SOME REMARKS ON NON-COMMUTATIVE
EXTENSIONS OF LOCAL RINGS

EDWARD H. BATHO

In [1]* we introduced the concept of a non-commutative local ring and
studied the structure of such rings. Unfortunately, we were not able to show
that the completion of a local ring was a semi-local ring. In this paper we
propose to study a class of rings for which the above result is valid. This
class of rings is the integral extensions-[4, 5]-of commutative local rings.
This class of rings includes the important class of matrix rings over commuta-
tive local rings. In part 1 below we study some elementary properties of
integral extensions and here we assume merely that the underlying ring is
semi-local. In part 2 we discuss some questions of ideal theory for arbitrary
local rings as well as for integral extensions. In a later paper we propose to
utilize our results to study the deeper properties of these rings including a
dimension theory for such rings. We are particularly indebted to the work of
Nagata [6, 7, 8, 9] in the preparation of this paper.

Part 1. Elementary properties

If Ris a ring, J(R) will designate the Jacobson radical of R. Throughout
“ideal” will mean two-sided ideal.
(1.1) Def: If R is a ring with identity, R is said to be semi-local if:

(a) R satisfies the maximum condition for left ideals;

(b) R/J(R) satisfies the minimum condition for left ideals;

(©) N J(R) =0, (R = R
If, in addition, R satisfies:

(d) J(R) is a unique maximal ideal in R,

then R is said to be a local ring. See [1].
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(1.2) Def: Let R be a ring with identity and S a subring of the center of
R, 1€ S. R is said to be an integral extension of S if R satisfies the maximum
condition for S-submodules. Clearly, every integral extension is a finite
extension and if S is Noetherian the two concepts coincide. If R is an integral
extension of S and 7 € R, then there exists a relation of the form 7"+ sy-1
"l .. 4+5=0 si€Sall . We shall assume the following properties of inte-
gral extensions.
(a) Every primitive ideal in R contracts to a maximal ideal in S.
(b) If P is prime in S there is a prime ideal P’ in R such that PPNS= P.
If P is maximal, P’ is primitive.
(c) If P'is prime in R, P'N S is prime in S.
() J(S) sJ(R)NS.
(e) If Ris an integral extension of a semi-local ring S, then R is semi-
local, and if S is complete, R is complete.

Proofs (a)-(c) can be found in [4] and proofs of (d) and (e) can be found
in [5].

We first show that if R is an integral extension of a local ring S then S
is a subspace of R with respect to the topology of Rinduced by powers of J(R).
The proof of this is contained in the following definition and lemmas:
(1.3) Def: If R and S are semi-local rings SS R, R is said to be a concordant
extension of S if a sequence of elements {s;}, si € S is regular in S if and only

if {si} is regular in R

(1.4) Lemma. If R and S are semi-local rings SS R, R is a concordant ex-
tension of S if and only if for any 2 positive integers m, n we can find integers
p and q=20 such that J°(S) SJ™(R)NS and J"(R) NS JU(S).

Proof. Follows directly from definition (1.3).
(1.5) LemMa. If R is an integral extension of S, R is a concordant extension

of S.

Proof. Remark (d) above shows J(R)N S 2 J(S) and, hence, J*(S) S J{RNS.
Moreover, J™(R)NS2J™R)NS and rm\n U™(RNS] = (0). Tt follows
from [2, p.695], that there exists a p =0 such that J*(R)NSESJ™S) for a given
m=0. Our result then follows from (1.4).
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(1.6) TueoreMm. Let S be a complete semi-local ring contained in the center
of R such that f_\o [JU(S)* R1=0, then [J(S)« RINS=J(S). If RILJ(S)+R]is
an integral extension of S/J(S), then R is an integral extension of S and a com-

plete semi-local ring.

Proof. Since 1€R, [J(S)-RINS=2J(S). Since Sis commutative J(S) =
;é P;, where P;, i=1,2, ..., n are the maximal primes in S. If [J(S)-RIN
S=xJ(S), there is an s€S, s€J(S)* R, s¢J(S). Then s€k P, some i, say P
We have P+ s generates S and PLRNS2 P, +s. Thus, PLRNS =S and, hence,
P,R= R and for each integer m, J"(S)+R= [f\z PiJm'RWhiCh contradicts our

assumption that "F:\o [J™(S)+R]=0. Thus, [J(S) -RINS=J(S).
If R/[J(S)+R] is an integral extension of S/J(S), then R/[J(S)+R] =
[S/J(S)1(w, « .., %x) with % € R/ILJ(S)*R), i=1,2, ...n Ifawu i=12
., n is a set of elements in R such that % maps on #; mod [J(S)+ R] then
R=S(w, ...,us). In order to show this let r& R. Form 7 sequences 7i, ;,
1=1,2,...,n7=0,12 ... as follows: 7,,=0, all  and if 7, » has been

