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Abstract

Motivated by a class of nonlinear nonlocal equations of interest for string theory, we introduce Sobolev
spaces on arbitrary locally compact abelian groups and we examine some of their properties. Specifically,
we focus on analogs of the Sobolev embedding and Rellich—-Kondrachov compactness theorems. As
an application, we prove the existence of continuous solutions to a generalized bosonic string equation
posed on an arbitrary compact abelian group, and we also remark that our approach allows us to solve
very general linear equations in a p-adic context.
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1. Introduction

In his seminal paper [41], Witten introduced the bosonic string action which contains
an infinite number of fields and yields—via a formal application of the variational
principle—an infinite number of equations in infinitely many variables; see for
instance [8, 9] and references therein. From this principle, physicists [8, 9] have
extracted nonlocal actions such as

L) =gAe™ ¢ - Ux.¢). >0, (1.1)
The Euler-Lagrange equation arising from (1.1) is
AP~ U(x,$) =0, ¢>0, (1.2)

where U = 0U/d¢. Equation (1.2) is a general type of equation encompassing (in
Lorentzian signature) the bosonic string [27] and a simplified case of the super-
symmetric string [9].
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Nonlocal equations (or equations in infinitely many derivatives) appear not only
in string theory [11, 38, 39, 41], but also as field equations of motion in particle
physics [29] and in gravity and cosmology [2, 4, 5, 28]. Thus, it is clearly necessary to
understand them in detail. In our recent papers [17-19], we have undertaken the study
of nonlinear nonlocal equations such as (1.2) on Euclidean space and also on compact
Riemannian manifolds. For example, we have proven that under some appropriate
growth and symmetry assumptions on the nonlinearity U appearing in (1.2), this
equation admits real-analytic solutions on Euclidean space.

On the other hand, if (1.2) is posed on spaces on which the Laplace operator does
not have a positive-definite symbol, the studies carried out in [17-19] do not apply.
One of the problems which appears is that the standard Sobolev norm, see for example
[36], is no longer well defined. Thus, motivated by the papers [7, 41], we wonder if
it is possible to define a ‘Laplace operator’ and Sobolev spaces in settings other than
Riemannian manifolds. If so, then in such a setting we can hope to be able to consider
nonlinear nonlocal equations rigorously. Topological groups appear as a natural testing
ground due to the existence of the Fourier transform. In this context, if G is a locally
compact abelian group, we simply set A(¢) = ' (y(-)>*F (¢)), in which ¥ indicates
the Fourier transform and vy is a weakly subadditive [0, co)-valued function on the dual
group of G (functions of this type appear for example in [15]). This definition allows us
to consider A independently of any (pseudo)metric the space G may be equipped with.

Developing this idea, in this paper we define Sobolev spaces on arbitrary locally
compact abelian groups and we examine analogs to the Sobolev embedding and
Rellich—-Kondrachov compactness theorems. These results, in turn, allow us to
construct a suitable domain for the operator Ae™* and to prove rigorously existence
of regular solutions to (1.2) in compact abelian groups, a class of spaces which
is certainly different to the class of compact Riemannian manifolds considered in
[17-19]. For instance, we can consider Equation (1.2) for functions ¢ ‘depending
on an infinite number of variables’ if we pose it on an infinite product of tori. In fact,
motivated by [19], we are confident that our techniques will allow us to handle very
general nonlocal equations with a finite number of dependent variables and infinitely
many independent variables. We mention that classes of differential equations with
infinitely many independent variables appear in areas of mathematical physics such as
statistical mechanics, fluid dynamics and classical field theory; see [6, 33, 37]. Thus,
we expect that our methods will also apply in these contexts.

