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A SERIES OF ELEMENTS OF ORDER 4
IN THE SYMPLECTIC COBORDISM RING

VLADIMIR V. VERSHININ AND ALEKSANDR L. ANISIMOV

ABSTRACT. A series of elements of order 4 in the symplectic cobordism ring is
constructed.

The classical cobordism graded rings consist of finitely generated abelian groups in
each dimension. The complex cobordism ring have no elements of finite order and in
the rings of the unoriented, oriented, special unitary and Spin cobordism all the ele-
ments of finite order have order 2 [9]. The symplectic cobordism ring M Sp, is such that
MSp, ®Z[%] is the polynomial algebra over Z[%] with one 4k-dimensional generator for
any natural number & [7, 9]. The ideal of the elements of finite order Tors M Sp, contains
the series of elements discovered by Nigel Ray: 8, € M Sp,, ®; € MSpg; 5,i=1,2,...
[8]. In small dimensions the ideal Tors M Sp, contains only elements of order 2 [10]. One
of the principal tools used to study M Sp, is the classical Adams spectral sequence. This
thoroughly investigated by S. Kochman [4, 5].

The main result of this paper is the construction of a series of elements I';, i =
1,2,...,s, of order 4 in the symplectic cobordism ring, where dim[; = 8i + 95. The
key element of the series is I'; in dimension 103. So, we are proving the following

MAIN THEOREM. (i) There exists an indecomposable element Qy € M Sp,q of
order 2 in the symplectic cordism ring, such that the product 0, ®¢.;Q; # 0.

(i) LetT; € (®641,2,Q1), for i = 1,2,.... Then the elements T'; have order 4 and
2T = 0 D6 # 0.

The existence of the element I'; was announced by Stanley Kochman in [4].

The main tool of the work is the Adams-Novikov spectral sequence (ANSS) and the
algebraic spectral sequences connected with it [1, 7, 11]. The initial term of the ANSS is
isomorphic to

Exty, (BP,, BP.(X)),

where BP,( ) is the Brown-Peterson homology theory, 4, = BP.(BP) is dual to the
Quillen algebra 4* = BP*(BP) [1]. To study and compute this initial term algebraic
spectral sequences can be used [7, 11]. Such spectral sequence arise from a multiplicative
invariant (under the action of the Quillen algebra) filtration in BP, = Z,[vi,...,v;,...].
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This filtration generates a filtration in Adams resolution of BP,(X) which in its turn gives
rise to a spectral sequence converging to

Exty, (BP,, BP,(X)).

Its initial term is isomorphic to
Extg (o) (Z/p,BP. ® H.(X; Z/p)),

where 4 is the Steenrod algebra and BP, is an object associated to BP, by the given
filtration. In the classical case, considered by S. P. Novikov [7], filtration is given by the
degrees of the maximal ideal I = (v, v1,...,Vi,...), Vo = p.

Considering M Sp, we are interested in the case p = 2. For our purposes the most
convenient is the modified algebraic spectral sequence (MASS) [11]. The filtration of
MASS on BP, is defined by the following function f(x):

2, fori=0,

f(v")z{l, fori > 0.

The difference between the filtration defined by this function and the classical case is
that vy has filtration degree equal to 2 in our case and equal to 1 in the classical one. We
denote the object associated to BP, by this filtration by BP, = Z /2[ho, hiy... hiy. ],
degho = (2,0), degh; = (1,2(2' — 1)), i > 1. The initial term of MASS is isomorphic
to the polynomial algebra:

(Z/Z)[Cz,...,Ck,...,u1,...,uj,...,ho,hl,...,hi,...],

where k = 2,4,5,...;k #2"—1;j = 1,2,...;i = 0,1,...; degex = (0,0,4k),
degu; = (0,1,2(2 — 1)), deghy = (2,0,0), degh; = (1,0,2(2" — 1)), i > 1. The
generators u; (j > 1) may be chosen as the projections of the Nigel Ray elements ®,;,
u; is the projection of §; = @y and the elements 4; and ¢, may be chosen so that the
following formulae for the first differential are fulfilled:

di(hi) = hou;,
di(cr) = D (hrrrttirr + Byarttgn))Cot, =+ Copy -+ G+ + + Cois
i

where k+1 = 25 +. .. +25 is the binary representation of the number & + 1. Moreover if
k is odd then the projection of the Ray element @ B in the E(l”l’*-term of the MASS has
the form

s
— A ,0,%
(D% —u]Ck'*'.E Uk+1Cox "'Czkj“'czgs+ E cDchm’ch EE(Z) .
Jj=1 o<m< il

The coeflicients ¢, may be computed using S. Kochman’s formula from [6] and simul-
taneously the action of the Landweber-Novikov operations S, on the elements ¢ can be
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.....

