we have A-invariants and not A-coinvariants
appearing. Tate group cohomology gives us an exact sequence

0— H'(A TP @ M) - (TP @ M)y — (TF @ M)* — H(A, TP ® M) — 0.
One may show that the Tate group cohomology groups ﬁi(A, sz’p ® M) are finite for all i € Z, but
there is no reason why they should vanish, unless p does not divide |A|. We conclude that the restriction
to I'g will lose information in general.
Our solution is motivated by Langlands’ paper [11] on his correspondence for tori, where he shows
that the universal coefficient theorem induces an isomorphism
H' (Wg/p, Hom(M,C*)) = Hom(H) (Wg /. M),C*)), (LD
and there are natural isomorphisms
Hi(Wgp. M) = Hi(EX, M)® = (EX @ M)*, (12)

where the Weil group Wg/F fits into a short exact sequence

0—>Ex—>WE/F—>A—>0, (1.3)
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corresponding to the fundamental class [ug/r] € H?(A, EX). Since every continuous representation
' — G(A) with image in (G/G°)(A) equal to A factors through the profinite completion of W /F>
this motivates us to study the functor

CRing — Ab, A Z'(Wg/r, G(A))

without imposing any continuity conditions on the cocycles and allowing any commutative ring A. We
determine the ring representing this functor and show that the ring representing Z' arises as a completion
of it with respect to the maximal ideal corresponding to the trivial cocycle.

1.2. Abstract setting

We carry out this study in Section 4 in the following abstract setting: let I'; be an abstract group, I'; a
normal subgroup of I'; of finite index and let A := I'; /T';. The exact sequence

0T > T/[[51] 5 A —0 (1.4)

defines a class in H*(A,T3P). Its image in Ext%[ a1 I'3%), where I, is the augmentation ideal in the
group ring Z[A], defines an extension of Z[A]-modules

0T &1y —0. (1.5)
Theorem 1.7. The functor
CRing — Ab, A — Z'(I';,Hom(M, AX))
is represented by the group algebra Z[ (£ ® M)a]. The fpqc sheafification of the functor
CRing — Ab, A — H'(I';, Hom(M, A*))

is represented by the group algebra Z|H(I'y, M)].
We prove Theorem 1.7 by first replacing M with Z[A] ® M. In this case,

Hom(Z[A] ® M, A¥) = Ind} Hom(M, A¥)
and we can use Shapiro’s lemma to identify H' with
Hom(T2, Hom(M, A*)) = Hom(T'®® ® M, AX).

Further, after choosing a representative ¢ for each coset ¢ € I'j/I;, we construct in Section 3 a
homomorphism of abelian groups,

H'(T'y, Indf! V) — Z' (I, Ind[} V),

for any I';-module V, which is functorial in V and becomes the identity, when composed with the natural
quotient map. These ingredients allow us to show that the functor

Ab — Ab, V — Z'(I'},Hom(Z[A] ® M,V)) (1.6)

is representable by (ng ® In) ® M. We then define an action of A on Z[A] ® M, which commutes with
the action of I'y, such that

Z'(I';,Hom(M, V)) = Z'(I';, Hom(Z[A] ® M, V).
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To prove Theorem 1.7, we verify that the action of A on (F;b ® Ip) ® M induced by its action on the
functor in (1.6) is isomorphic to £ ® M. This calculation is carried out in Section 4. The last part of
Theorem 1.7 follows by observing that (1.1) remains an isomorphism if C* is replaced by any divisible
group, and for any A, there is a faithfully flat map A — B such that B is divisible.

Let G be a generalised torus over some base ring O. Let PCE1 : O-alg — Set be the functor such

that ch‘ (A) is the set of A-valued G-pseudocharacters of I'j. Let Repg‘ : O-alg — Set be the functor
such that Repg1 (A) is the set of all representations p : I'} —» G(A).

Theorem 1.8. Mapping a representation to its G-pseudocharacter induces an isomorphism of schemes
Repgl /G° = PCg.

The proof of Theorem 1.8 follows the arguments of Emerson—-Morel [8], where they prove an
analogous result, when G is a connected reductive group over a field of characteristic 0. Since in our
case GV is a torus, it is linearly reductive over O, and their arguments carry over integrally.

Let us assume that G is split over O and G/G" is a constant group scheme. Let pg : I’} — G(O)
be a representation and let Repl(;"ﬂ be the subfunctor of Repg consisting of representations p such that

Iop=1Iopy, where IT : G — G /G is the quotient map. One may similarly define PCZ‘,H. We show
that the map

Z'(T1,G°(A)) = Repg (A), @ @py

is bijective and use Theorem 1.7 to prove:

Theorem 1.9. The functors Repg . and PCg . are represented by the group algebras O[(€ ® M)a]
and O[H(T'1, M))], respectively.

If 'y = Wg/F, then H(I'|, M) = (E*® M)A by (1.2). To prove Theorem 1.4, we relate the
completions of the local rings of Repg1 . and PCE;1 , to deformation rings parameterising continuous

deformations and G-pseudocharacters of the profinite completion T, of I'y. These arguments are carried
out in Section 7. We expect that the abstract setting will also be useful studying deformations of global
Galois groups.

1.3. Producing a lift

Let us go back to the problem of exhibiting a lift of p : ['r — G (k) to characteristic zero as claimed in
Theorem 1.1. Using p instead of pg, we may identify the restriction of Dg to Ay with the restriction of

Z'to Ay.. This allows us to conclude that
RSJw = K[((€ ® M)x)""],

where £ is defined by (1.5), where (1.4) is equal to (1.3), so that I'y = Wg,p and I’ = EX and (—)"P
denotes the pro-p completion.
In Section 8, we compute

rankz, (£ ® M)a)™P =rankz M - ([F : Q,] + 1),

which is then also equal to dim Rg /@. Moreover, using Mazur’s obstruction theory and the Euler—
Poincaré characteristic formula, we show that

o Olxt,....x]

P (fie )
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where » —s = dimy Lie G¢ - ([F : Q,] +1). Since rankz M = dimy, Lie Gy, a little commutative algebra
implies that @, fi, ..., fs is a regular sequence in O[[xl, - ,xr]], and hence, Rg is O-torsion free. A
closed point of the generic fibre gives us the required lift.

1.4. Overview by section

In Section 2, we define what a generalised torus is. In Section 3, we establish an explicit version of
Shapiro’s lemma. In Section 4, we compute the ring representing the functor A — Z!(I';, Hom(M, AX)).
This section is the technical heart of the paper. In Section 5, we relate the functor Repg to the functor

Z'(I'1, G°(-)). In Section 6, we introduce Lafforgue’s G-pseudocharacters and study the functor PCFl

In Section 7, we transfer the results about abstract representations and G-pseudocharacters of F1 to
continuous representations and continuous G-pseudocharacters of its profinite completion I and prove
versions of Theorems 1.3, 1.4, 1.5 with I'r replaced by 1:1. In Section 8, we compute Z,-ranks of certain
pro-p completions appearing naturally in the arithmetic setting. We show in Lemma 8.7 that the pro-p
completion of (E* ® M)” is isomorphic to (sz’p ® M)2 . In Section 9, we use the results proved in the
previous sections to prove Theorems 1.1, 1.3, 1.4, 1.5.

1.5. Notation

Let p denote any prime number. Let F be a finite extension of Q,,. We fix an algebraic closure F of F.
Let I'x := Gal(F/F) be the absolute Galois group of F. Let L be another finite extension of Q p withring
of integers O, uniformiser @ and residue field k. However, O is allowed to be an arbitrary commutative
ring such that Spec O is connected in Sections 5 and 6.

Let A be the category of local artinian O-algebrAas with residue field k. We let QAIO be the category
of pro-objects of A . Concretely, one may identify A» with the category of pseudo-compact local O-
algebras with residue field k. Let U be the full subcategory of 2» consisting of objects killed by .
Then ‘ﬁk is the full subcategory of ‘il\@ consisting of objects killed by @, which can be identified with
the category of local pseudo-compact k-algebras with residue field k.

The groups denoted by I'; and I, are abstract groups with no topology. We will denote by [ the
profinite completion of T'y. If A is an abelian group, then we will denote its pro-p completion by A"-7.
If X is a scheme, then we denote the ring of its global sections by O(X). If I is a group, then we denote
by O[I] its group algebra over a ring O.

2. Generalised tori

Definition 2.1. Let S be a scheme. A generalised torus is a smooth affine S-group scheme G, such that
the geometric fibres of G° are tori and G/G° — S is finite.

Remark 2.2. It follows from [6, Proposition 3.1.3] that for a generalised torus G, the quotient G/G°
is étale. Sean Cotner has shown in [7] that if S is locally noetherian, then for a smooth affine S-group
scheme G, the identity component G° has reductive geometric fibers and G/G? is finite étale if and
only if G is geometrically reductive in the sense of [1, Definition 9.1.1]. In particular, this holds over
S = Spec O.

Remark 2.3. When G is a generalised torus over O, then G is linearly reductive (i.e., taking G°-
invariants is an exact functor on the category of O(G?)-comodules). It follows that if A is a commutative
O-algebra with trivial GO-action, M is an A-module with G%-action and N is an A-module with trivial
GY-action, then

(M ®, N)C' =M @, N.
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If M is an abelian group, then we denote by D(M) = Spec(O[M]) the diagonalisable group scheme.
For any O-algebra A, we have

D(M)(A) = Hom(M, AX).

If M is a finitely generated free abelian group, then D(M) is a split torus.

3. Shapiro’s lemma

We recall an explicit version of Shapiro’s lemma. Let I'| be a group and let I'; be a subgroup of I'y
of finite index. Let V be an abelian group with a I';-action. We let Indlr_; V be the set of functions

f: Ty - V,such that f(kg) = kf(g) forall k € I'; and g € I'}. Then Indg V is naturally an abelian
group, isomorphic to a finite direct sum of copies of V, on which I'j acts by right translations; that is,
[g - f1(h) == f(hg) for all g, h € I';. In this section, topology does not play a role, all cohomology is
just abstract group cohomology, and there is no continuity condition on the cocycles.

Proposition 3.1. Let @ : '} — Indg V be a 1-cocycle. Then the function ¢ : I'y — V, given by
p(k) = [®(K)](1),
is a 1-cocycle. Moreover, the above map induces an isomorphism in cohomology
H‘(rl,lndg V) = H(I,, V).
Proof. [10, Theorem 3.7]. O

We will construct an explicit inverse of the map above following [10]. For each right coset ¢ of I'; in
I'1, we fix a coset representative ¢, so that the representative of the trivial coset is 1. In particular,

I = U e = UE“FQ.

Since cg = I'>cg for every g € I'1, we have

tgcg ‘e, Vgell.
Let Fy be the subgroup of Indg V of functions with support in I';. By evaluating at 1, we obtain
a canonical isomorphism of I';-representations between Fy and V; the inverse homomorphism is
obtained by mapping v to the function g +— gv. If ¢ € Z!(I',, V), then the isomorphism gives us a
cocycle f, € Z'(I', Fy), where if h € I, then f,,(h) € Fy is the function given by

[fo(W1(k) = ke(h), Vk €Ts. (3.1)

Lemma 3.2. Let ¢ : I, — V be a 1-cocycle, and let f, : I, — Fy be the 1-cocycle corresponding to
@, via the canonical isomorphism Fy =V and let ®, : 'y — Indg V be the function given by

D, (g) = Y ¢ fy(cgeg ™),

Then @, is a 1-cocycle, such that

[®,(K)](1) = @(k), Vk eI
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Proof. We have to show that

Dy(gh) = Dy(g) +gPy(h), Vg, hely.