Added in proof. A preliminary version of this paper appeared as arXiv.org e-Print
1208.3053 in 2012.
2. Sobolev spaces

Sobolev spaces are well understood on (domains of) R”, see [1], compact and
complete Riemannian manifolds [24] and metric measure spaces (the so-called
Hajlasz—Sobolev spaces, see [22, 23], and Newtonian spaces [32]). There are also
some works on Sobolev spaces in the p-adic context, see [30] and references therein,
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and in special cases of locally compact groups such as the Heisenberg group [3].
We also remark that pseudodifferential operators defined on locally compact abelian
groups and compact Lie groups have been studied in [21, 31], respectively.

We start with some standard notation from harmonic analysis [25]. Let us fix a
locally compact abelian group G. We denote by u the unique Haar measure of G. We
also consider the dual group of the group G (that is, the locally compact abelian group
of all continuous group homomorphisms from G to the circle group 7), and we denote
it by G*. L? spaces over G are defined as usual:

L?(G) = {f :G — C: fis measurable and fG Lf O duc(x) < oo},

and the Fourier transform on G is defined as follows: if f € L'(G), then its Fourier
transform is the function f : G" — C given by

i€ = [ &fw ducto,
Next, we denote by I' the following set:
I'={y:G" — [0, ) : yis measurable and e, Ya, pecry(@P) < ¢ [y(@) + y(B)1},
and we are in position to introduce Sobolev spaces.

DermniTioN 2.1. Let us fix a map y € I' and a nonnegative real number s. We shall say
that f € L*(G) belongs to Hy(G) if the following integral is finite:

fG A+ YE I duac @), 23)

Moreover, for f € H)(G), its norm || f||my(c) is defined as follows:

. 172
1Al = fG A+ @O duc®) 2.4)

Remark. We note that by taking appropriate functions y, we obtain the classical
Sobolev spaces on T" and R"; see [15] and [36, Ch. 4]. The use of the Fourier transform
and the duality theory of locally compact abelian groups is crucial in the present
general context, since we do not have differential calculus at our disposal. A particular
instance of Definition 2.1 appears in the paper [15] by Feichtinger and Werther. The
function vy used in that paper is called by the authors a weakly subadditive weight.
We also note that in p-adic analysis Sobolev spaces are defined in a way analogous to
our Definition 2.1: if we take y(¢) = |||, where || - ||, is a p-adic norm on QZ ~ ZA,
then (2.3) and (2.4) allow us to recover the p-adic Sobolev spaces considered in [30].

Remark. In the paper [14], the authors introduce harmonic Hilbert spaces in a way
strongly resembling our definition of Sobolev spaces. What separates the two notions
are the properties of the ‘weights’ (1 + y(£)*)*/? for y € I. In particular, it is proven in
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[14] that their spaces are embedded in a space of continuous functions if their weights
w (which are submultiplicative and not subadditive as in our case) satisfy the condition
S n~?log w(né) < oo for all & € G. In this paper, we prove a similar embedding result,
see Theorem 3.3 below, but we do not need such an assumption. We also point out
that it is important to take y € I in the definition of our weights because it allows us
to prove that—as happens in standard contexts, see [15, 36]—our spaces Hy(G) are
algebras, see Theorem 3.4 below. The other theorems of Sections 2 and 3 of this paper
hold true without assuming thaty € T

Remark. Our spaces H;;(G) are contained in the AQ,M(G) spaces introduced by
Feichtinger and Giirkanli in [13] in the following sense: if (notation as in [13])
w € L*(G) and we take w = (1 +y*)"?, then H}(G) — A}, ,(G).

3. Continuous embedding theorems

Embedding properties of Sobolev spaces are essential for proving existence and
regularity of solutions to partial differential equations [36] and for the analysis of
pseudodifferential operators; see for instance [30]. Thus, we begin by proving a
Sobolev embedding type theorem in our general setting.

Let us start with two elementary observations. First, we show in Proposition 3.1
that our spaces H)(G) are included in L*(G). Then, we prove in Proposition 3.2 that in
fact we have a ‘scale’ of spaces with respect to continuous inclusion.