the prOJectlon of the element CDk_;l :

S
Bhys1,. o+l = UICK +Zluk,-+1czk. s ol O
j=
Then the elements @y, can be chosen as the generators of EX'"* of the MASS as well
as projections of @,,. The differentials d, of the MASS don’t change the third grading ¢,
they increase the second grading s by 1 and the first grading ¢ they increase by » [11].
Let &, n and ¢ be elements of E(l)"‘* of the MASS. Suppose that they are cycles of d.
We keep the same notations for their images in Eg"’*. Direct computations show that all
Massey products of the type (£, ho, 1) are defined and if the last grading ¢ is less than 106
then almost all of them contain zero. In this case the matrix Massey products

(€ hooh) (60,00, ()

are defined. Let c¢,, be the element in E)** which is defined by the formula d(c¢,) €
(&, ho,n) uniquely up to cycles of the differential d;. We denote by &, the element in
E}** such that dy (h¢) = ho&. Then we have

hocey + hehy € (€, ho, 1, ho), - Eeng +Cogn + e € < & ho, (1,0), ( g) >

Let us denote the first Massey product by 4, , and the second by ¢ ,. We choose bij j as
the canonical representative of #,, 4, and cy-1 as the canonical representative of c,, 4.
If an element £ € E0 1* has the decomposition £ = ¥ #,¢; in EO L* for some & € E‘) 0%
then the element ¥°; h ;¢; will be taken as the representative of hg We’ll take h2 as the
canonical representative of A¢ ¢. Under these conditions the elements ¥, and J?lf p are
defined uniquely in E0 L4 of the MASS for ¢ < 108. For simplicity we denote Feiayun b

© Wik jfu,,uj w0y Vijk and 7:41,@,, by v; ;4 The generators of E0 L for t < 108 are

given in the Table 1. The generators of E° 0% for t < 108 are given in the Table 2.

LEMMA 1. Let £, n and ¢ be distinct elements of E;'O" of the MASS, ¢t < 108, and
let i, j, k be distinct integers from the set {2,3,4,5}. Then the following list exhausts all
the relations for the generators of Eg‘l” ,t < 108:

(1) uléjk + uj‘lzt it uquz,; = UWijk

) ul(;bt,]k + ¢l,j¢jk = ulwl,j kt ujukcgl

3) ¢l,]¢l,],k = ulwuk + u,¢, kC2 + uj¢j kC%: 1

(4) uxwz 3k +uﬂlh,,k = ¢l,1wz,1k

(3) ¢,J = ulcz.-|+2/ 14 +u? CZ, 1 +u? Cz,_

(6) uiijp+ ¢u1/),,,;c = uld’:,kczr—lw 1oy + Ui g i

(7) ui; Gk + ¢1,1¢,,, i d’x KVi ],k ¢x,/,kwx‘1,k

&) “’12,/,1: u; c2, g1y T 5 o 1+uk02, 142/-1-]

©) ¢x,1k ulc21 142j—140k=1 _ 1+“ Czr lczk—l +u; C%: lczk—l +uk021—|C§, 1
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(10) EFcno+CFeno+tnFeont0Feen=0.

PROOF. It is done by using the decomposition of given elements through the gener-
ators of E| of the MASS.

LEMMA 2. i) Let €,1,(,0 € ESY of the MASS, t < 108, and such that A is
defined, then Agc ; and A gc are also defined and the following equalities hold: 04, ; =

Aoec = Ae i
ii) If A¢, and A ¢ are defined, then Ag . is also defined and the following equality

holds: Agp + Aec = At e
PROOF. (i) If A, is defined by the expression
(€, ho,C, ho) = hoce + hehe,
then A, - may be given by the formula:
(08, ho, ¢, ho) = B(hoce + hehy).
The proof of (i) may be given the same way.