defined for all k< m and each 7 so that r— 23" 71, m wi = [J™(S)+ R], then we
i=1

n h
have, r— 20(#i, m* i) = 23 arzt, ax ER, 22 J™(S) and further, ar=2>)" (@, i*n))
i=1 t=1 i=1

mod [J(S)*R], a:, i&S. Thus, if we let 7, mi1=7i, m+ i a, i*z:, the sequence
{7ri, j} is regular in S for each 7 and hence, has a limizw;,-. Setting 7/ =§,"
7i+ui;, we have (7 —7) € [J*(S)+ R] for each »# and, hence, 7' =  and R—:
S(eus, . .. ,un). The completion of R follows from the remarks following (1.2).

The following theorem proves that the class of integral extensions of semi-

local rings have completions which are also semi-local.

(1.7) TuroreMm. If R is an integral extension of a semi-local ring S, then the

completion R of R is semi-local.

Proof. R is semi-local and has a completion R. Now S is a subspace as
well as a subring of R by (1.5) and, consequently, S is a subspace of R. Thus,
the completion of S, S, is its closure in R. Thus, R = S(uy, . . ., #s) where
R=S(w, ..., ,un), for S (u,, ..., us) is a complete semi-local ring containing
R as a subring and subspace and it follows that S (#, ..., #s) is contained

in any complete ring containing R as subring where the completion is taken
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relative to the powers of J(R). The theorem then follows from the definition
of this completion of R.
We conclude this section with the following lemma which further shows

the analogy between integral extensions and commutative semi-local rings.

(1.8) Lemma. Let R be an integral extension of a semi-local ring S such that
no element of S is a zero-divisor in R. If wuy, . . ., un arve linearly independent
over S they are also linearly independent over S. Moreover, if tES is a zero

divisor in R, it is also a zero divisor in S.

Proof. Since R satisfies the maximum condition on S-modules, it follows
that ui, . .., %+ can be extended to a maximal set of linearly independent (over
S) elements which we can assume to be #;, ..., #s. There then exists an
s&€S such that sSRESu; + . ..+ Sus, s=x0. Suppose now that we have Z,:"
si*ui =0, s;€S. For each i,s;=lims;j, s;E€S and E" (s°8i5° i) eg" (J/(S)-
u;) for each 7=0,1,2,.... Sin]ce {u;}, i=1, ... ,Hn are linearly in_dependent
over S, s sij = aij, ai; €J'(S) for each 7 and 7. Thus, {s*sij}, 7=0,1,2, ... is
a null sequence for each i=1,2, ...,#n Since s is not a zero divisor in R,
si=0,7=1,2, ..., n

Now, let ¢ be any element of S which is not a zero divisor in S and sup-
pose tr =0, rE R. If s is such that SRS Sui+ ... + Sun, SES, s%0, s7 =
g“ (si*u), sieS. Hence, ?:;, (tesisui) =0, and t+s;=0,7=1,2,...,n We

then have s;=0,i=1,2, ..., n and, hence, s*7=0 and r =0.

Part II. Ideal theory and chain conditions

Integral extensions of local rings satisfy a strong chain condition with
respect to a certain class of ideals. @ We begin with a definition of this class
of ideals.

(2.1) Def: An ideal P in an arbitrary ring R is said to be prime if
A+ Bg P implies either ASPor BE P, A, B, ideals of R. An ideal @ in R is
said to be left primary if ABSQ, BeEQ implies A" SQ for some integer #>0,
A, B ideals of R. If @ is left primary, let P be the join of all ideals I of R
having the property that I" S @ for some integer »>0. P is an ideal of R
and if R satisfies the maximum condition for left ideals, P is a prime ideal,

called the associated prime of . It follows that for some integer m >0, P" S Q.
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The following shows that there is an abundance of left primary ideals in

a local ring.

(2.2) LemMma. If R is a local ring, J(R) is a prime ideal and J"(R) is a left

primary ideal with associated prime J(R) for each integer n> 0.

Proof. Since J(R) is primitive, it is prime. For every proper ideal ICR,
ISJ(R) and I"<J"(R) for all n>0. Thus, J*(R) is left primary with associ-
ated prime for each integer n>0.

Cor. If Ris a local ring and @ a left primary ideal with associated prime

J(R), then J(R) is a unique prime for Q.

(2.3) LemmA. If Ris a local ring and I an ideal of R, then I is a left primary
ideal with associated prime J(R) if and only if J*(R) S I for some integer n>> 0.

Proof. If I is left primary with associated prime J(R), then J*(R) €I,
some integer n>>0. Conversely if J"(R) SIS J(R), then I is clearly left prima-

ry with associated prime J(R).