Proposition 3.1. If G is a locally compact abelian group, then
H}(G) — L*(G).
Moreover, for each f € H)(G), the following inequality holds:

I llz26) < W llagG)-

Proor. By Pontryagin duality and a basic inequality,
N N 1/2
0 = Wil = ( [ 1@F duo©)
G/\

) 1/2
< f 1+ Y@ FOP ducr®) = I1flyo) 0
G/\
Prorosition 3.2. If s > o, then H;(G) — H;’(G). Moreover, the inequality

Il Gy < 1l
holds.

Proor. The proof follows from an elementary inequality. O

The classical Sobolev embedding theorem, see for instance [1], reads in our context
as follows.
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Tueorem 3.3. If 1/(1 + y(-)*)* € L'(G"), then
H;(G) — C(G),

in which C(G) denotes the space of bounded continuous complex-valued functions on
G. Moreover; there exists a constant C(y, s) such that for each f € Hy(G), the following
inequality holds:

Ifllc) < € DI llayc)-
Proor. First of all, we note that
1 1/2
(L +y()?)*

and therefore fe L'(G"). Thus, we can use the inverse Fourier transform:

< fG @l duc©

172

) R 172
LA IOl duc (&) < (fm(l + Y@ f@F dﬂcA(f))

L](G/\)

o= | [ Foew duao

< A llazc6)

(1 +y0» ey
From [25, Vol. 2, Theorem 31.5], we have f € C(G). |

The following theorem tells us that, under a technical assumption involving our
function vy, the space H)(G) is an algebra. It is well known that such a property is
important, for instance, for the study of existence of solutions to partial differential
equations. A recent example appears in our paper [20].

Turorem 3.4. If 1/(1 + y(-)?)* € LY(G"), then H;(G) is an algebra. There exists a
constant D(y, s) such that for each f,g € H,(G), the following inequality holds:

7 &lles ) < DOy, DS llaso)lIglas)-
Proor. First of all, let us notice that for each &, 77 € G*, the following inequality holds:
(1 + 7@ < @ +2e)@ + ¥ +y@?).
Hence,
(1 +7©) fe(©)
@) fen R0 dac ()

<221 +¢)"? fc Ay )+ 1+ YA\ fEn™ gl dugr ()
<21+ )P fG @I ) duc ()

+2(1+ )P fG P TEn™ g dy ()

= 2°(1+ )21+ yORAD = 11+ 1T+ (ZI + D7),
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Thus,
£ &l = I+ ¥ FONF o6,
< 22+ ) A+ O IFD # 18 g,
+AT (I +yODDIFagn)-
Next, by the Young inequahty, ”M * V”LZ(G/\) < Cy||u||L2(GA)||V||LI(G/\),
£ &l < 22 (1 + Y GG NN 1 oy + I oy 1))

The result now follows from the proof of the previous theorem. O

Now we prove a second embedding result. While Theorem 3.3 tells us that functions
belonging to H}(G) are continuous, Theorem 3.5 below tells us that they possess
‘higher integrability properties’.

Tueorem 3.5. If @ > s and 1/(1 + y(-)*) € L*(G™), then
Hy(G) = L (G),

where @ = 2a/(a — s). Moreover, there exists a constant D(y, s) such that for each
[ € Hy(G), the following inequality holds:

1f1lze 6y < DCys OIS llascc)-
Proor. By a standard corollary of the Hausdorff—Young inequality (see [25, Vol. 2]),

1o 6y < WfllerGrys

where p is the conjugate of a*, that is, p = 2a/(@ + s). Next, using the Holder
inequality with exponents 2/p and 2/(2 — p),

(1 +y@*)""
L+ @)y

1
< Wfllgon| fG T e ©

Since sp/(2 — p) = «a,

A ~ l/p
Il = ( [ 1fer dug(©))

)(2—17)/217

s/2

1f 1k )- m|

LY(G")

1
1o ) < Hm

4. Compact embedding theorems

In this section, we prove a Rellich—Kondrachov type theorem. As is well known,
this theorem plays a crucial role in proving compactness of operators and in fixed point
arguments. Now, the standard Rellich—Kondrachov theorem [1, 24] is valid only on
spaces with finite measure such as compact Riemannian manifolds. It is then natural to
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assume that in our case the condition yg(G) < oo holds or, equivalently (see [25]), that
the locally compact abelian group G is actually compact. We stress that even with this
restriction our results go beyond the standard case: besides infinite products of basic
examples of compact abelian groups, other interesting instances of compact groups are
the dyadic group (see for instance [34]) and the compact group appearing in the recent
paper [35].