LEMMA 3. Let ¥;€(; = 0 be one of the relations of Lemma 1 and let £;,(; €
Eg’l” be such that the sum of their t-gradings is less then 108 and A, are defined, then

X ﬂﬁi,ﬁ =0.

PROOF. Let us consider, for example, the first relation:
Uidjn + idix + uebij = miijk-
We have the following decomposition:

ik = urCjx + wcyj + uicy g,

SO:

h@,,, = hlcuj,uk + hgcy-1 + hjcyit,
and

Cu,-,g"sM = Coi—lygj-l42k-1] +02“'Cuj,uk-

We have:

Wijk = UiCyjuy tujcy y + UkCu; ;s
SO

hwi,,',k = hic“j»"k + hjcui,uk + hkcu,-,uj,
and

Cupngp = Coitagj-tak-1 | F Coim1Cuyy F Cop1Cyyy + Cop1 Cupy .
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Now we have the following decompositions:

ﬂu,—,@‘;, = ho(Cpi-14gi-14p6-1_1 T Czi—lcuj’uk) + hi(hlcuj,uk + hicy-1 + hjcyr),
ﬂ"jyd.)i,k = ho(Cytag-1ag-1 1 + cZJ’-'cu,-,uk) + hj(hlcui,uk + o + hicy-1),
A by = ho(Comiigmiipr_y F Cp1Cy ) + hi(BrCuyay; + hicymr + jcyinn),
ﬂu,‘ww = ho(Cpi-14g-1426-1_1 + Coi-1Cyyy F Coj-1Cyp gy, +Czk—ICui,uj)
+ hy(hicyu, + hiCuuy, + PiCu,u)-

Adding these equalities, we get the necessary relation. The rest of them may be proved
by analogy.

LEMMA 4. i) The Massey product (¢33 4, ho,w234) is defined in E;I,_"’*, has indeter-
minacy equal to zero, and it defines an element g € (4;2,3,4, ho,wn34) Which is not equal
to zero in Eé’l’m.

ii) The following equalities hold: (432,3,4, ho,wr34) = (q~53,4, ho, %,,3, ) =

($2a:h0, Wy 54) = (uasho,P554) = (B23.h0,%534) = (U3, ho,554) = (w2, ho, %, 54)
(the indeterminacy of each term is equal to zero).

iii) hoo = 0 in E;-term of the MASS.

PROOF. (i) The element g belongs to the Massey product (432,3,4, ho,w234). So it has
the following decomposition:

0= ((ulhz +ushy)en + (urhs +uzhy)eg + (uyhy + u4h,)C5)c13
+ ((u2h3 +ushy)cacs + (uzhs + u4h2)czc4)c“

+ ((u2h3 +ushy)cacs + (ushy + u4h3)0204)c9

+ (uahy + ushy)cacg + (ushg + ushs)eacs)cs.
We have the following formulas for the first differential:
dy((cacn1 + cacotescs)ers)
= 0+ ((u2hs + ushy)cs + (uzha + usha)cs + (usha + ushs)ez )13

+ (uzhy + u4h3)cuc§ + (uxhs + u4h2)09c§ + (uxhs + u3h2)csc§,
di(cn) = (ushs + ushs),  di(co) = (aha +ushy), di(cs) = (u2h3 + ushy).

Then the proof follows from these formulas.
(i) We have:

dy ((cscs + caco)ers) = o+ (u, o, vy 54),
d((cscs + cacn)eis) = @+ (us, ho, P33 4)s
di((caco +caen)ers) = @+ (ua, ho, s 5.4).

The other relations can be proved the same way.
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(iii) It follows from the formula:

di(hihyciici3 + hahscacsery + hahacacacny + hihacocys + hahscacgey + hahacacacy

+ hihgescys + hahacacscg + hahscyescg + h%C4CgC“ + h%CZCgcg + h3020405) = hgpo.

