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Abstract

Let L=H(2r;n) be a graded Lie algebra of Hamiltonian type in the Cartan type series over an
algebraically closed field of characteristic p > 2. In the generalized restricted Lie algebra setup, any
irreducible representation of L corresponds uniquely to a (generalized) p-character y. When the height of
x is no more than min{p" — p"~!|i=1,2,...,2r} — 2, the corresponding irreducible representations are
proved to be induced from irreducible representations of the distinguished maximal subalgebra Ly with
the aid of an analogy of Skryabin’s category € for the generalized Jacobson—Witt algebras and modulo
finitely many exceptional cases. Since the exceptional simple modules have been classified, we can then
give a full description of the irreducible representations with p-characters of height below this number.
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1. Introduction

In the classification of modular simple Lie algebras there are a variety of Lie algebras
of so-called Cartan type as well as classical Lie algebras arising from simple algebraic
groups. The simple Lie algebras of Cartan type fall into four classes: types W, S, H
and K (see [22]). They are subalgebras of the derivation algebra of the divided power
algebra R = A(m; n). Here the m-tuple n of positive integers is an ordered sequence of
divided-power exponents (1, . . . , fiy).

The history of the study of representations for Cartan type Lie algebras is a long
one. We can trace its beginnings back to the early 1940s when Chang studied
representations of the Witt algebra W(1, 1) (see [1]). In the 1980s Shen systematically
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studied graded representations of the Lie algebras of Cartan type (see [13—15]). Shen
completely determined the graded simple modules of the so-called exceptional-weight
modules and proved that all graded nonexceptional-weight modules are induced
modules (see [15]). The results for restricted simple modules were obtained by
Nakano [10]. Any simple module of a restricted Cartan type Lie algebra L can be
attached to a linear function y € L* and thereby a height of y in connection with the
filtered structure. Holmes and Zhang completed the work for simple modules of L
when the height of y is not greater than 1. This work follows lines similar to Shen’s
work on graded modules (see [3, 4, 25]). Furthermore, Zhang and Steffensen studied
irreducible modules of L and the rank-two Witt algebra W(2, 1) for general y which
are either nonsingular or ‘nice’, respectively (see [6, 26]).

The second author of this paper found the generalized restricted Lie algebra
structure for a Lie algebra of Cartan type L (see [16]). This structure enables one to
study the representations of the Lie algebra of Cartan type L by following a program
very similar to that for working with restricted Lie algebras. In particular, any simple
module of L has a unique generalized p-character y with a height ht( y) which is
an invariant under co-adjoint action of Aut(L) (see Section 2.3). In such a setting,
Shen’s simple graded modules are just modules of generalized p-character y satisfying
ht(x) < 1 and x(Ly;) =0 for all i # 0.

In a generalization of Shen’s work, Skryabin studied representations of L more
conceptually in [18]. Shen’s mixed product combining two modules of R and L
is extended to be a so-called (R, L)-module structure in the more general setting
of commutative algebras and their differential systems. In his €-module category,
Skryabin proved results parallel to those for simple modules by Shen, Nakano, and
Holmes and Zhang with respect to characters with height much greater than 1.
A similar argument for (R, L)-modules was given in [11, Section 3.3].

Skryabin’s €-module category has been extended to the case of special Lie algebras
of Cartan type by the authors (see [24]). This paper is a continuation of our previous
work (see [17, 24]). Recall that Skryabin first introduced the category € for the
generalized Jacobson—Witt algebra W(m; n) in [18]. Recall that W(m;n)y consists
of ‘differential operators’ of degree equal to or greater than zero, that is, of the form
2imy fiDi with f; having no constants fori=1,...,m.

In the generalized restricted Lie algebra setup, the ‘modified’ induced modules
for W(m; n) (induced from ‘twist’” modules of the distinguished maximal subalgebra
W(m; n)y) turn out to be objects of the category € (see [17]). The category € is
described based on the understanding that Cartan type Lie algebras are Lie algebras of
differential operators on the divided power algebras U(m; n). The representations of
W(m; n) certainly reflect the connections between the representations of both W(m; n)
and A(m;n). Furthermore, the induced modules arising from W(m; n)y-modules
additionally reflect a close connection between the representations of W(m; n)y and
the representations of the pair (W(m; n), U(m; n)).