In the theorem below, we use the following convention: g(h) — 0 as 7 — e means
that for all € > 0, there exists an open set U, with e € U, such that for all 4 € U,, we
have |g(h)| < €. Also, the notation A << B means that the space A is compactly
embedded into B.

Remark. Itis known that in the case of R”, the Kolmogorov—Riesz—Weil theorem (see
[26, 40]) can be used to prove the Rellich—-Kondrachov theorem. Similar compactness
results exist for locally compact abelian groups, see [12], which presumably would
yield another approach to the problem of compact embeddings. We present a direct
proof.

Tueorem 4.1. Let 1/(1 + y()?) € L*(G") for some a > s and assume that

h) -1
A%)@ﬁg;+o uniformly with respect to £ € G". .5)
fy Sae

If G is compact, then, for all p < o,
H)(G) =< L(G).

Before proving Theorem 4.1, we note that if G is R” or T", Condition (4.5) is
satisfied. Indeed, if G = R", then G" = R" and a straightforward calculation yields

|ECh) - 1] _ et — 1] < V2lsin(£h)|
A+y@©E> A+~ (A +|EP)s
and, if G = T", then G” = Z"; we can show that

() =11 _ le™ — 1] _ V2lsin(mh)|
(A +ymP) — (L+|mPy = (1 +mPy

We also note that a condition similar to (4.5) appears in the characterization of
(pre)compact sets in L>(G) via the Fourier transform (Pego’s theorem, see [16]).

Proor. Let us start with the following lemma.

Lemva 4.2. Let f € Hy(G) and assume that |&(h) — 1|/(1 +¥(é)?)° l—> 0 uniformly
with respect to & € G*. Then, for each h € G,

LLWM%JOWdesaMm@@,

where C(h) h—> 0.
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Proor. By Pontryagin duality,
[ v = s e = [ 1N - f@r o @,
Since the measure g is invariant,
7o) = [ & seshrducto = [ EHF0)ducy

= fG EMERF) duc(y) = E)F ().

Hence,
fG G = OO dua ()
_ fG OPIER) ~ 1 ducr @
_ Areni2 2\s l£(h) — 1|2 2
= [ HOPA + 1) i o © < CI
where C(h) = 1) ~ 1/(1 + 3 i~ — 0. :

We continue the proof of Theorem 4.1. Let I be the set of all symmetric unit
neighborhoods, partially ordered by the inverse inclusion. Then, using the Urysohn
lemma, we can construct the so-called Dirac net (¢y)ye; in C.(G) (see [10]). Each
function ¢y is nonnegative, satisfies fG ¢u(x)duc(x) = 1 and the support of ¢y shrinks.
We are in position to formulate the next lemma.

Lemma 4.3. Let (¢y)yer be a Dirac net and f € H;(G). Then
[ 18+ 000 = SR duc) < W1y 50p CO
G yeU

Proor.

If * pu(x) = f(x)
fG duFO %) duc(y) - f(x)

2

2
fG PuMFO™%) = F)) duc(y)| < fG duIFG™x) = FOI duc(y)

- fU SuIO0) - FOR duc ().
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Hence, by the Fubini theorem and the invariance of the measure,

Llf* Py (x) — F(X)P dug(x) < fcj;@/(y)lf(ylx) — FOP due ) dug ()
_ fu fG U0 = FOOP duo(x) diiG(y)

- fU e fc @) = FODI duo(@ duc).