It is enough to show that the equality holds once we evaluate both sides at k¢, where ¢ is a representative
of the coset c and k € I,. If f € Fy, then SuppE_lf C c; hence,

[®,(sh)](KT) = [f,(Cghcgh )1(K), [@,(g)](ke) = [f,(Cgeg )] (k).
[g®, (h)] (k) = [®,(h)](keg) =[f,(cghcgh )] (kegeg™)
=[cstg " f,,(cghcgh (k).

Since f,, is a 1-cocycle, we have

- __—1 _ e —1 _ o —1
cgcg ' fo(cghcgh )+ fo(cgcg ') = fy(Cgcg 'cghegh ) = fy(Cghcgh ),
and hence, @, is a 1-cocycle. Since the representative of the trivial coset was chosen to be 1, we have
[P (R)](1) = [fo(K)](1) = (k), VkeTIn. o

Remark 3.3. The map ¢ — ®, depends on the choice of the coset representatives ¢, and so it is not
canonical. However, once these representatives have been fixed, it is immediate from the formulas that
the map is functorial in V. If @ : V — W is a I';-equivariant homomorphism of abelian groups equipped
with Ty-action and ¢ € Z' (">, W) is the image of ¢ under the map Z!(I';,V) — Z!'(I'», W) induced
by a, then @, maps to @, € Z'(I'y, Indg w).

4. The space of 1-cocycles

We shall later identify our space of deformations with a space of 1-cocycles. In this section, we study
the space of 1-cocycles in a more abstract situation. We fix the following notation:

o I'j is an abstract group.
o M is an abelian group equipped with a linear left I'j-action with kernel I"; of finite index in I'y.
o A :=T/T>. We denote the projection 7 : I'| — A.

We start by constructing an abelian group £, which represents the functor
Ab — Ab, V - Z! (', Ind;! V).
It turns out that £ carries an action of A, such that (£ ® M), represents the functor

Ab — Ab, V — Z'(I';, Hom(M, V)).

Our strategy is to realize Hom(M, V) as A-invariants in Indg Hom(M,V), and then use the explicit
version of Shapiro’s lemma of Section 3 to compute

ZN(T, Indg Hom(M, V)).
At the end of this section, we study the functors CRing — Ab defined by
A+ Z(T';,Hom(M, AX)), A+ H'(I'},Hom(M, A%)).

Let V be an abelian group equipped with a trivial I’;-action. We may identify Ind v with the
space of functions f : A — V where the action is given by [g - f](c¢) = f(cg) for all g € I't and
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¢ € A. We also have an action of A on Indll:; V, which commutes with the action of I'| and is given by

[d- f1(c) = f(d™'¢) for all d € A. This induces an action of A on Z'(T'y, Indg V), which is given
explicitly by

[[d * @](g)](c) = [®(&)](d"c). 4.1
Since the action of I'; on V is trivial, we have
ZN (I, V) = H' (I, V) = Hom(I,, V), 4.2)

where Hom stands for group homomorphisms. For each ¢ € A, we fix a coset representative ¢ € I'j as
in the previous section.

Corollary 4.1. Let ¢ € Hom(I2, V). Then the 1-cocycle ®, constructed in Lemma 3.2 is given by

D4 (g) = ) ¢(cgeg e,

ceA
where 1. is the indicator function for the coset c.

Proof. Since the action of I'; on V is trivial, by assumption, it follows from (3.1) that [ f, (h)] (k) = ¢(h)
for all k, h € I',. The assertion then follows from Lemma 3.2. O

Proposition 3.1 and (4.2) give us an exact sequence of abelian groups:
0— Bl(Fl,IndB V) - Zl(rl,lndg V) — Hom(I, V) — 0,
and Lemma 3.2 gives us a section so that
Z'(y,Indp! V) = B'('y, Ind[ V) ® Hom(I', V). 4.3)

We want to understand the action of A on B! (I}, Indg V)@Hom(I';, V) via this isomorphism. It follows
from (4.1) that [[d * ®](g)](dc) = [®(g)](c). Hence,

[dx®,](g) = ) p(cgeg ) ac

ceA

for ¢ € Hom(I, V). Since I'; is normal in I'}, ck = ¢ for all kK € I'; and all ¢ € A. Hence, ck =<, and
we conclude that

[[d* D01 = 3 @@k Vac(1) = (@ Tkd T ) = o(d 'kd) = [d - ¢] (k).

We note that ¢((dh)"'k(dh)) = ¢(3"k3) for all A,k € T, which justifies the third equality, and
we take the last equality as the definition d - ¢. Since [[®g4.,](k)](1) = [d - ¢](k) by Lemma 3.2,
Proposition 3.1 implies that the cocycle d * @, — @4.,, is a 1-coboundary, and thus, there is a function
f A — V depending on d such that for all g € ', we have

[d+Dp](g) —Pap(g) = (g -1 4.4

After subtracting a constant function, we may assume that f(1) = 0. By evaluating both sides of (4.4)
at 1, we obtain
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f(@) = 1) - f(1) = [[d * P,](g)](1) - [Pa.(g)](1)

= o(dgdg ) - [d-¢l(sT")

. —

=p(d'gd g )—p(dlgg'd" ) (4.5)
_— —1 = —

=p((d'ggtd™! ) ldlgd g )
I —

=@(d'gd g ).

We note that in the above calculation, g is the fixed coset representative of the coset I,g. In particular,
g € I'; and not in A. The function f satisfies f(kg) = f(g) for all k € I';, so we may consider as a
function on A. In this case, the formula (4.5) applied with g = ¢ gives us

f(c) = p(dTed T ), VeeA. @.6)

The function f corresponds to a group homomorphism a ¢ : Z[A] — V, given by af (¢) = f(c). Since
f(1) =0, the restriction of &y to the augmentation ideal /, is given by

R
ar(c—-1)=¢(ded 'c ), VeceA. 4.7

Since V is abelian, we have Hom(I';, V) = Hom(I" gb, V), where I’ gb is the maximal abelian quotient

- —1
of I';. For d, ¢ € A, we define «(d, ¢) to be the image of dcdc ~ in F';b. Themapk : A XA — ng is
the 2-cocycle corresponding to the extension

0—-TP® 1y /[ ] - A—0.
We define an action of A on ng ® I, by letting
dx(g,c—1):=(dgd™" - «k(d,c),dc —d). 4.8)
This action defines an action of A on Hom(l’é‘b ® Ip, V) by

[d+ (p.@)](g.c=1) = (g,a)(d" % (g,c = 1))
=p(d'gd) + p(k(d ", 0)) +a(d e —d™). (4.9)
We obtain an exact sequence of Z[A]-modules

0-T® 5 &1y —0 (4.10)

by letting £ = F;‘b ® I5 with the A-action defined as above.

Remark 4.2. Using the exact sequence 0 — Iy — Z[A] — Z — 0 of Z[A]-modules, one obtains a
canonical identification

ExﬂZ[A](IA,rgb) = Exté[A](Z, 3% = H?(A, T3P);

see [4, Chapter XIV, §4, Remark]. The extension class of (4.10) gives an element in Ext%[ Al (Ia, ng)_
One can show that the image of this class in H(A, ng) is equal to the class of «.

To @ € Hom(I,, V), we may associate a function f,, : A — V by letting f,(c) := a(c —1). We note
that f, (1) = 0. We then define a 1-coboundary b, € Bl(Fl,IndB V) by bo(g) = (g — 1) fo. We may
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recover f, from b, as the unique function f : A — V satistying (1) = 0 and b,(g) = (g — 1) f for
all g € I';. Thus, the map

Hom(l,V) — B'([y,Ind[} V), @+ ba 4.11)

is an isomorphism. We now record the consequence of our calculations:

Proposition 4.3. If V is an abelian group with the trivial T's>-action, then sending (¢,a) to @, + b,y
induces an isomorphism

Hom(I'® @ I, V) — Z'(I7y, Ind(! V),

which is A-equivariant for the actions defined in (4.9) and (4.1).

Proof. Tt follows from (4.11) and (4.3) that the map is an isomorphism of abelian groups. We have to
check that it is A-equivariant. We have

[[d % bal(2)](c) = [ba(g)](d ") = fald ' cg) = fald™'c)
=a(dlcg-1)—a(d'c-1)=a(dcg—d o),

[ba«a(8)](c) = faca(cg) = fara(c) = [d xa](cg = 1) = [d*a](c - 1)
=a(dcg—d Y —ad'c—d ") =a(dcg-dc).
Hence, d # by = bgq. It follows from (4.4), (4.6) and (4.7) that d * @, = Dy4., + bg, where S(c — 1) =

o(k(d7!, ¢)) forall ¢ € A. Moreover, it follows from (4.9) that d * (¢,0) = (d - ¢, 8). Hence, d * (¢, 0)
is mapped to ®g., + bg = d * D,. o

Recall that M is an abelian group with an action of A, so I'; acts trivially on Hom(M, V). We have
natural isomorphisms of I'j-representations

Ind% Hom(M,V) = Hom(Z[A],Hom(M,V)) = Hom(Z[A] @ M, V), (4.12)

where the action of I'; on the last term is induced by its action on Z[A] ® M, which is given by
g-(c®m)=cg ' ®m,sothat [g- f](x) = f(g'x) forall x € Z[A] ® M. The diagonal action of A on
Z[A]l ® M is given by d - (c ® m) = dc ® dm, commutes with the action of I'| and induces a (left) action
of A on Indll:; Hom(M, V), which commutes with the action of I'y. If M = Z with the trivial A-action,

then the construction recovers the action of A on Indg V considered earlier.

Lemma 4.4. As I'|-representations, (Indg Hom(M, V))2 is naturally isomorphic to Hom(M, V) with
I'1 acting on it via A.

Proof. The map Z[A] ® M — Z[A] ® M, c ® m + ¢ ® ¢ 'm is an isomorphism of A x I'|-
representations, where on the source, the action is the one considered above, and on the target, A acts
by d * (c®m) = dc ® m and Ty acts by g * (c ® m) = cg~! ® gm. It is immediate by considering
the *-action that (Z[A] ® M)p = M and I'| acts on M via A. Using (4.12), we can then translate this
statement to a statement about invariants. m|

Proposition 4.5. Let £ be the Z[ A]-module constructed above. Then for all abelian groups V, we have
an isomorphism of abelian groups functorial in V:

Hom((£ ® M)y, V) = Z'(I';,Hom(M, V)), (4.13)

where the action of A on £ ® M is diagonal and T'y acts on Hom(M, V) via A.
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Proof. Proposition 4.3 gives us A-equivariant isomorphisms:
Hom(& ® M, V) = Hom(E, Hom(M, V)) = Z' (I';, Ind;} Hom(M, V)).