We call the pairs ($234,w234), ($34, VY534) ($24, Vy54)> (UasV554), (¢235 V234)s
(u3,¥53.4) (u2,%,54) forbidden. For each forbidden pair (§,¢) the element A, ¢ is not
defined. Now we consider the set of all the elements A, for each not forbidden pair
&, Q) € E‘z’"’* such that the sum of the ¢-gradings of £ and ( is less then 108. They are not
linearly independent (Lemma 3). We choose a basis from them. Then we add one more
element which we denote by ﬂ(uz’wz‘“) HBananaa)? and which has the following decompo-
sition:

’q(uz,wzyjy4)+(($zv3v4,wzv3v,,) = ho(cscgers + cacoci3) + hihscocis + hihacsers
+hahscs(cis + cses + caco) + hicacscy + hicacacs
+ hyhaca(c13 + cges + caco) + hshacy(cses + caco).
We have obtained a complete system of generators of Eﬁ’o",t < 108.

LEMMA 5.  The following list :

1) §Acn =1 Aces

2) Ay = (e = 1 Aee

3) A, = hoChrup1_, +hihi;

4) Ay e = WA+ hoAe g, ; €:1,C € E3™, t < 108 (under the condition that
all the elements of the formulae are defined) exhausts all the relations between
the generators of Eg’l" and E%’O", if sum of their t-gradings is less than 108.

PROOF. 1) We have:

dihecey) = EAen + 1 g e

To prove 2) we have analogously:

di(hecen + hecen) = EAcy + (e
3) and 4) are proved by direct computations.

Now we consider the ANSS for M Sp in small dimensions continuing the computa-
tions of [10].

PROPOSITION 1.  There exists an indecomposable element Q0| € E;’5° in the ANSS
whose projection to E, of the MASS is equal to w; 3 4. It is permanent cycle of the ANSS
and defines an element Q0 € M Spyqy of order 2 in the symplectic cordism ring.

PROOF. It may be done by direct computations in the ANSS. The fact that Q; is
indecomposable follows from its form in the term £; of MASS and the fact that it has
MASS-filtration degree equal to 1.
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t | Generators
2 Uu)
6 Uz
14 us
22 |¢3 (= uics +uscs +uszcy)
30 Uy
38 |4 (= mics + upcs + uscy)
46 |$r4 (= wicn1 +uscs +uscs)
50 w234 (= uacn +uscy + uscs)
54 |34 (= uicis +upcacs +uscacs + uscacs)
58 Y534 (= ticsco +u(cs +caco + cseg) +uzcacy + ugcacs)
62 Us
66 |1, 54 (= uicsciy +uscacny +us(cps + cacin +escg) + ugcacs)
70 | a5 (= uici7 +uscis + usca)
74 ;55,4 (= mescrs +uzca(crz + caco + escg) +usca(ers + cacnn +escs)
+ugcycacs)
78 |35 (= uicio +uscis + uscs)
82 |wa3s (= uacig +uscr7 +uscs),
Y,44 (= uicocty +upcgenr + uzcgey +ug(cis + cacny + cacy))
86 |d235 (= uica +uscacie + uscaCi + Uscacy)
90 |334 (= urcocis +uzcs(crz + caco + cscs)
+u3cacscy +uscy(c13 + c2c11 + €acy)),
V545 (= uicsci7 +up(ca1 + cacig + cscie) + U3caci7 + Uscycs)
94 | das (= uicys + uscis + uscs)
98 | 9,34 (= micnicrs +uzcacsen +uscg(cis + cacnn +cscs)
+ugcs(cis + cacnn +cs09)),
Va35 (= uicscrg +uzcacio + us(car + cac19 + cscip) + uscacs),
wras (= uacxs +ugcyz + usco)
102 | $o 45 (= uicas +uzcscis + uacacis + uscacs)
106 {5 5 5 (= uicscar +uzca(car + cac17 + escie) + usca(car + cacio + cscie)
+uscacacs),
Va5 (= urcoci7 +uz(cas +cgerr + coci) +uacaciy + uscaco),
w345 (= uscos +uscyo +uscyi)

TABLE 1. E)"'¥ OF THE MASS FOR f < 108 (GENERATORS)

379

PROPOSITION 2.  Ift < 108 then we have the isomorphism: Ey*' = E3 of the terms
of the MASS.