By the previous lemma,
fG |f * pu() = FOOP dug(x) < fU SO s, CO) i (y)

< [ 000 Oy 50 €0 = Wy 509 O
U yeU yeU

This finishes the proof of the lemma. O

Now we can finish the proof of the theorem. Let us take any sequence f,, bounded
in the space H;(G); then, by Theorem 3.5, the sequence is bounded in L% (G). Hence,
there exists a subsequence f,, of f, such that

fo = f in LY (G).

We claim that f,, — f in LY(G), where g < a*: for every f € L*(G), we denote by
Jw) the function fy) = f * ¢y. Also, for simplicity, we write f, instead of f,,. By
Lemma 4.3,

sup f oy () = Fu)F dac(x) < sup LAl Sup C03) < € sup ).
n G n ye

yeU

Moreover, we can show that || fiyy — fllz2() — 0 in the sense that for each € > 0, there
exists U, such that for each U € I, U C U, the inequality ||fiv) — fllr2) < € holds.
Next, by the Minkowski inequality,

e = fllzzey < Wfn = faw iz + 1w, — follze) + Wy = fllze)-

Now we fix € > 0. There exists U, € I such that foreach U € 7, U c U,, the following
inequality holds:

Ifn = fllz) < 3€ + 1w, — finllze)-

Thus, in order to show that ||f,, — fll.2) — O, it is enough to check the limit
fnw,, — fwollzze) 2 0.

In fact, since f, — fin LY (G),

Jawo () = fG ¢u. (v D fa(y) duG(y) — fG ¢u. (v DY) duc) = fwo ).
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Moreover, since G is compact,
oo @) = frua P
= | [0 = F0000.07 9 st

2

< fG 11,00 = FONPu. (v %) du(y) < sup ¢y, (2) Glfn(y)—f(y)lzd#c(y)

zeU,

and, finally, since we are assuming that G is of finite measure, we can apply the
Lebesgue theorem and obtain

”.f;‘l(z/f) - ,f(UE)”LZ(G) — 0‘
n—oo

So, we have obtained that f,, — f in LZ(G). Finally, since the sequence is bounded
in L* (G), we can apply the Vitali convergence theorem and we obtain that f,, — f in
L?(G), where p < a”. O
5. An application: the generalized bosonic string
We recall from Section 1 that the generalized bosonic string equation, [9], is

Ae ™% = U(x,¢), c¢>0. (5.6)

Suppose for a moment that we are working on Euclidean space and that f is the real
function f(s) = sexp(—cs) so that, formally, the left-hand side of (5.6) is f(A). We
expand f as a power series, f(s) = Y0 (f"(0)/n!)s". Then, formally,

2 o
F(Au = Z %A”u.
n=0 ’

Applying the Fourier transform, we obtain (we set f: F (f) for clarity)

A

n!

F(fDu)§) = Z F (A" u)(&)
n=0

SR O
-y %(_W)nm)(s) = (DT )@
n=0 ’

so that, naturally, we may interpret f(A)u in a way that reminds us of the classical
definitions of pseudodifferential operators (see for instance [31]):

FBu=F (FRDOF )@) = —F (&P F u)©).

Motivated by these remarks, we make two general definitions. First, we write down
the correct domain for the operator L. = Ae™* — Id on locally compact abelian groups.
Then, we define the action of L.
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DeriniTioN 5.1. The space H*(G), ¢ > 0, is given by
H™(G) = {f € L*(G): f (1 + (%" I f(&)P dug ) < 00}-
G/\
DeriniTion 5.2. The operator L. = Ae™® — 1d is defined as
Low= =F(F () +y(&7e™ F )
for any u € H*(G).

We note that L, is an isometry from H*(G) into L*(G); we also remark that related
definitions of pseudodifferential operators in p-adic analysis appear for instance
in [30].

We state two important technical observations on the structure of the space
HE2(G).

Lemma 5.3.

(1) For each nonnegative s € R, the embedding H"*(G) — H,(G) holds. In other
words, || flluyc) < CNfllpes(G) for some constant C(s) > 0.