The assertion follows after taking A-invariants and applying Lemma 4.4. O

The exact sequence 0 — Ip — Z[A] — Z — 0 remains exact after tensoring with M. Taking
A-coinvariants yields an exact sequence

0—- Hi(A,M) - (In@ M)y > M — My — 0.

This gives us a surjection (Ia ® M)a —» Ix M. By composing this map with the surjection (E®@ M)x —»
(In ® M), induced by (4.10), we obtain a surjection (£ ® M)p — I M. This in turn yields an injection

Hom(IAaM,V) — Hom((€ ® M)A, V).

Lemma 4.6. The isomorphism (4.13) in Proposition 4.5 identifies the space of 1-coboundaries
BY(I';,Hom(M, V)) with a subgroup of Hom(Ix M, V). Moreover, it induces an isomorphism between
the two groups if V is divisible.

Proof. The isomorphism (Z[A] ® M)x = M for the diagonal action of A on Z[A] ® M is realised by
the map ¢ ® m + ¢~'m. The image of Iy ® M under this map is equal to /5 M. Thus, the isomorphism

¥ : Hom(M,V) = (Indg Hom(M, V))*
in Lemma 4.4 is given explicitly by
[9(a)(c)](m) =a(c'm), VeeA, VmeM.
Let b € B'(I';,Hom(M,V)) be a boundary with b(g) = (g — 1)a for all g € I'y. Its image in

B'(Fl,lndg Hom(M,V)) is the boundary b’ given by b’(g) = (g — 1)¥#(«@). The constant function
f’(c¢) = aforall ¢ € A is I'j-invariant, and thus,

b'(g) = (g -D(@(@) - f'), Vgerll.
Since (#(a) - f')(1) = @ —a = 0, by Proposition 4.3, b’ = bg, where 8 : Iy — Hom(M, V) is given by
[B(c = D](m) = [(F(a) = f)()](m) = a(c™'m) —a(m) = a(c"'m—m).

We conclude that the image of BY(I';,Hom(M,V)) under the isomorphism in Proposition 4.5 is
contained in Hom(/x M, V).

Conversely, if we start with a homomorphism B’ : IxM — V, then by pulling it back under the
surjection Ip ® M —» Ix M, we obtain a homomorphism 8 : Ip ® M — V given by B((c — 1) @ m) =
B’(c™'m — m). The corresponding coboundary bg € B! (Fl,IndB Hom(M,V)) is given by bg(g) =
(g — 1) fp, where

[fz(c)](m) = B((c = 1) @m) = B'(c”'m —m).
If V is divisible, then V is injective in Ab and the exact sequence
0> I\M > M — My >0
gives rise to an exact sequence

0 — Hom(Mp,V) — Hom(M,V) — Hom(IxM,V) — 0,
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and we conclude that there is @« € Hom(M, V) mapping to £8’, so that
B (c'm—m)=a(c'm) - a(m).
Let f’ be the constant function f’(c) = « for all ¢ € A. Then the boundary g — (g — 1)(fg + f') is
equal to bg and fz + f' = ¥(a). O
By taking V = (£ ® M), in Proposition 4.5, we obtain a natural cocycle

@y € Z' (T, Hom(M, (€ ® M))),

which corresponds to the identity in Hom((€ ® M)a, (£ ® M)a).

Lemma4.7. If Vis any abelian group, then for all T'1-modules N and all i > 0, we have a canonical map
H'(I',Hom(N,V)) — Hom(H;(I';,N), V), 4.14)

which is an isomorphism if V is divisible.

Proof. If (C.,d.) is a complex of abelian groups, then we let Z, = ker(d, : C, — C,-1) and
Z" = ker(d; , : Hom(C,,V) — Hom(Cp41,V)). The evaluation pairing Z, X Z" — V induces a
bilinear map H,,(C.) X H"(Hom(C,,V)) — V, which induces a canonical map H" (Hom(C,,V)) —
Hom(H,,(C.), V). If V is divisible, then V is injective in Ab and the map is an isomorphism.

Let P —» Z be a resolution of Z by projective Z[I'i]-modules. The complex
Homr, (P., Hom(N, V)) = Hom((P.®N)r,, V) computes the cohomology groups H'(I';, Hom(N, V)).
The complex (P, ® N)r, computes the homology groups H;(I';, N). We apply the previous discussion
to C, := (Pe ® N)r, to obtain the required homomorphism. O

Applying Lemma 4.7 with N = M and V = (£ ® M)a, we obtain a homomorphism @ :
H{(T'\,M) — (£ ® M) corresponding to the cohomology class [®p,].

Lemma 4.8. For all abelian groups V, the composition

4.13
Hom((€ ® M)y, V) -5 2! (T, Hom(M, V) —»
4.14
H'(Ty, Hom(M, V)) 2, Hom(H, (T'y, M), V) (4.15)
is given by Y +— Y o Qpat.

Proof. This follows from the fact that all our constructions are functorial in V. If we denote the four
functors appearing in (4.15) with A, B, C, D, then for a homomorphism of abelian groups ¢ : W — V,
we obtain a diagram:

AW) — B(W) — C(W) —— D(W)

b b

A(V) > B(V) > C(V) —— D(V)

with commutative squares. If we take W = (€ ® M), then the identity map in A((€ ® M)a) maps to
¢nat in D((€ ® M)) by construction and hence to ¢ o @n, in D(V). Since the identity maps to ¢ in
A(V), we obtain the assertion. O

Proposition 4.9. There is an exact sequence of abelian groups

0— Hi(Ty, M) 25 (@ M)y L 13M — 0 (4.16)
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which is functorial in M, and for all abelian groups V, the diagram

BY(I'y, Hom(M, V)) — Z(T'y, Hom(M, V)) 2% Hom(H, (I}, M), V)

] L L

Hom(Ix M, V) “— Hom((€ ® M), V) —2™3 Hom(H, (T, M), V)

commutes.

Proof. Lemmas 4.6 and 4.8 give us the commutative diagram above. Moreover, if V is divisible, then
by Lemma 4.7, the top row is exact, the last arrow in the top row is surjective and the first vertical
arrow is an isomorphism. We deduce that for all divisible V, the maps ¢ : (€ ® M)y —-» InM and
¢nat : HI(I', M) — (€ ® M), induce an exact sequence

0 — Hom(IpaM,V) — Hom((€ ® M), V) — Hom(H(I',M),V) — 0. 4.17)

Since divisible groups are precisely injective objects in Ab, which has enough injectives, an abelian
group A is zero if and only if Hom(A, V) = 0 for all divisible groups V. Using this and the exactness of
(4.17), we obtain that Im(g o ¢n,) = 0; thus, (4.16) is a complex and a further application of the same
argument shows that (4.16) is exact. ]

Corollary 4.10. The functor CRing — Ab given by
A — Z'(I';, Hom(M, AX))

is represented by the group algebra Z[ (€ @ M)p].

Proof. If W is an abelian group, then we may identify W with a subgroup of units of the group ring
Z[W]. The map

HomCRing(Z[W]a A) - Hom(Wa AX)’ Y- l//IW

is an isomorphism. Applying this observation to W = (£ ® M), and using Proposition 4.5 yields the
assertion. o

Corollary 4.11. If M is a free Z-module of finite rank, then

Z[(E @ M)p] = Z[H (T}, M)][£, ... 2], (4.18)

N
where s = ranky M — rankz M.

Proof. Since Ix M is a submodule of M, which is free of finite rank over Z, we have an isomorphism
IxM = 7%, where s is as above. By choosing a section to the surjection (€ ® M)p —-» IxM in (4.16), we
obtain an isomorphism (€ ® M)a = H;(I';, M) X Z*, and this implies the assertion. O

Proposition 4.12. The map (4.14) induces a map of presheaves CRing — Set
H'(T't, Hom(M, (=)*)) — Spec(Z[H(I'1, M)]) (4.19)

which exhibits the right-hand side as the fpqc sheafification of the left-hand side.

Proof. The right-hand side is an fpqc sheaf since it is representable [ 15, Tag 023Q]. So it suffices to find
for every ring A and every homomorphism f : Z[H;(I';, M)] — A an fpqc cover of A and a descent
datum in the left-hand side, which maps to a descent datum in the right-hand side, which descends to f.
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By [17, Lemma 4.1.1], for every ring A, there is a faithfully flat map A — B, such that B* is divisible.
By Lemma 4.7, the map

H'(Ty, Hom(M, BX)) — Homcring(Z[H, (T'1, M)], B)

is bijective. So the canonical descent datum associated with f and the map A — B come from a descent
datum in the right-hand side. O

5. Admissible representations

In this section, let O be an arbitrary commutative ring, such that Spec O is connected. Let G be a
generalised torus over O, such that G is split and such that G/G? is constant. Let IT : G — G/G° be
the projection map. We define the character lattice of G° by

M = HomO-GrpSch(GOs Gm) (5.1

We may identify G° with the split torus D(M) introduced in Section 2. We can write G/G° = A
for a finite group A, where A = Spec(Map(A, O)). For any O-algebra A, we have a natural map
A — A(A) = Homp_gg(Map(A, O), A) defined by evaluation. The O-group scheme G acts on G° by
conjugation, and this action factors over G/G® = A. So we have a well-defined action map G /G°xG® —
G°, (g,h) — ghg™! with the property that for every O-algebra A and every g € (G/G")(A), the map
G°(A) — G(A), h + ghg™!is a group automorphism of G(A). This induces a (left) action of A on
M via (5.1).

Let I'y be an abstract group and let 7 : I’} - A be a surjective homomorphism with kernel I';. So
we are in the situation of Section 4.

Definition 5.1. We say that a representation p : I'j — G(A) is admissible if [1o p : T’} — A(A) sends
v €I} to the image of 7(y) € A in A(A).

This terminology is motivated by admissible Galois representations into L-groups appearing in the
Langlands correspondence; see [3, §9].
Let Repg . (A) be the set of admissible representations p : I't = G(A). The group D(M)(A) acts

on Repg1 (A) by conjugation. This defines a scheme-theoretic action
D(M) x Repg‘Jr — Repg‘Jr . (5.2)
Proposition 5.2. Assume there is a representation pg € Repg,ﬂ(O). Then
Z'(T1, D(M)(A)) = Repgl ,(A), @ [y - @(y)po(y)] (53)

is a bijection, which is natural in A € O-alg. In particular, Repgl .. 1s representable by an O-algebra,
and (5.3) induces a natural isomorphism

O(Repg ;) = O[(E ® M)a]. (5.4)

Moreover, (5.3) is D(M)(A)-equivariant and induces a natural bijection between the set of D(M)(A)-
orbits in Replc;l .(A) and HY Ty, D(M)(A)). In particular, (5.4) is D(M)-equivariant.