Such a connection should exist for all series of simple Lie algebras of Cartan types
W, S, H and K. We have successfully worked with the special series S (m; n), by
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constructing a category with such a ‘connection’ (see [24]). An idealistic continuation
of this work is to find a unified way of defining the ‘connection’ for all four series
of Cartan type Lie algebras. Unfortunately, we have been unable to define such a
connection. Indeed, the structure given in this paper does not work for the contact Lie
algebra K(m; n) because the canonical graded structure of K(r; n) does not come from
the gradation of A(m; n). This is a distinguishing feature from the other three cases.

In this paper we construct a counterpart ‘connection’ in the case of the Hamiltonian
algebra L = H(2r; n) in order to study its representations. This algebra consists of
differential operators D on the divided power algebra A(2r; n) such that Dwy = 0.
Here wp is the Hamiltonian differential form (see [9]). Let Ly =L N W(2r; n)y be
the distinguished maximal subalgebra of L and let R = A(2r; n). In the generalized
restricted Lie algebra setup we can naturally construct induced L-modules from
irreducible Ly-modules. Using these constructions, we prove that the induced
modules admit an ‘admissible’ structure involving the representations of L, Ly and
R. The ‘admissible’ structure enables us to prove that all irreducible L-modules with
p-characters of height no more than

min{p" - p"ti=1,2,...,2r} =2

are induced from irreducible Ly-modules in the so-called nonexceptional cases. The
irreducible Ly-modules for the exceptional cases have been described by Shen [15],
Holmes [2], and Pu and Jiang [12].

The irreducible modules for the rank-one Hamiltonian algebra H(2;1) were
classified by Koreshkov in [8] using a technical computation. Koreshkov’s result
for the irreducible modules of H(2; 1) is more general than the one we give in this
paper. However, it seems difficult to generalize his results to general Hamiltonian
algebras. In [19] Skryabin extensively studied representations of the restricted Poisson
algebra which is a central extension of the restricted Hamiltonian algebra. His work
follows a similar approach to that taken in the work of Premet and himself for the Lie
algebras of reductive algebraic groups (see [11]). The results of [19] can be applied to
estimate dimensions of some irreducible representations of the restricted Lie algebras
of Hamiltonian type (see Proposition 4.15).

2. Preliminaries

In this paper we always assume that the ground field F is algebraically closed and
of prime characteristic p >?2. We let Z.( (respectively, Zso) denote the set of all
positive (respectively, nonnegative) integers. We fix a positive integer m and an m-

tuple n = (ny, ny, . .., ny) € ZZ. All modules (vector spaces) are taken over F and are
assumed to be finite-dimensional.
We define
A(m;n) :={a= (a1, a2, ...,y | @ €Zsg, a; < p",¥i=1,2,..., m}
and set

T=0(p"-1,p"—-1,...,p" =1).
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There are natural partial orders ‘<’ and ‘<’ on A(m; n) defined as follows.

(i) Wesaythata <B,a,f€A(m;n)ifq; <B;foralli=1,2,...,m.
(i) Wesaythata <Bifa <Band a #p.

Using this notation, we can rewrite A(m; n) as
A(m;n) ={a=(a,az,...,a,) | 0La =1}

For brevity we write &; = (6;1, 012, - - - » Oim)-
We use the following componentwise operations in A(m;n). For any elements
a, B € A(m; n) we define

aiﬁ: (al iﬁhaZiﬁZ,' --sam iﬂm),

al:= ﬁ a;!,
i=1
a) m ;
(51105
la| := i ;.
i=1

2.1. The generalized Jacobson—Witt algebra W(m; n). Let 2(m; n) denote the
divided power algebra which is an F-algebra with an F-basis {x* | @ € A(m; n)} and
multiplication subject to the following rule:

and

+
x¥xP = (a 'B)x‘”ﬁ Ya, 8 € A(m; n)
a
with the convention that ) = 0 if y ¢ A(m; n).
For any i € Z5( define
A(m; )y := F-span{x” | la| = i}.
Then we have that ;
Acm; m) = (P Am; my
i=0
which is a natural gradation of U(m; n). Here s = 3, (p" — 1). We also write
W(m; n); = @ A(m; m) ).
jzi