(2) Assume that 1/(1 +y(-)*)*> € L'(G"). Then the embedding H"*(G) — C(G)
holds.

Proor. The first claim follows immediately from the elementary properties of the map
x — e*. The second claim is a consequence of the first one combined with our Sobolev
embedding result, Theorem 3.3. O

Now we show that the linear problem L.u = g, g € L*(G), can be solved completely
using our set-up.

TueorEM 5.4. For each ¢ > 0 and g € L*(G), there exists a unique solution ug €
HE®(G) to the linear problem

Lu=g. 5.7
Moreover, the equation
lugllpe=) = llgllzzca) (5.8)
holds.
Proor. It is easy to see that ug, given by

_ _aq-l F ()
ug =1 (1+y(g)2ew<f>2 )

is an element of H“*(G) which solves Equation (5.7). Now, applying the Fourier
transform,

(1 + Y& "N F (u)(@) = ~F (2)(€)

and so the Plancherel theorem implies that [|u,||l#<~(G) = llgll2G)- Equation (5.8) tells
us that the operator L, has trivial kernel. Uniqueness then follows immediately. O
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Remark. Motivated by [7], we remark that it follows from Theorem 5.4 that we are
able to solve completely the linear equation L.u = g in p-adic analysis. In fact, this
observation can be generalized to a very large class of linear equations over p-adic
fields, reasoning as in [19].

We are ready to show that the generalized bosonic string Equation (5.6) admits
continuous solutions.

THEOREM 5.5. Assume that G is a compact abelian group and that 1/(1 + y(-)?) €
L(G"), where § > 1. Let U:G xR — R be a function which is differentiable
with respect to its second argument and suppose that there exist constants a > 1,
Bel0,a—1] and C > 0 and functions h € L*(G) and f € L*/®Y(G) such that the
following two inequalities hold:

IU(x, y) =y < C(lh(x)] + [y, ‘%(U(x, Y) =] < CUF @]+ P). (5.9)

If W2y is suitably small and |E(h) —1]/(1 + y(€)7)°0- 6™ h—> 0 uniformly with

respect to & € G", then there exists a solution ¢ € H“*(G) N C(G) to the nonlinear
problem

Ae ¢ — U(x, ¢) = 0. (5.10)

Proor. Let us set V(-,u(-)) = U(-, u(-)) — u(-). Then the nonlinear Equation (5.10) is
formally equivalent to L.u = V(-,u). We can easily see that the function V belongs to
L*(G) using (5.9); see (5.11) below. We define the set

Ye = (ue L(G) : [l < €)

for € > 0. It is easy to see that Y, is a bounded, closed, convex and nonempty subset of
the Banach space L?*(G). We define a map G as follows:

G: Y- L*G), Gu =i,
where i is the unique solution to the nonhomogeneous linear problem
L.ii=V(,u).

Theorem 5.4 implies that G is well defined. We show that there exists € > 0 such that
G : Ye — Y.. Indeed, let us take u € Y,; then we get, using (5.9),

GGGy = IVC 01726,
sﬁiwmm+me¢mm
szc{anmF+muW%¢mu)

< 2C% (Il ) + Il ) (5.11)
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Now, let us fix s € (6 — (6/@), 6). Using again Lemma 5.3 and Theorem 3.5,
H®(G) = H3(G) = L*(G).
Hence, since u € Y, inequality (5.11) implies that there exists a constant D such that

2 2 2
||g(u)||L2"(G) S D(”h”LZ(G) + € d).

Since we are assuming that ||%||;>(g) is suitably small and @ > 1, we can find € such that
IG(@)| 122Gy < €. This implies that G : Y. — Y.

Now we apply a fixed point argument. We skip the details, as similar proofs appear
in [18]. First, we note that Theorem 4.1 implies that H;(G) << [?%(G) and therefore
the map G is compact. Second, standard reasoning using the mean value theorem
and our assumptions on the derivative of V implies that the map G is continuous.
Application of Schauder’s fixed point theorem finishes the proof. ]
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