Proof. For ® € Z'(T';, D(M)(A)), we have

D(y1y2)po(y1y2) = @(y1)"' @(¥2)po(v1)po(y2)
=®(y1)po(y1)D(y2)po(y2), (5.5)
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where in the last equality we use that pg is admissible. Thus, ®pq is a homomorphism. By applying
the projection IT : G(A) — A(A), we verify that ®pg € Repg’”(A). It is clear that (5.3) is a bijection
Map(I'1, G(A)) — Map(I', G(A)) with inverse p — ppy'. If p € Repg’ﬂ(A), we see that @ := pp;!
is a 1-cocycle by reverting the computation in (5.5). The claim about representability follows from
Corollary 4.10.

The D(M)(A)-conjugacy classes are the B! (I'y, D(M)(A))-orbits: if we write an admissible homo-
morphism p : I’} — G(A) as above as p(y) = ®(y)po(y) and g € D(M)(A), then

gp(1)g ™ =g®() (Vg po(y)
=B (V)@(¥)po(y),

where 3, € BY(I'}, D(M)(A)) is the coboundary Be(y) = g(Yg™"). It follows that the D(M)(A)-orbits
are the classes in H'(I'}, D(M)(A)). O

Remark 5.3.If G = GxA, then the composition of 7 with the natural map A — A(O) —
G°(O)=A(0) = G(0) is a canonical choice for a representation py € Repg,ﬂ((’)). In general, the
isomorphisms (5.3) and (5.4) depend on py.

Proposition 5.4. Assume there is a representation pgy € Repg . (O). Under the isomorphism (5.3), the
action (5.2) corresponds to the ring homomorphism

Ol(€@M)a] = O[(E@M)r]® O[M],

which sends x € (€ @ M)p to x ® q(x), where q : (€ @ M)y ~ IaM is the map of (4.16).

Proof. We have seen in the proof of Proposition 5.2 that the action of D(M) on Repg . corresponds
under the isomorphism (5.3) to the action via the boundary map

D(M)(A) — Z'(I', D(M)(A))

and group multiplication. By commutativity of the left square in Proposition 4.9, this map is induced
by the composition (£ ® M) 4 InM — M. As the comultiplication on O[(€ ® M), ] is given by
x> x Qx forall x € (£ ® M)y, the claim follows by composing with O[(€ ® M)x] — O[M] in the
second factor. O

Corollary 5.5. Assume that there is a representation pg € Repg1 (O). The action of (M) on Repg1 x
factors through the action of D(Ia M), which acts freely.

Proof. As in the proof of Proposition 5.4, we use the composition (£ ® M)a 4, IAM — M to see that
the boundary map D(M)(A) — Z'(I';, D(M)(A)) factors through D (I M).

Let A be any O-algebra and let H(A) be the group Hom((€ ® M)p, A*). Since g : (EQM)p — InM
is surjective, we may identify D(I/x M)(A) with a subgroup of H(A). The isomorphism (5.4) identifies
Repg’”(A) with H(A), and the action of D(/AaM)(A) on Repg’n(A) is identified with the action of
D(IpnM)(A) on H(A) by multiplication, which is a free action. Hence, the action of D(/x M) on Rengr
is free. o

Corollary 5.6. Assume that there is a representation pgy € Repg (O). The isomorphisms (4.19) and
(5.3) induce an isomorphism

Repy, ,/D(M) = Spec(O[H; (I, M))), (5.6)

https://doi.org/10.1017/fms.2024.137 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.137

18 V. Paskiinas and J. Quast

where Replcﬂ;‘Jr /(M) denotes the fpqc sheafification of the presheaf quotient. Moreover this quotient is
a GIT quotient. In particular, (5.6) induces isomorphisms

O[H (T, M)] = ORepg. )% = O[(€ ® M)]P, 5.7

and the composition of the maps in (5.7) is induced by @yy.

Proof. The isomorphism (5.6) follows directly from Proposition 4.12 and Proposition 5.2. To see that
Repg /®D(M) is also a GIT quotient, we observe that every D (M )-equivariant map from Repg . toan
affine scheme equipped with the trivial D(M)-action factors through Repg ./ D(M) by the universal

property of the fpqc sheaf quotient. Since Repg /®(M) is affine, it is indeed the GIT quotient, and
this gives the first isomorphism in (5.7). The second isomorphism in (5.7) comes from (5.4).
Let B € O-alg. After removing the G%-invariants in (5.7), we get two maps

Hom((€ ® M)y, B*) = Repy,  (B) — Hom(H, (I, M), B¥).

The first map comes from (4.13) and (5.3). The second map comes from (4.14) and (5.3). Hence, the
composition is (4.15) with V = B*, so the last assertion follows from Lemma 4.8. |

Lemma 5.7. Let T : G — A" be a closed immersion of O-group schemes and let p € Repgl < (A).

Assume that Repg"ﬂ (O) is nonempty. Then t(p(I'1)) is contained in a finitely generated O[H{ ("1, M)]-
submodule of A" = A" (A).

Proof. Proposition 5.2 implies that it is enough to prove the statement, when A = O[(£ ® M), ] and
p = ®papo, Wwhere pg is any representation in Repg,r (O) and @, is the cocycle defined in Section 4.

Since I'; is of finite index in I}, it is enough to show that 7(p(I;)) is contained in a finitely generated
O[H(I';, M)]-submodule of (O[(€ ® M)a])". Since I'; acts trivially on M, we have a canonical
isomorphism

Hi(T2, M) =T @ M,

and it follows from (4.16) that the image of O [ng ®@M]in O[(E®M),] is contained in O[H (T, M)].
We thus may assume that G = D(M) and I'; = I'y. In this case, O[H (', M)] = O[(€ ® M)a], so there
is nothing to prove. O

6. Lafforgue’s G-pseudocharacters

We keep the notation of Section 5. We now recall Lafforgue’s notion of G-pseudocharacter in the form
of [13, Definition 3.1]. The difference to Lafforgue’s original definition [9, Section 11] is that we work
over the base ring O and allow G to be disconnected. The definition works for generalised reductive
O-group schemes as defined in [12], but this generality is not needed here.

Definition 6.1. Let A be a commutative O-algebra. A G-pseudocharacter © of I" over A is a sequence
(®p)n>1 of O-algebra maps

O, : O[G"]C" — Map(I™, A)

for n > 1, satisfying the following conditions!:

Here, GactsonG" by g- (g1, - - -, gn) =(ggig™", ..., 28ng~"). This induces a rational action of G on the affine coordinate

ring O[G"] of G". The submodule O [G”]GO C O[G"] is defined as the rational invariant module of the G%-representation
O[G™]. It is an O-subalgebra, since G acts by O-linear automorphisms.
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(1) Foreachn,m > 1,eachmap ¢ : {1,...,m} — {1,...,n}, f € (D[G"’]GO and yy,...,y, €T, we
have

On(fO) Vs ¥n) = O )Y (1)ys -+ -+ Ye(m)

where f{(gl, s 8n) = f(g{(l)» . --,gg(m))~
0
(2) Foreachn > 1, foreach yy,...,yns1 € 'andeach f € O[G™]C", we have

Onst (N V1o Y1) =Ou( Y1y s YuVs1)

where f(gl» ce ;gn+1) = f(gl’ e agngn+1)-

We denote the set of G-pseudocharacters of I'; over A by PCg‘ (A). The functor A +— PCE‘ (A) is
representable by an affine O-scheme PCB [13, Theorem 3.20]. When ¢ : G — H is ahomomorphism of

generalised tori over O, the induced maps ¢% : O[H"|H N O[G"]GO give rise to an H-pseudocharacter
(©n © ¢} )n=1. By analogy, with the notation for representations, we denote this H-pseudocharacter by
¢ o ©. Thus, we also have an induced map PCE (A) — PCIF,{ (A). It is easy to verify that specialisation
along f : A — B commutes with composition with ¢, i.e. (¢ 0 ®) ®4 B = ¢ o (0 ®4 B).

Recall that for every homomorphism p : Iy — G(A), there is an associated G-pseudocharacter
0, € PCE1 (A), which depends on p only up to G°(A)-conjugation. For m > 1, the homomorphism

(®p)m : (’)(G’”)G0 — Map(T™*, A) is defined by )
©p)m () v1s- - ym) = fe(yD)s - p(Ym)). (6.1)
There is a natural G%(A)-equivariant map
Repy (A) = PCl(A), p— O, 6.2)
which induces maps of O-schemes

Repl! — PCL. (6.3)

Since G acts trivially on the target, (6.3) factors as
Repl! /G® — PCL!. (6.4)

Ifpe Repg‘ . (A), then ©,, is admissible in the sense that the functorial image of ®, under the map
G — A maps to the A-pseudocharacter attached to 7 in PC£' (A). We denote the set of admissible G-
pseudocharacters by PCE;‘ . (A). The functor A PCE;] . (A) is representable by an affine O-scheme

PCg’n. We have natural maps
Repy! — PCYl (6.5)
Repy! . /G® — PC{ (6.6)

as above.
We will show, that (6.4) and (6.6) are isomorphisms. The result is specific to generalised tori> and
might be of independent interest.

2We do not expect (6.4) and (6.6) to be isomorphisms when G is an arbitrary generalised reductive group in the sense of [13,
Definition 2.3]. However, we do not know of an example where (6.4) is not an isomorphism.
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Proposition 6.2. The map
0
O(PCL) — O(Rep)® (6.7)

corresponding to (6.4) is an isomorphism.

Proof. As G is linearly reductive the proof of [8, Proposition 2.11 (i)] applies, we recall the argument
here. Let O(G'") be the O-algebra which represents the functor

O-alg — Set, A — Map(I'}, G(A)).

We have a natural surjection O(G'") — O(Repg) with kernel J. We also have a natural surjection

O(Gh )G0 —» O(PCQ) with kernel /. The structure of J and [ is described explicitly in [8, Proposition
2.5]; note that there G is assumed to be connected, but the description generalises easily to our situation.
Namely, J is generated by the image of the G%-equivariant maps

@y.5: O(GxG") — O(G™)
for all y, 6 € I', where
907,6(f)((ga)aerl) = f(gyé, (8a)aer;) — f(gygéa (8a)aery)-

The ideal 7 is generated by the image of ¢y 5(O(G x G™)C") for all y,6 € T. Since taking G°-
invariants is exact, the natural map O(G')%’/I = (’)(PCE‘) — (’)(Repg)co = O(G")C°1JC" is

surjective. So it remains to show that JG' C I. Let h € JC and write h = Y, ¢y, 5,(f;), where
vi,6; € Ty and f; € O(G x G). Denote the Reynolds operator on G-modules by E. It commutes with
the G%-equivariant maps ©y,,8;» 50 that we have

h=E(h) =) oy 6 (E(f)) el o
i=1

Lemma 6.3. If the conjugation action of G° on all O(G™) is trivial, then the following hold:

(1) (6.3) is an isomorphism;
(2) IfTy is a topological group and A is a topological O-algebra, then (6.2) induces a bijection between
continuous representations and continuous G-pseudocharacters;

In particular, if G = GY or GO is trivial, then (6.3) is an isomorphism, and hence, Repg1 = PCZ‘.