Then
A(m; m) = A(m; m)g 2 A(m; m); 2 - - -

is the natural filtration associated to the natural gradation given above.
For 1 <i<m, let D; denote the special derivation of (m;n) which satisfies
the condition that D;(x*) = x*~% for all @ € A(m; n). By definition the generalized
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Jacobson—Witt algebra is defined by
W(m;n) = F-span{x*D; |a € A(m;n),i=1,2,...,m}
and endowed with the Lie bracket satisfying

[ani, X‘BDj] :(CZ +ﬁ_8i)Dj_(a/ +ﬁ_8j)Di
@ B

forany o,f€e A(m;n)and i, j=1,2,...,m.

Note that all D;, for i=1,...,m, are mutually commutative. Associated with an
element a € A(m; n) we have a linear operator D := []1, D?" on A(m; n).

For any i > —1 we define

W(m; ) := F-span{x"D; |lal=i+1,j=1,2,...,m}.
Then
s—1
Wm; m) = P Wim; my

i=—1
is a gradation of W(m; n). Here s = Z;.":l(p”f — 1). Associated with the gradation we
have a filtration

W(m;n) = W(m;n)_; 2 W(m;n)g 2 - - -
where W(m;n); := @jzi W(m; m);;. By [20, Section 4.2], W(m; n) is restricted if and
onlyifn=(1,1,...,1).
2.2. The Hamiltonian algebra L = H(2r; n). Recall that the Hamiltonian algebra
L= H(2r;n) is defined to be

L={D e WQ2r;n)| Dwy =0}

where wy = ),/_, dx; A dx;,,. For the details we refer the interested reader to [9, 20].
This algebra may be described using a linear operator Dy : A(2r; n) — W(2r; n) which
is defined by x* - Ziz:’ , 0())Di(x*)D; with the Lie bracket formula satisfying

[Dy(x"), Dp(xF)] = Dy(Dp(x*)(xF)) YO<a,B<1.

. 1 ifl<i<r,
o(i):=

Here we have

-1 ifr+1<i<2r
and

..
=

i+r ifl1<i<r,
i—-r ifr+1<i<2r

Thus
L= F-span{Dg(x*) |0 < @ < 7}

(see [20] for the details). Moreover, L is a simple Lie algebra and, furthermore, it is
restricted if and only if n=(1, 1, ..., 1). The following facts about L = H(2r; n) are
easy to establish.
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(1) There is a natural gradation of L which inherits the gradation of W(2r; n). That
is, L= @f:__zl Ly where Ly = LN W(Q2r;m); and s = 327, (p" - 1).

(2) Inthe above graded structure of L we have L) =~ sp(2r) under the map ¢ : Ljy; —
sp(2r) with Dg(x**) — o (i)E;» and

Du(x***) = 0()Eyy + ()i

for1<i,j<2ri#j.
(3) Associated with this gradation, there is a filtration

HQ2r;n)=HQ2r;n)_; 2 H2r;n)g 2 - -

Here
HQ2r;n); = H2r;n) N W(2r; n);.

According to results of Block and Wilson (see [21]), this filtration is invariant
under the action of the automorphism group Aut(L).

2.3. Generalized restricted Lie algebras and generalized restricted ( y-reduced)
representations. It is well known that not all Cartan type Lie algebras are restricted
Lie algebras but that these algebras are generalized restricted Lie algebras in the
following sense (see [16]).