PROOF.  All the elements of E3™, t < 108, except o € E"!"1%, are cycles of higher

https://doi.org/10.4153/CMB-1995-054-9 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1995-054-9

380 V. V. VERSHININ AND A. L. ANISIMOV

t 16 24 32 40 48 | 56 64
Generators |e4 (= c2) | cs [es (= 2) |c10,e4 (= )| ci2|c1a] 1 (= 3)

! 72 80 88 96 104
Generators | cis, €13 (= ¢3) |20 |22, €22 (= 2)) | 24 | 26, €26 (= 23)

TABLE 2. E3™ OF THE MASS FOR ¢ < 108 (GENERATORS)

differentials by dimension reasons. For g it follows because it belongs to the Massey
product <¢2’3’4, ho, LU2’3,4).

We denote by 72(x) the projection of an element x € ES' of the ANSS to E, of the
MASS. We choose an element zj3 € EY™? of the ANSS such that m3(z13) = 4, q,. Using
the action of the Landweber-Novikov operations we prove that ds(z13) = w3€);.

We choose the generators of E,-term of the ANSS:

Yo € Eg"“’, Yo € E‘z”“O, yi2 € Eg’48, Yis € Eg’56, Yie € E‘;’“, yis € ES’", Vig € E‘;}",
yo € B3, yn € E3%, vy € B3, yag € EY'™, yi € E3'%,

such that

T(W10) = Ci0, Ta(Vio) = €2+ c10 + Cice, Ta(V12) = C12, To(V14) = Cia» To(V16) = €3
2, .2 2 2
To1s) = c1s, To(Vig) = €3+ cacia +ci(cio + €2) + ¢2, To(v20) = C20, Ta(V22) = 22,
moz) = €11 + c14(c3 + €3 + crolcr + G55 + ) +co(c3ch + 6 + ),
T5(v26) = C26 + C10C3, To(Vhe) = €13 + €115 + C3cE + €.
Using again the Landweber-Novikov operations we prove the following formulae for

the differential d3 modulo elements having nonzero MASS-filtration degree and mono-
mials containing u;:

i) =13, d3(V}o) = s + 13 +uus @3, ds(12) = wpuzus + U3 @3,
ds(y1a) = W36 + wus®s +ury@sus,  ds(yie) = oz,  ds(yis) = wusuj,
ds(Vg) = usuj + 1dus + wpuzs @7 + uy O3 g + urusds,
d3(y20) = upusus + upusdg + ('D3ui + u2u3u4y‘2b
ds(vn) = Wdus + usus®s + uj + 13usys,
ds(vhy) = 1dus + usua@e + uj + ususy; + us®3,  da(vae) = w30, ds(vh) = wr Q3.

PROPOSITION 3.  In M Sp, the element 0,®;Q of dimension 103 is not equal to
zero.

PROOF. Letx € Eg’m“ be an arbitrary element with the MASS-filtration degree at
least 2 and such that d3(x) = u;®7Q;. Denote by x the projection of this element into
the term E; of MASS. From the fact that S;3(u; ®7Q) = 41 Q) and ds3(z13) = u%Ql we
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obtain that S13(x) = 4,,0,. It follows from the description of E,-term of the MASS
given earlier that there is no such element. If the element killing #; ®,Q; has the MASS-
filtration degree equal to zero then it may be only y»6 or y) as the only multiplicatively
indecomposable. From the formulae d3(y26) = w3 @2, d3(vys) = u2? valid modulo
elements of the MASS-filtration degree greater than zero and monomials containing u,,
it follows that this is impossible.

Let v and 3 be two elements of order 2 in M Sp, so that the Massey product («, 2, 3)
is defined.

PROPOSITION 4.  If a and (3 both have the Adams filtration equal to 1 and hya =
0,ho8 = 0 in E; of the Adams spectral sequence for M Sp, then we have: 2(c,2,3) =
01aﬁ.

PROOF. If follows easy from the description of the term E; of the classical Adams
spectral sequence for M Sp given in [3] and convergence of the Massey products [2].

PROOF OF THE MAIN THEOREM. Let I'; belongs to the Massey product (®7,2,Q;).
It follows from the Propositions 3 and 4 that it has order 4 and 2I'} = 6,9,Q; # 0.
LetI;,i = 2,3,..., belongs to the Massey product (®g.;,2,€ ), then it has order 4 and
2T = 01D+ # 0. It follows from the action of the operation Sy;—1) on 6 Ps.;Q; and
for small values of i from the computations in low dimensions.
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