Proof. Choose (-algebra generators fi,...,f, € O(G) and let ® € PCZl (A). The functions
O1(f1),...,0(f) define a unique map p : I' = G(A) such that ®((f}) = fiopforalli=1,...,r.
Let u : O(G) — O(G) ®» O(G) be the comultiplication map. We can write

p(f) =) aijf;® fe

ok
for some a;jx € O. By (2) of Definition 6.1, we have

file(y172)) = O1(f) (y172) = O2(u(fi)) (¥1.¥2)
= > aip® () (7)1 (fo) (1)
Tx

= > aipfi (e () fie(p(y2))
Jj.k

= u(fi)(p(y1), p(¥2)) = filp(y1)p(¥2)),
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so p is a homomorphism. For every m > 1, every function f € O(G™) can be written as a linear
combination of functions of the form (g1,...,8m) — fi(g;). So by rule (1) of Definition 6.1, the
function ®,,(f) is determined by ®1(f1),...,0(f;). It follows that ® is the only G-pseudocharacter
satisfying ®;(f;) = f; o p for all i. By definition, ® = ©,, so this shows surjectivity and injectivity of

(6.3).
For the claim about continuity, we observe that continuity of ®1(fi),...,®(f,) is equivalent to
continuity of p. O

Corollary 6.4. The map
O(PCy! e O(Repy! )G (6.8)

corresponding to (6.6) is an isomorphism.

Proof. Via the canonical projection IT : G — A, we have a natural G°-action on (’)(Repgl) which
is trivial, since A’ = 1. So the natural G%-equivariant map O(Rep A‘) - (’)(Rep ') induces a map
(’)(Repg‘) - O(Rep )G The representation 7 : Iy — A corresponds to a map O(Rep AI) — O.The

tensor product O(RepG) ® (9 represents RepG . By virtue of Remark 2.3, we have a natural

O (Rep,

isomorphism
G° = G°
O(Repe))%" @ gtr) © = O(Repg; )
Moreover, O(PCZ‘,”) is representable by
r ~ r

O(PC.) ®O(PCZ) O =0O(PC;) ®(’)(Rep2) @)
by Lemma 6.3. We conclude that (6.8) is obtained from (6.7) by applying — ®, (Rep (9 So by
Proposition 6.2, (6.8) is an isomorphism as well. O

Corollary 6.5. Assume there is a representation py € Repg <(O). Then we have isomorphisms
(’)(PCE‘ ) = OH(I, M)] = O[(€E® M)A]GO via (5.7) and (6.8).

Lemma 6.6. Assume that Repg‘”((’)) is nonempty. Then the map (’)(PCE"”) — (’)(Repg’n) corre-
sponding to (6.5) has a section as O-algebras. In particular, for all A € O-alg and all © € PCE;"”(A),
there is a representation p € Repg . (A), such that © = ©,,.

Proof. Let pg € Repg1 ,(O). In the diagram

orcl ) Y ORepl! )" = OL(E © M)21" < "— O[H, (It M)

“ [ l [3

g~ (4.18)

" O(Re P ) SCEIN O[(E @ M)l <— O[H\(T1, M)][t', ... 1¥"]

the left solid square commutes since (5.4) is a G’-equivariant isomorphism. The right solid square
commutes since (5.7) is by Corollary 6.4 induced by ¢n,. The section of the right vertical arrow is
defined by mapping 71, . . . , t5 to 1 and, since all horizontal maps are isomorphisms, defines a section o~ of
the left vertical arrow. Given a G-pseudocharacter ® € PCF' (A), it corresponds to a homomorphism

(Q(PCFl .) — A, and by restriction along o, we get a representatlon p € Rep . (A), which by
restrlctlon along (6.8) recovers ©, s0 © = ©,,. O
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7. Profinite completion

So far, we have worked with representations and pseudocharacters of an abstract group I'j, and topology

did not play arole. In this section, we transfer some of the results proved in Sections 5 and 6 to the profinite

completion [ of I’y and impose continuity conditions on the representations and pseudocharacters of I
Let O be the ring of integers in a finite extension of L with uniformiser @ and residue field k.

7.1. Deformations of representations

Letp : I - G (k) be a continuous representation, such that p|r, € Repg1 L (k).
Let Dg : Ao — Set be the functor such that Dg(A) is the set of continuous representations

PA: - G (A) such that py = p (mod my). The functor Dg is pro-representable by Rg € ﬁo.
Lemma 7.1. There is a natural isomorphism in ﬁo:

RS = yLnO(Repg /1, (7.1)
1

where m is the maximal ideal of O(Repg) corresponding to p, and the limit is taken over all the ideals
I, such that the quotient is finite.

Proof. If A € Up and p € D%(A), then p|r, € Repg . (A), and hence, we obtain a natural homomor-

phism of O-algebras O(Repg) — A. The condition p = p (mod my4) implies that this map extends to
the localisation (’)(Repg1 )Jm — A. Since A is finite, the kernel of this map is one of the ideals / appearing
in the inductive system in (7.1).

Conversely, if I is an ideal of (’)(Repg‘ )m such that the quotient A is finite, then A € Up. The
map (’)(Repg‘) — k corresponding to p factors through O(Repg’ﬂ) — kas plr, € Repg"n(k) by
assumption. Since G /G" is constant and A is a local ring, we have (G/G°)(A) = (G/G°)(k), and hence,
the map O(Repg) — A factors through (’)(Repg’n) — A. By specialising the universal representation
r — G(O(Repg’ﬂ)) along this map, we obtain a representation p : I'j — G(A). Since the target
is finite, p extends uniquely to a continuous representation p : I'y — G(A), which defines a point in
D%(A).

Hence, the right-hand side of (7.1) pro-represents Dg and the assertion follows. O

Lemma 7.2. Let A be an abelian group and let m be a maximal ideal of the group ring O[A] with
residue field k. Then there is an isomorphism in Ao

O[N] = lim O[ Al /1. 12)

1

where N is the pro-p completion of A, and the limit is taken over all the ideals I, such that the quotient
is finite.

Proof. Let ¢ : A — k* be the character obtained by the composition A — O[.A]/m = k and let
¥ : A — O be any character lifting ¢ (for example, the Teichmiiller lift). Then m is generated by @
and (¢(a)~'a — 1) for all a € A. The map ¢ : O[A] — O[A], which sends a € A to ¥(a)a, is an
isomorphism of O-algebras, which sends m to the maximal ideal corresponding to the trivial character.
We thus may assume that m is generated by @ and the augmentation ideal of O[.A].

If P is a finite p-power order quotient of A, then O/w" [P] is a finite local ring, and the surjection
O[A] » O/w"[P] maps m to the maximal ideal of O/w"[P]. Hence, the map factors through
O[ Al » O/w"[P]. Conversely, if A is a quotient of O[.A]y,, which is finite (as a set), then the image
of A is contained in 1 + m4 and hence is a finite group of p-power order. This implies the assertion. O
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Lemma 7.3. Let A be an abelian group, let m be a maximal ideal of the group ring O[A] with residue
field k and let N be the pro-p completion of A. Then the following are equivalent:

(1) Nis a finitely generated Z,-module;
(2) A/pAis a finite p-group;
(3) O[N] is noetherian.

If the equivalent conditions hold, then O[N] is naturally isomorphic to the m-adic completion of O[ A].

Proof. The equivalence of (1) and (2) follows from Nakayama’s lemma and the fact that N/pN is the
pro-p completion of A4/p A = &,F, for some set /.

If N is finitely generated as a Zp,-module, then N = u & Z),, where p is a finite p-group and
r =dimg, N ®z, Q,. Hence, O[N] = O[u][xi,...,x,] and hence, (1) implies (3).

If N is not finitely generated as a Z,-module, then we may find a strictly increasing nested family of
finitely generated Z,-submodules N; C N. Since they are finitely generated, they are closed in N. The
kernels of O[N] - O[N/N;] form a strictly increasing nested family of ideals in O[N]. Hence, (3)
implies (1).

As in the proof of Lemma 7.2, we may assume that m is generated by @ and the augmentation ideal of
O[A]. The map A — m, a — a — 1 induces an isomorphism of k-vector spaces k ®z A = m/(@, m?).
If (2) holds, then dimy m/ (@, m?) is finite. Hence, the powers of m form a cofinal system in the inverse
system in (7.2), and the last assertion follows from Lemma 7.2. ]

Lemma7.4. If ng / pF‘Z’b is a finite p-group and Repgl . (O) is nonempty, then Rg is naturally isomorphic

to the m-adic completion of (’)(Repg‘ ) Where mis the maximal ideal corresponding to plr,.

Proof. Proposition 5.2 allows us to identify O(Repg ) with O[(€ ® M), ]. It follows from (4.10) that

if ng / pF‘zib is finite, then £/p¢& is also finite. Since M is a finite free Z-module, the assertion follows
from Lemma 7.1 and Lemma 7.3 applied to A = (€ ® M),. O

Lemma 7.5. There is a natural isomorphism of local k-algebras between Rg/w and the completed
group algebra k[ (€ ® M)p)"P].

Proof. The ring Rg /@ represents the restriction of D% to Wx. Lemma 7.1 implies that

RYw = gn_lomepg Y/ (@, 1). (7.3)
1

Since p|r, € Repgl .. (k), we may apply Proposition 5.2 with the base ring O equal to k to obtain

O(Repy, )/@ = k[(E @ M)a]. (7.4)

The assertion then follows from (7.3), (7.4) and Lemma 7.2. m]

Let ' —» I be a surjection of profinite groups, such that for all A € Uy, every continuous
representation p4 : I' — G (A) factors through I

Let ad p be the representation of I" on Lie G obtained by composing p with the adjoint representation.
We write H. (I',adp) for the i-th continuous group cohomology and denote by A’ (I',adp) its
dimension as a k-vector space.

Proposition 7.6. If h! (T,adp) is finite, then ((€ ® M)A)P is a finitely generated Z,-module.

cont

Moreover, ifhgom(F, ad p) is also finite and
Beon (T, ad D) — hlo (T, ad D) — hion (T, ad p) > rankz, (€ ® M)a)™P —dim Gy, (7.5

- . . ) L . Ap
then Rﬁ is complete intersection, O-flat of relative dimension rankz , ((£ ® M)a)"™P.
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Proof. The assumption on I" implies that we could have equivalently defined the deformation problem
Dg with I" instead of IT';.
By standard obstruction theory due to Mazur, we have a presentation

Olxi1,..-5x]

(fis-en fs) = Ry (7.6)

where r = dimy Z. (T, adp) and s = thm(F ,ad p). The exact sequence

CO]

0= (adp)" = adp — Zgo (T, ad p) = Hoy (T, adp) — 0

implies that r = Al (T, ad p) — h% (T,adp)+dimGy.Let N := ((£ ® M),)"P. By considering (7.6)

cont
modulo @ and using Lemma 7.5, we deduce that rankyz, » N > r — s. Moreover, the assumption (7.5)

implies that r — s > rankzp N. Hence, r — s = rankz » N, and @, fi, ..., fs can be extended to a system
of parameters of a regular ring O[[x1, . ..,x;]. Thus, @, fi, ..., f; are a part of a regular sequence, and
hence, Rg is complete intersection, flat over O of relative dimension of rankZP N. O

Corollary 7.7. If the assumptions of Proposition 7.6 hold, then there is an isomorphism of local O’-
algebras:

o’ [26) Rg = O'[[((g ® M)A)A’p]],

. . . . . . . r r
where O’ is the ring of integers in a finite extension of L. In particular, RepGI,H(O’) and RepG"ﬂ(O’)
are nonempty.