Cor. If R is a local ring and I a left primary ideal with associated prime
J(R), then I is closed in R.

Proof. J"(R)E1Iby the lemma. Hence, I+J"™(R) =1 for all man. Thus,
n R+ 0=JR+0ONUR+IIN ... N[J" R +IINT=1

Thus, I is closed.

In [1], we have shown that a necessary and sufficient condition that R be
a complete local ring is that R = (C)»- the ring of #» X n matrices over a com-
pletely primary ring C (C/J(C) is a division ring) where C itself is a complete
local ring. It is clear that P is prime in C if and only if (P), is prime in
(C)n; Q is left primary in C if and only if (@), is left primary in (C)n; L E
LE ...in Cif and only if (INx S (L)x E ...in (C)s, and similarly for de-
scending chains. Thus, we reduce certain questions concerning complete local
rings to questions concerning completely primary rings. The following lemma

is the key in our reduction and is of some independent interest.

(2.4) Lemma. Let R be a completely primary ring satisfying the maximum
condition for left ideals. Then, for any integer n=1, J*(R)/J*"(R) is a finite
dimensional left vector space over R/J(R). Moreover, if J™(R) 2 T2 J""YR)
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for a left ideal T of R, them T/J""™R) is a finite dimensional subspace of
JHR/J"THR).

Proof. If [r + J(IR)IE€ R/J(R), [t + J*"™ MR JR)/J""(R) define [r +
JRI [t + " (R =[rt+ J"""(RIe JUR)/J*" (R). Clearly this is well
defined and J*(R)/J""*(R) is a left vector space over R/J(R). Since J"(R) =
Rlus, ..., u9), ;e JUR), i=1,2, ... s, every element of J"(R)/J*"(R) can
be written in the form: 7% + ... +7sis, 1€ R/J(R), m & J"(R/J"(R).
Thus, J*(R)/J""'(R) has finite left-dimension over R/J(R). The remainder of
the lemma follows immediately.

With the aid of the above lemma, we prove the following fundamental

theorem.

(2.5)% THeOREM. Let R be a completely primary ring satisfying the maximum
condition for left ideals and let Q be any left primary ideal in R with associated
prime J(R). Then R/Q satisfies the minimum condition for left ideals.

Proof. J(R/Q)=J(R)/Q and R/Q/J(R)/Q =~ R/J(R). We then have R =
R/Q is completely primary and satisfies the maximum condition for left ideals.
If we let J' = J(R') then J' is nilpotent of index of nilpotency m. It follows
then from (2.4) that we have a composition series for J*/J"*' as a left R'-
module for each »>0. Since J' is nilpotent of index m combining composition
series for J'/J%, J*/J%, ..., J™ /™ we obtain a composition series for the
left R' module R. It then follows from the Jordan Holder theorem that R/Q

satisfies the minimum condition for left ideals.

(2.6) TueoreMm. Let R be a complete local ring and let Q be a left primary

ideal with associated prime J(R), then R/Q satisfies the minimum conditions for
left ideals.

Proof. R=(C), with C completely primary. Moreover, there is a left
primary ideal I in C such that @ = (I), and the associated prime of I is J(C).
Thus R/Q=(C/I), and the result follows from(2.5) and our preliminary re-
marks. We remark that we can state a somewhat stronger result than (2.6)

namely, if R is isomorphic to (C), and C is completely primary with maximum

* The author wishes to thank the referee for suggestions which led to essential simpli-
fications of (2.5), (2.6) and (2.7),

https://doi.org/10.1017/50027763000005754 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000005754

SOME REMARKS ON NON-COMMUTATIVE EXTENSIONS OF LOCAL RINGS 21

.

conditions on left ideals, then if @ is left primary with associated prime J(R),
R/Q satisfies the minimum conditions on left ideals. (2.6) is the form in
which the resuit is most useful for local rings.

We now state a form of (2.6) for integral extensions. Here we need not

demand that the rings under consideration be complete.

(2.7) TueoreM. Let R be an integral extension of a local ring S. If Q is
any left primary ideal in R which contracts to a J(S)-primary ideal in S, then

R/Q satisfies the minimum conditions on one-sided ideals.

Proof. Since S in Noetherian and QNS is J(S)-primary S/[LQNS] satisfies
the minimum condition. R/@ is an integral extension of S/[QNS] and is,
moreover, a finitely generated righ"t or left S/LQMNS]-module. It then follows
that R/Q satisfies the minimum condition on right or left S/[SN Q] submodules.
Hence, R/Q satisfies the minimum condition one one-sided ideals.

In view of the remarks following (1.2) the following is an immediate conse-
quence of the theorem.

Cor. If R is an integral extension of a local ring S and Q a left primary
ideal in R whose associated prime is primitive, then R/Q satisfies the minimum

condition for two-sided ideals.
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