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Certain Expansions of xn in Hypergeometric Series.

By Rev. F. H. JACKSON, M.A.

In this paper the following expansion will be obtained :

1\»+U.n_ (n)
V.r+V. + 2 ! r + 2 ! + - ' -

_(n)T(2x)r {n-r\(2x)r+l (n-r)^x)r^
2 l L 0 ! r ! l ! r + l ! 2 ! r + 2 ! + - - -

1

" J
3 )̂, (n-r^xU, (n-rU3x)r+t

l ! r + l ! "3lL0!r! l ! r + l ! 2!r + 2!

in which n and r are positive integers. The Series in the square

brackets are Hypergeonietric Series with a finite number of terms.

Let n (6 + ar) denote the product of the n factors
r—1

6 + a, 6 + Oj 6 + O3 • • etc.
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Then we know
r-« i—» n n — \ r

U(ar)-nU(b + ar)+
I l
() )

=I r=l ^! r=l

ar) = n\(-b)" - (2)

Kn. ifa<A. Socy. Proc, Vol. XIII., 1895, p. 115 (4).]

If al = a

at = a- 1

«„ = a - n + 1

)(6 l) (6 - n + i) = (sb + a)n

(3)

( r)
r—1

And we have the identity

In most of the subsequent work the series on the left side of (3)
will be considered for all values of n

The function (o)n being in terms of Gauss's II Function.
l l ( a — nj

The series (3) when n is a positive integer may be written

(a)n-n(a-b)n +
 r^±(a-2b)n- =n\b" - (4)

When n is unrestricted let us write

(a)n-n(a-b)n+ =/(n,b) - - (5)

Then dividing throughout by («)„ we obtain

(q-ft). , n.n-l ( a -26) .
a, 2 (a),

1Xrw.w-l • • • w - r + 1 (a - rb)n f(nb)
+{-1]

 H w r ~ w : (6)
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The following equations show fundamental properties of the
function (a)n

(a), x (« - w)m = («)„+„ = (a)m x (a - m)n

from which we obtain

( a ~ rb)» _ (« ~ w)r» / v

(«

(a- r6)(a-r*- l )

By means of the relation (a). The series (6) may be transformed
into

1 - r S a ~ w ^ + n-n~^ (a ~n)y>_ + (_ ly-Wr (a ~ w)»* +

_f(nb)

For convenience in subsequent work, change a-n to c, then

1 (<0» W . M - 1 (c)M + / _ i y W : (c)--» a
™ / ^ ^ \ + 2! (c + » L " " + v ; r!

!),„ H(c)U(c + n-sb)

n(c-sb)n(c + n)
n 8b n.n — 1 sb.sb + '.
1! c + 1 2! c + l.e + 2

(subject to conditions for convergence).
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The expression (9) may now be written

F + F * + P " _ L - + . . . . + P " > - i - + . . . . (11)
c + 1 c + 2 c + r

where F = 1-(Z^ + M?

and (- 1 VP<" = (n)'F (n)^)' + (wUi(^)r+i . (n)r+>(P)r+i , 1
K ' ~ l l L r ! 0 ! r - l ! r + l ! l ! r - l ! r + 2 l 2 ! r - l l J

- W?| Similar series to above in 2)8 I
2! L J

Similar series in 3/3 1

By means of the coefficients P° . F . . . F r | . . . we can
obtain an expansion of b"

For the series 1 - W / (fl)» + " ' " - 1 _ W » - . . . . (12)

has been reduced to the form

F + F - L - + . . . . + F - L - L . + . . . . (13)
o+l c+r v '

in which the coefficients P are functions of n and b only.

When n is a positive integer the series (12) =
(c + n)H

_U(n)U(c)bn

H(c + n)

c

~ + ^ 2 ¥ ' " + t l >7+r TT

2! ' ' ' '

_L +
c + l ' 1! c+2 2! v ; c + r r!
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This series must be identical with (13). Equating the coefficients of
1 1

we get

c+ 1 c + 2

0!

-i-wgh-

Therefore since 6 = -

P"r- 1! 1! |_r!O!r-l! + r + l ! l ! r - l ! + J
(n)r+1(2/3)r+1[

2! \r\01r-l\ r + l l l l r - 1 1

s!

Removing the factor ^n'r which is common to both sides of
r — 11

1J
the above equation we obtain

(-1 V + ' J S " - ( n ) f ^ ) r + (w ~ y)(^)r
I i ; P - T T L 0 ! H " + l l r + l l 2!r + 2!

r (n - r)(2/?)r+1 (n - r)3(2/3)f+8 1
! l ! + l ! 2 ! r+2! J2!

in which r is any positive integer, this is the same as (1).
Putting r = 1 we have

1! | 0 ! 1! 2!3!
1J+ • • (16)

(njj 2/9 n-l.2p.g0- 1 ro-1 .n-2.2/9.2/3-1.2/3-2 "1
~2![.0!l! 1!2! 2!3! J

Similar series.
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When n is a positive integer. Expression (16) will consist of
n series each containing n terms. Thus if n = 3 we have

2!3!
2 1

J
-hIXUL + 2 2)3.2)8-1 2.1.2/?.2/?-1.2/?-21

2! Loil! ' 112! 2!3! J

+ 3jni"_3/?_ 9 3)8.3)8-1 2.1.3)3.3)3-1.3)8-21
3! Loil! "" 1!2! 2!3! J

( '

Other expansions of /33 may be obtained by putting r = 2 r = 3
namely

_
0!2! 1!3! J ~ l ! | 0!3!

3 . 2 r 2 ) 3 . 2 j 3 - l I . 2 j3 .2 )3 -1 .2 j3 -2" | 3 . 2 I"2j3.2j3-l. 2)3 -2*1
2! |_ 0!2! + 1!3! J~ 2! |_ 0!3! J

3.2.11*3)3.3)3-1 1.3ff.3/9-1.3j9-2~I 3.2.l["3)3.3/3 - 1.3)3-2"|
+ 3! \_ 012! 1!3! J+ 3! |_ 0!3! J

Similarly fS* may be obtained in 4 different forms
and j3*inn different forms by giving r the values 1.2.3 ... n
in the series 16.

The series (15) and (16) are perfectly general in form although
we have proved the expansion only when n is a positive integer

If any proof exists that subject to conditions for convergence

2! (e + n)a ' ' ' ' U(c + n) '

when n is unrestricted, then the expansions (15) (16) will hold
generally subject to convergence,
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