Proof. 1t follows from Proposition 7.6 that there is a homomorphism of O-algebras x : Rg — @p.
Then «(x) is a finite extension of L, and the image of x is contained in the ring of integers of k(x),
which we denote by O’. Let p, : I't = G(O’) be the specialisation of the universal deformation along

X R/E) — (O’. Then p, € Repg‘,n((’)’) and its restriction to I'; defines a point in Repg‘ (0.
Since O’ ®o Rg represents the functor Dg .+ Wor — Set, where py, is the composition of p with

G (k) — G(k’), where k’ is the residue field of O/, we may assume that O’ = O.
Proposition 5.2 allows us to identify O(Repg ) with O[(€ ® M)a]. This identification depends on
the lift p. The assertion follows from Lemmas 7.1 and 7.2. O

7.2. Deformations of pseudocharacters

If A is a topological ring, then a G-pseudocharacter ® € PCIE;"”(A) is continuous, if every ©,, takes

values in the subset C(f{", A) C Map(ff", A) of continuous maps. We write cPCgl L(A) C PCE1 L(A)
for the subset of continuous G-pseudocharacters.

Lemma Z.& Assume that Repg’ﬂ (O) is nonempty. Let A be a finite discrete O-algebra. Then the natural
map CPCIE;' L(A) — PCE1 < (A),® > Olr, is bijective.

Proof. Asthe image of I'] in I} is dense, injectivity follows from [13, Lemma 3.2]. Let ® € PCQ L(A).
By Lemma 6.6, there is a representation p € Repg . (A), such that ® = @,,. Since A is finite, p extends

to a continuous representation g : fl — G(A), and we have O4|r, = ©. ]

Let © be the G-pseudocharacter of I, associated to p. Let D%S : Ao — Set be the deformation

functor which sends A to the set of continuous G-pseudocharacters ® of I} valued in A such that
® ®4 k = 0. The functor Dg is pro-represented by R%s € Ap by [13, Theorem 5.4].
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Proposition 7.9. Assume that Repg1 . (O) is nonempty. Then there is an isomorphism in ﬁ@:

R%S = {iLnO(PCQ’n)m /1, (1.7)
1

where m is the maximal ideal of O(PCQ ) corresponding to @|rl, and the limit is taken over all ideals
I such that the quotient is finite.

Proof. If A € Ay, then we have natural bijections

ps ~ ¥ Y
Homg_(RZ, A) = {© € cPC,} ,(4) | © ®4 k = O},
Homioca 0-11g (O(PC . A) = {© € PC!_ (A) | @ ®4 k = O},

As (:PCl;l L(A) = PCE . (A) by Lemma 7.8, the claim follows. O
Lemma 7.10. Assume that Repgl (O) is nonempty. Then R%S is isomorphic to the completed group
algebra O H;(T'y, M)"P].

Proof. Since Rep (O) is nonempty, Corollary 6.5 allows us to identify (’)(PCFl ,) with
O[H((T',M)]. The assertlon follows from Proposition 7.9 and Lemma 7.2. m]

Lemma 7.11. If ng/pl"gb is a finite p-group and RepGl (O) is nonempty, then R%S is noetherian
and is naturally isomorphic to the m-adic completion of (Q(PCEl )» Where W is the maximal ideal of
O(PCE’”) corresponding to 6|r1.

Proof. The exact sequence of I';-modules 0 — Ipn ® M — Z[A] ® M — M — 0 induces an exact
sequence in homology:

H{(I'y, M) — Hi(I'1, M) — (Ipn ® M)a.

Since the action of I, on M is trivial, we have a canonical isomorphism H; (I, M) = ng ® M. Since

15 and M are free Z-modules of finite rank, we conclude that the assumption ng / pl“glb is finite implies
that A/p.A is finite, where A = H{ (I}, M). The assertion follows from Lemmas 7.10 and 7.3. O

7.3. Moduli space of representations

We study the following schemes.

Definition 7.12. For G =T or [}, let X g’ n@,g : R%S -alg — Set be the functor
xfj%g(A) = {p € Rep, (A):0,=6" ®pp A},

where O% € D%s (R%s ) is the universal deformation of @, and we consider its restriction toI'y if G = T'.
Proposition 7.13. Assume that Repg,ﬂ(O) is nonempty. The restriction to 'y induces an isomorphism

xeenhi 2, yeenlt
s G,0

In particular, X f: n@’r‘ is representable by the R%S -algebra isomorphic to

r
RPS ®orct O(Rep, ) = R%S[zf‘,...,tfl],

where s = ranky M — rankz M.
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Proof. We let G be either I'| or its profinite completion [ in the proof. The functor Xf}e %g is repre-

sentable by Rg ®O(chﬁ) O(Repg,ﬂ). Let pg € Repg’”((’)). Then po|r, is in Repg’ﬂ((’)), and using

these representations, we may identify Repg . with the space of 1-cocycles Z (G, D(M)(-)) by Propo-
sition 5.2. Corollaries 4.11 and 6.5 imply that after choosing a basis of /oM as a Z-module, we may
identify

O(Repf, ) = O(PCE, )[ri',....13'].

Thus, forboth G =17 and G = fl, we have

ps g ~ pPSTxl +1
R6 ®O(ch’n) O(RepG’n) = R@ [tl ""’tS ], (78)
and under these isomorphisms, the restriction to I'y is just the identity map. O

The following Lemma will allow us to relate the scheme X ge[;;]

[12].

to the scheme X ée [;3“ introduced in

Lemma 7.14. Let 7 : G < A" be a closed immersion of O-schemes, let A be an Rps-algebra and let

pE X gen n (A). Assume that RepG (O) is nonempty. Then T(p(Fl)) is contained in a finitely generated
Rp -submodule of A" = A"(A).

Proof. Since XgGe%Fl is represented by R%S ®O(PC2,,) (’)(Repg‘,n), the assertion follows from Lemma 5.7
applied to I, and Corollary 6.5. O

7.4. Irreducible components

Let N be a finitely generated Z,-module and let O N be the completed group algebra of N, where O

is the ring of integers in a finite extension L of Q,. Let E(N ) : QIO — Ab be a formal group scheme,
given by

D(N)(A) := Homg_ (O[N], A) = Homgm (N, A%). (7.9)

Multiplication in 5(N ) is induced by the map
c: O[N] — O[N] ®» O[N], n+n®n, VneN. (7.10)

Let u be the torsion subgroup of N. Then we have a non-canonical isomorphism N = u @ Z’, where
r =dimg, N ®z, Q). This induces an isomorphism

O[N] = Olullx1s- -5 x]- (7.11)

We assume that L contains all the p™-th roots of unity, where p™ is the order of . Then the group X(u)
of characters y : u — O* also has order p™. The following Lemma is an immediate consequence of
(7.11):

Lemma 7.15. The following hold:

(1) the irreducible components of Spec O[N] are in canonical bijection with X(u), so that the irre-
ducible component corresponding to x € X(u) is given by Spec(O[N] ®o(p1,, O);
(2) every irreducible component of Spec O[N] contains an O-rational point y € D(N)(O);

https://doi.org/10.1017/fms.2024.137 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.137

Forum of Mathematics, Sigma 27

(3) a point ¥ € 5(N)((9) = HomCGOrr(‘:up(N, O*) lies on the irreducible component corresponding to

x € X(u) if and only if ¥ (x) = x(x) forall x € pu.

Let R be a complete local noetherian O-algebra with residue field k. Let X : ‘jio — Set be the functor
X(A) = Homﬁo (R, A). This functor is represented by a formal scheme Spf R. Let us suppose that we

have a faithful and transitive action of 75(N ) on X. Concretely, this means that for all A € ﬁo, we have
a faithful and transitive action of the group 5(N )(A) on the set X'(A), which is functorial in A. It is
enough to restrict to A € W as the general case follows by continuity. The action map Z‘A)(N )IXX —> X
gives us a morphism in ﬁ@:

a@:R— O[N] ®oR. (7.12)

Let us assume that X'(O) is nonempty and choose x € X (Q). Since the action map is faithful and
transitive, for every A € U, the map

D(N)(A) = X(A), ¢ ¢ -xa (7.13)
is bijective, where x 4 is the image of x in X'(A). This implies that the composition
ax: R > O[N] @0 R — (O[N] &0 R) &r.x O = O[N]

is an isomorphism.

Example 7.16. If X = 75(N ) and the action is given by left translations, then it follows from (7.9),
(7.10) that @y, corresponds to the character N — O[N]*, n = ¢/(n)n.

Lemma 7.17. Assume that X (QO) is nonempty. Then the following hold:

(1) every irreducible component of Spec R has an O-rational point x € X (O);

(2) every x € X(O) lies on a unique irreducible component of Spec R;

(3) ifx,y € X(O), then there exists a unique € 5(N)((’)) such that - x = y;

(4) let x, y and y be as in part (3). Then x, y lie on the same irreducible component of Spec R if and

only if g, = 1.
Proof. If X = 5(N) with the action given by left translations, then the assertions follow readily from
Lemma 7.15.

In the general case, we pick x € X(0O). The isomorphism a, : R — O[N] of O-algebras allows
us to reduce the question to the case above. For parts (3) and (4), we note that the bijection (7.13) is
D(N)(A)-equivariant for the action by left translations on the source. m]

Lemma 7.18. Assume that X (O) is nonempty. Then the action of 5(N)((’)) on X(O) induces a
canonical action of X(u) on the set of irreducible components of Spec R. This action is faithful and
transitive.

Proof. Since  is a direct summand of N, the map ¥ — |, induces a surjective group homomorphism
5(N )(O) » X(u). Let K be the kernel of this map. Lemma 7.17 implies that there is a natural bijection
between the set of irreducible components of Spec R and the set of K-orbits in X'(O). The action
’5(N )(O) on the set of K-orbits factors through the action of X(u), which induces the sought-after
action on the set of irreducible components. Since the action of 5(N )(O) on X(0O) is faithful and
transitive, the same applies to the action of X(u). O

We will now get back to our particular example. Let Z' : Ao — Ab be the functor such that Z! (A)
is the set of continuous 1-cocycles @ : I'j — Hom(M, 1 + m,) for the discrete topology on the target.

Lemma 7.19. The functor Z' is pro-represented by O (€ ® M)s)"P].
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Proof. Let G = D(M)>~A, p: I - G(k),y — (1,7(y)) and let py : I - G(O),y = (1,n(y)).
The map @ — ®p, induces a natural bijection between Z'(A) and Dg(A) for all A € Ap; this can be

shown by the same argument as in the proof of Proposition 5.2. Thus, Zlis pro-represented by Rg, and
the assertion follows from Proposition 5.2, Lemma 7.1 and Lemma 7.2. m]

It follows from Proposition 5.2 that if ® € Z! (A) and p € D%(A), then vy > ®(y)p(y) defines a
representation ®p € D%(A), and the map Z'x D% — Dg, (®, p) — ®p defines a faithful and transitive

action of Z! on D/E).

Proposition 7.20. Assume that ng / ngb is finite and let u be the torsion subgroup of ((€ ® M)p)™P.

Assume further that Rengr (O) is nonempty and O contains all the p™-th roots of unity, where p™
the order of u. Then there is a canonical action of the character group X(u) on the set of irreducible
components of Spec Rg, Spec Rpg and X (g; n@, respectively. Moreover, the following hold:

(1) this action is faithful and transitive;
(2) irreducible components of Spec Rg and Spec Rpg are formally smooth over O;

(3) irreducible components of Xf; n@ are of the form

Spec O[[x1,...,x ][ t1 ... +l]
where r = rankz,, H(I't, M) and r + s = rankz,, (£ ® M)y)"P.

Proof. The assumption that " gb / pl“glb is finite implies that ((£ ® M)a)"? is a finitely generated Z,-
module by Lemma 7.3, and hence, y is a finite p-group.

The assumption that Repg"ﬂ (0) is nonempty implies via Proposition 5.2 that O(Repg"ﬂ) = O[(E®
M)a]. Tt follows from Lemmas 7.1 and 7.2 that Rg = O[((€ ® M)p)™P]. In particular, D%((’)) is
nonempty. It follows from Lemma 7.18 that the action of Z'(®) on Dg(@) induces a transitive and
faithful action of X(u) on the set of irreducible components of R/E).

Let us spell out Lemma 7.17 in our context. Given an irreducible component X of Spec Rg, X(0)is
nonempty, and we pick any p € X(0O); given y € X(u), we pick any ® € Z! (O) such that ®(y) = xy(y)
for all ¥ € u. Then y - X is the unique irreducible component of Spec Rg such that ®p € (y - X)(O).

It follows from Proposition 4.9 that

(€@ M) = H ([, M) & Z,

for some s > 0. Hence, R/E) = Rg[tl, ..., t5] and y is the torsion subgroup of H; (I'1, M)":P. Thus, the

map Spec Rg — Spec R%S is X(u)-equivariant and induces an X (u)-equivariant bijection between the
irreducible components.
Since Agen, = Rps[ £, ..., 1¥"], by Proposition 7.13, the map Xg ~ — Spec Rp is X (u)-equivariant

and 1nduces an X(/,l) equ1var1ant bl_]eCthIl between the sets of 1rredu01ble components
The isomorphism Rp6 = O[H, (T, M)"P] allows us to consider R% as an O[u]-algebra. This is

non-canonical: it amounts to distinguishing one irreducible component of Spec Rp@s. Once we do this,
the other irreducible components are given by R%S ®0[u],y O for y € X(u), and the special component

corresponds to the trivial character. These are isomorphic to O H; (I', M)"+P / u] and hence are formally
smooth.
Similarly, irreducible components of Spec RS and X f: n@ are given by

RZ ®0u1x O = O[((€ ® M)a)™" /]
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and
AX" O = O[H{ (T, )P [u] [1F! 1
G6®O[.u]v\/ - |]: 1( ) ) /H]][tl ,...,ts ],

respectively. o

8. Rank calculations

Let E be a finite Galois extension of F, let A := Gal(E/F) and let M be a free Z-module of finite rank
with an action of A. In this section, we compute the Z,-rank and the torsion subgroup of the pro-p
completion of (E* ® M)* and related modules. These calculations are used in the next section.

If A is an abelian group, we denote its pro-p completion by A™P. If N is a Z,-module, we define
rankz,, N := dimg, (N ®z, Q)).

Let sz be the maximal abelian pro-finite quotient of 'z and let sz’p be the maximal abelian pro-
p quotient of ['g. The Artin map Artg : EX — F%b induces an isomorphism between the profinite

completion of E* and FZP. Thus, (E* @ M)"NP = sz’p M.

Lemma 8.1. Let N be a finitely generated Z[A] (resp. Z,,[A]) module. Then the Tate cohomology
groups H (A, N) are finite for all i € Z.

Proof. If N is finitely generated over Z, then the statement is proved in [5, Corollary 2, p. 105]. The
same argument carries over if N is finitely generated over Z,: the cohomology groups are finitely
generated Z,-modules since the complex computing cohomology consists of finitely generated Z,-
modules. Moreover, they are annihilated by the order of A. O

Lemma 8.2. rankz,, (M"'P ® Iz)s = rankz M — rankz M.

Proof. The long exact sequence in homology attached to
0> M"P @Iy - MMP @Z[A] - MMP — 0
yields an exact sequence
Hi(A,M"P) — (M"P @ Ix)a — M™P — (M"P)) — 0,

as M ® Z[A] is induced by the projection formula. Since we may swap coinvariants with completions
and M, is finitely generated, we have

rankz,, (M"*P)s = rankz,, (Ma)"? = rankz My.

Since M"? is finitely generated over Z, and A is finite, the group is H; (A, M"P) is finite by Lemma 8. 1.
This implies the assertion. m}

Lemma 8.3. rankz, (sz’p ® M), = rankz, ((EX ® M)*)"P.

Proof. Since M is a free Z-module, we have an exact sequence of A-modules
0> (1+pg)OM - E* Q@M — (E*/(1+p)) @M — 0.

Since 1 + pg is a finitely generated Z,,-module and E* /(1 + pg) is a finitely generated Z-module, we
deduce that H (A, EX ® M) are finite for all i € Z. From the exact sequence

0— H'(AEX®M) - (E® M)x — (E* @ M)* — H'(A,E* @ M) — 0,
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we deduce that the pro-p completions of (EX ® M), and of (E* ® M)* have the same Zp-rank. It
follows from the universal property of pro-p completion that it commutes with taking A-coinvariants.
Hence, the pro-p completion of (E* ® M), is isomorphic to ((E*)"P @ M) = (F;‘;”p ® M)a. m]

Lemma 8.4. rankz,, (Fg”p ® M)a =rankz M - [F : Q] + ranky M.

Proof. We consider the long exact sequence in homology
Hi(A, M"P) — ((Op)™F @ M)a — ((E*)™F @ M)a — (M"F)x — 0.
Since completion commutes with taking A-coinvariants we have
rankgz,, (M™P)p =ranky My.

Since Hi (A, M"-P) is finite by Lemma 8.1, we are left to compute the Z,,-rank of ((O})"? ® M)s. We
note that (O%)"" is equal to 1 + pg, and another application of Lemma 8.1 shows that the rank does
not change if we replace (O%)"? with any open A-stable subgroup V of 1 + pg.

We choose V to be the image of a p-adic exponential function defined on p7 for some large
enough n > 1. We then have an isomorphism p%. ® M = V ® M of A-modules. Since pL. = Of

is isomorphic to Of [A] as Z,[A]-module (see the proof of [14, Section 1.4]), O ® M is free and
thus (O ® M) = Op ® M. Thus, rankz, ((Of)"? ® M)s = [F : Q,] - rankz M, and the assertion
follows. O

Lemma 8.5. The torsion subgroup of ((E* ® M)*)"P is equal to (pp=(E) ® M)A,

Proof. The image of (EX ® M)* — (E*/ O%) ® M is a free Z-module of finite rank, which we denote
by s, as the target is a free Z-module of finite rank. The kernel of this map is equal to (O ® M )A.
The Teichmiiller lift gives an isomorphism of A-modules (92 = (1+pg) ® k%, and hence, we have an
isomorphism of abelian groups

(EX®@ M) = ((1+pg) @ M)* @ (ki @ M)* @ Z°. (8.1)

Since the order of k}; is prime to p and ((1 +pg) ® M)2 is closed in (1 +pg) ® M and hence p-adically
complete, we conclude that the torsion subgroup in the pro-p completion of (E* ® M)2 coincides with
the torsion subgroup in ((1 + pg) ® M)*, which is equal to (up~(E) ® M)™. O

Lemma 8.6. If A is a finitely generated Z| A]-module, then (AMP)® = (AX)"P,

Proof. We have AMP = A®Z, and (A*)"P = A* ® Z, by [15, Tag 00MA]. We may express A* as
the kernel of

A— @A, a (6a—a)sen.

o€
Since Z,, is a flat Z-module, we conclude that A2 ® Z,, = (A® Z,)2. O

Lemma 8.7. ((EX ® M)*)"P = (l“jgb”7 ® M)~

Proof. Let ng be an integer such that exp : pj. — 1+ p}. converges for all n > ng and let V,, := exp(p}).
Then V), for n > ng form a basis of open neighbourhoods of 1in 1+ pg. Since pj, = O = Of[A] as

A-modules and exp is A-equivariant, we have an isomorphism V,, ® M = IndlA (Or ® M), and hence,
H! (A,V, ® M) = 0. Thus, for all n > ng, we obtain an exact sequence

0— (V, @ M) - (EX®@ M)* — ((EX/V,) @ M)® — 0. (8.2)
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The completion and 1&1 are both limits and hence commute with each other. Lemma 8.6 and (8.2)
n

imply that
(B ® M)")™P = im((E*/V,) ® M)*)™P = Lim((E*/V,) ® M)™P)". (8.3)

The isomorphism (EX ® M)"P = sz’p ® M induces an isomorphism
((E*[Vy) ® M)"P = (TP | Artg (V) ® M. (8.4)

Since H! (A,V, ® M) =0, we have an exact sequence

0— (Va ® M) — (TP @ M) — (TP Artg (V) ® M)® — 0. (8.5)
We thus have
(Cg” @ M)* = lim((T"7 /Artg (V) @ M)®,
n
and the assertion follows from (8.4) and (8.3). ]

Corollary 8.8. There is an isomorphism of Z,,-modules:
b, ~ r
(g @ M)* = (1p=(E) ® M)" X Ty,

where r =trankz M - [F : Q] + rankgz Ma.
Proof. This follows from Lemmas 8.7, 8.5, 8.4, 8.3. O

Proposition 8.9. Ler 0 — E* — £ — Ip — 0 be any extension of Z|A]-modules.
rankz,, ((€ ® M)a)™P = ([F : Qp] + 1) rankz M. (8.6)

Proof. Since In ® M is a free Z-module, the surjection £ ® M —» I ® M has a section, and hence, we
have an exact sequence of Z, [A]-modules

00— (EXeM)™P - (E@M)P — (Iy ® M)MP — 0.
Since M is a free Z-module of finite rank and (E*)"?P = sz’p , we have
(EX @ M)NP = (E)"P @ M =T'>" @ M.

Since 1, is a free Z-module (Iy ® M)"P = Iy ® M" P, so that we obtain an exact sequence of Z,, [A]-
modules:

0T’ @M — (E@ M) — Iy @ M — 0.

Taking A-coinvariants and observing that H,(A,In ® M"P) = H,(A, M"P), we obtain an exact
sequence:

Ha(A, MMP) — (TP @ M)s — (€@ M)"P)s — (In ® M™P) — 0. (8.7)
Since H, (A, M"P) is a torsion module by Lemma 8.1, we deduce that
rankz,, ((€ ® M)"P), = rankgz, (sz’p ® M)a +rankz, (In @ M™P),.

The assertion (8.6) follows from Lemmas 8.2 and 8.4. m]
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9. Galois deformations

We will apply the machinery developed in the previous sections in an arithmetic situation. Let F be a
finite extension of Q. We fix an algebraic closure F and let I'r := Gal(F/F).Letp : T'r — G(k) be

a continuous representation, where G is a generalised torus over O, and let ® be the G-pseudocharacter

associated to p. Let 'y be the kernel of the composition I'r LN G(k) — (G/G°) (k) and let
A :=Gal(E/F).Letn:Tr — A and I1 : G — G /G be the projection maps.
We let D%S : Ao — Set be the functor

DZ(A)={® ¢ cPCl (A):@®4k =0}

and let R” € ‘jio be the ring pro-representing Dp@S and let ©“ be the universal deformation of ©.
We let Xf:n@ : R%S-alg — Set be the functor

xf%(A) = {p € Rep/ . (A) : ©, = ©" e A}.

Let AgGe n@ be the Rpg -algebra representing X ie "6.

We let D% : Ao — Set be the functor such that D%(A) is the set of continuous representations
p :Tr — G(A) such that p = pmod my. Let Rg € ﬁo be the the ring pro-representing Dg.

The Weil group Wg,F fits into a short exact sequence

0> EX > Wgir—>A—0,

corresponding to the fundamental class [ug/r] € H?(A,EX) by [16, (1.2)]. Let VT/E/F be the profinite
completion of Wg,r. The Artin map Artg : EX — F%b induces an isomorphism between the profinite
completion of E* and Fj‘Eb. This yields a natural isomorphism

Wer = Tk /[T, Te], 9.1

where [['g, ['g] is the closure of the subgroup generated by the commutators in I'g.

Lemma 9.1. Every continuous representation p : I'r — G(A) satisfying Il o p = &, where A is a finite
discrete O-algebra, factors through the quotient I'r - Wi F.

Proof. Since p(I'r) € G°(A) and G°(A) is commutative and HausdorfF, the assertion follows from
9.1). m|

Lemma 9.2. Let A € R%S-alg. Then every p € X(g;e%(A)factors through the quotient T —» WE/F.

Proof. The restriction of p to I'z takes values in G°(k). Let ¥ be the G°-pseudocharacter of p|r, and
let W* € Dg(R%S) be the universal deformation of ¥. Since G* is commutative, Lemma 6.3 implies that

there is a continuous group homomorphism y* : I'r — GO(R%S) such that ¥* = ®,«. In particular,
y“(y)=1, Vye[lg,Tg]. 9.2)
Since ®|r,, is a deformation of ¥ to RP@S, there is a homomorphism R§ - R%S such that
0“|r, = P* Dpp R%S. 9.3)

If p e XgGe"@(A), then ®, = O ®gp A, and it follows from (9.3) that p|r, = ¢* ®g»s A. The assertion
5 €] v
follows from (9.2). O
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Theorem 9.3. There is a finite extension L of L with the ring of integers O’, such that the following hold:
(1) G%, is split and (G /G°) o is a constant group scheme;

2) Repgf < (O) is nonempty.

Moreover, if (1) and (2) hold, then there are isomorphisms of O’-algebras:

(3) RZ @0 O’ = O @ M)A = O'[(up~(E) ® M) [x1,. .., x,];
4) AgGe% Q0 O = R‘g ®o O'[rf, ... 1,
() RZ®0 O = (RP@S ®0 ONt1s ... t5] = O'[(up=(E) @ M) [ z1. - - .. 245,

where M is the character lattice ofGO , r=rankz M - [F : Qp] +rankz Ma, s = rankz M — rankz M.

Proof. If L’ is a finite extension of L with the ring of integers O’ and residue field k’, then the functor

D” : An — Set is pro-representable by R%S ®o O, and analogous statements hold for Xée n@ and

O STk’
Dg . Thus, it is enough to prove the statement for O’ = O, after replacing L by a finite extension.
kl

Since G is a generalised torus, after replacing L by a finite unramified extension, we may assume that
GY is split and G /G is a constant group scheme. We may assume that G/G° = A, as replacing G by
the preimage of A does not change the functors under consideration. The character lattice M of G° does
not change if we further replace L by a finite extension. As explained at the beginning of Section 5, we
have an action of A on M.

We will apply the results of previous sections with I'y = Wg/r and I'; = E*. It is a fundamental
result of Langlands proved in [11] (see also a nice exposition by Birkbeck [2, Proposition 2.0.3]) that
there are natural isomorphisms:

Hy(Wgp, M) = H{(EX, M)* = (E* @ M)". (9.4)

For each ¢ € A, we choose a coset representative ¢ € Wg,r. We have constructed a A-action on
& := E* @ I, which depends on this choice, such that we have an extension of Z[A]-modules

0> EX—>E—1Iy—0,
and the image of the extension class in H>(A, EX) under the isomorphisms
Exty s, (Ia, EX) = ExG, (Z, EX) = H* (A, E”)

is equal to [ug/F].
Let N be the pro-p completion of (€ ® M)a. It follows from Proposition 8.9 and Euler—Poincaré
characteristic formula that

hion(Tr,ad p) = K2y (T, ad p) — hiyy (Tr,ad p) = rankz,, N — dim G. 9.5)

Lemma 9.1 and (9.5) ensure that the assumptions of Pro;/)i)sition 7.6 are satisfied, and hence, after
replacing L by a finite extension, we may ensure that RepVGVf;F (O) is nonempty by Corollary 7.7. In
particular, Repg’f .(0) and Repgﬁf (O) are also nonempty.

Lemma 6.6 implies that there is p € X ge’r;ss(Rl%S ) such that © = ©,. Since p factors through the

quotient I'r — VT/E ,F by Lemma 9.2, we conclude that ®" is obtained from a G-pseudocharacter of
W/ via inflation to I'r. This together with Lemmas 9.1 and 9.2 implies that in the definitions of the
functors Dlg, Dg and X (g;e n@, we can replace I'r with Wi,z without changing the functors themselves.

Lemma 7.10 and (9.4) imply that R%s is isomorphic to O[N], where N is the pro-p completion
of (EX ® M)2. It follows from Lemma 8.7 that N = (F;'Eb’p ® M)%, which is a finitely generated
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Z,-module of rank r and torsion subgroup isomorphic to (u,~(E) ® M )2 by Corollary 8.8. This yields
the isomorphisms in part (3). Part (4) follows from Proposition 7.13. ‘

The map p — O, induces a map of local O-algebras RE” — RE and hence a map of RE” -algebras
AgGene — R3. Since E*/(E*)? is finite, Lemma 7.4 1mpl1es that RD is the completion of (’)(RepWE/F)

with respect to the maximal ideal corresponding to p. By considering the composition O(RepG"/ d

) —

AFL RD we deduce that it induces a natural isomorphism between R, and the completion of

G,®
Agen6 with respect to the maximal ideal corresponding to p. Part (5) then follows from parts (3)
and (4). O

We will now deduce some corollaries, which hold without extending the scalars.

Corollary 9.4. The map R%S - Rg is formally smooth. In particular, it is flat and induces a bijection
between the sets of irreducible components.

Proof. Since the map Rp® - 0 ®o Rf is faithfully flat, the assertion follows from [15, Tag 06CM]
and part (5) of Theorem 9.3. |
Corollary 9.5. The map Rp — Ag lS smooth and induces a bijection between the sets of irreducible

components. Moreover, Ag lS ﬂat over O of relative dimension dim Gy - ([F : Q,] +1).

Proof. The map pr — Ag 1s formally smooth by the same argument as in Corollary 9.4 using part
(4) of Theorem 9.3. Since 1t is of finite type, it is smooth by [15, Tag OOTN]. The map Xf;’% - Xg =
Spec Rps is flat and of finite presentation and hence open by [15, Tag 00I1]. By [15, Tag 004Z], it is
enough to show the fibres of X gm; XES are irreducible.

To ease the notation, we let R = Rpf, A Age'L, R'=R®p O and A’ = AQn O’. Letx : Speck —

Spec R be a geometric point and let x : Spec > Spec R’ be a point above x. The map
A®rxk— A" ®p .y K
is an isomorphism. Part (2) of Theorem 9.3 implies that
A" Qpr v Kk = K[tlﬂ, N

Thus, the fibres of X gen@ — X PS are irreducible, and the result follows.

The last assertion follows from the fact that O’ is finite and free over O, parts (3) and (4) of
Theorem 9.3 and dim G = ranky M. m]

Lemma 9.6. Let A € R%S—alg, let p € X(g;e%(A) and let T : G — A" be a closed immersion of O-
schemes. Then T(p(I'r)) is contained in a finitely generated R%S -submodule of A" = A" (A).

Proof. It is enough to verify the assertion after extending the scalars to O’ given by Theorem 9.3. This
follows from Lemma 9.2 and Lemma 9.6. m]
Remark 9.7. Lemma 9.6 implies that the scheme x&n G coincides with the scheme Xg 5 defined in
[12] for a generalised reductive group G; see [12, Pr0p0s1t1on 7.3].

Corollary 9.8. Let p™ be the order of (pp~(E) ® M)2. Assume that O contains all the p™-th roots

of unity and (1) and (2) in Theorem 9.3 hold with O’ = O. Then there is a canonical action of the
character group X((pp=(E) ® M)™) on the set of irreducible components of Spec R%S, Spec Rg and

Xf; n@, respectively. Moreover, the following hold:
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(1) this action is faithful and transitive;
(2) irreducible components of Spec Rg and Spec R%S are formally smooth over O;

(3) irreducible components of Xf;e % are of the form

Spec O[|x1, . .. ,x,]][tlil, o tE,

where r and s are as in Theorem 9.3.
Proof. The assertion follows from Proposition 7.20. O

Corollary 9.9. Let ¢ : G — H be a surjection of generalised tori over O and let p : I'r — G(k)
be a continuous representation. Then the map (Rioﬁ/ @) - (Rg J@)™ is flat, where red indicates

reduced rings, and the fibre at the closed point has dimension ([F : Q,] + 1)(dim Gy — dim Hy).

Proof. If P is a finitely generated Z,-module and R = k[[P] is the completed group algebra of P, then
R™ = k[P"], where P is the maximal torsion-free quotient of P. In particular, R = k[[xi, ..., x4],
where d = dimg, (P ®z, Q).

Let f : P; — P> be ahomomorphism of finitely generated Z,,-modules and let R; = k[[P;]. If ker f
is torsion, then P{ is a submodule of P} and the fibre k ®prea R4 is isomorphic to k[ P4 /Pi. Since
the dimension of the fibre is equal to d» — d, where d; = dimg » (P; ®z, Qp), we deduce from [15, Tag
00R4] that R'*! — R is flat.

Let M be the character lattice of G° and let N be the character lattice of H°. Then N C M, and
it follows from (8.7) and Lemma 8.1 that the kernel of the map ((£ ® N)*P)y — ((€ ® M)™P), is
torsion. Since Rg Jw = k[((£ ® M)A)P] by Lemma 7.5 and we may swap pro-p completion with

A-coinvariants, we obtain the assertion by letting P; = ((£ ® N)A)"™P and P, = ((€ ® M)p)"P. The
assertion about the dimension of the fibre follows from Proposition 8.9. O
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