DeriniTion 2.1. A generalized restricted Lie algebra L over F is a Lie algebra
associated with an ordered basis E = (e;)|;e; and a mapping ¢s : E — L sending ¢; —
e”. Here s = (s)|ic; where s; € Z., satisfies the condition that ad ¢/* = (ad ¢;)?" for all
iel

The algebra H(2r; n) is restricted under the mapping D — D'?!. Here DI”! is the
usual pth power of the derivation D. So ad x!7! = (ad x)” for any x € H(2r; n)o, and this
is, in particular, true for any element x taken from a fixed basis E| of H(2r; n)y. Set E =
E\U{Dy, Dy, ..., Dy}. Then E is a basis of H(2r; n). After rearrangement, we may
assume that E = (el-)|§:1 is such that e;=D;, i=1,2,...,2r, and e; € E; for j>2r.
Here ¢t = dim H(2r; n) which is equal to pZ m—2.8ets=(n,ny,...,n, 1,1,...,1)
and define a map ¢ : E — H(2r;n) sending ¢; — 0 for 1 <i<2r and ¢; — eg.p] for
j>2r. It is then obvious that the condition ad efs =(ad ¢;)?" is satisfied for all
i=1,2,...,¢t. So H2r;n) is a generalized restricted Lie algebra in the sense of
Definition 2.1.

Schur’s lemma implies the following fact for a generalized restricted Lie algebra
over F.

Prorosition 2.2. Let (L, ¢s) be a generalized restricted Lie algebra over F associated
with a basis E = (e;)|ic; and ¢s (called the generalized restricted mapping associated
with the basis E) where s = (8;)|ie; with s; € Zs¢ for all i € I. Suppose that (V, p) is an
irreducible representation of L. Then there exists a unique y € L* such that

ple))”" - p(ef™) = y(e)"idy Ve, € E. @1
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Dermvition 2.3. The function y defined above is called a (generalized) p-character
of V. A representation (module) of L satisfying (2.1) is called a generalized y-reduced
representation (module). In particular, when y = 0, such a representation is called a
generalized restricted representation (module) of L.

Now suppose that (L, ¢5) is a generalized restricted Lie algebra associated with a
basis E = (e;)|ie; and ¢s where s = (s;)|;e; satisfies s; € Z.o for all i € I. For any y € L*,
define )

Up(L, x) := UL)/(e!" = €f* = x(er)”" | e; € E).

Here ‘ ‘
(" —ef —x(e)" lei € E)

1

denotes the ideal in U(L) generated by the central elements ef v efs — x(e;)?" for
all e;e E. The algebra Uy(L, x) is called the generalized y-reduced enveloping
algebra of L. When y =0, the algebra U,(L,0) is often called the generalized
restricted enveloping algebra of L and is simply denoted by U,(L). We have
category equivalence between the generalized y-reduced (respectively, generalized
restricted) module category of L and the U,(L,y) (respectively, Ups(L))-module
category (see [16]).

REMARK 2.4.

(1) Arestricted Lie algebra (g, [p]) is a generalized restricted Lie algebra associated
with an arbitrary given basis £ and s=1:=(1,1,...,1). The generalized
restricted mapping ¢ is the restriction of the usual restricted mapping [p] on E.
Furthermore, in this case, a generalized y-reduced module (enveloping algebra)
coincides with the y-reduced module (enveloping algebra).

(2) The invariance of the filtration for L = H(2r; n) enables us to define the height of
anonzero y € L* via

ht( x) := max{i | x(L;-1) # 0}

and ht(0) := —1. Now the height function on L* is invariant under the action of
Aut(L) defined by o - y = y o 0! for o € Aut(L) and y € L*.

2.4. Independent systems of differential operators. Suppose that R is an
associative commutative F-algebra with unit. Endow the endomorphism algebra
Endg R with an R-module structure by putting

(f-o)Q)=fp(g), Vf,geNR, ¢eEndrR.

DeriniTION 2.5. A system of endomorphisms @ € EndrR is called independent if
Val @’ =R" for any finite subset @’ = {1, ¢2, ..., ¢,} € ®. Here Val @’ denotes the
submodule of the free R-module R” generated by all n-tuples (¢;(g), ©2(2), - - ., ©n(g))
with g e R.

ProposiTioN 2.6 (See [18, Proposition 3.5]). Suppose that

@ 1 1<i<2r,0<r<m)
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is an independent system of derivations of R. For any given subset A C A(2r; n) and

n-tuple y € A, there exist a finite number of elements fi, f>, ..., fu, 81>82,---,8 €R
such that the following condition is satisfied:
! 1 ifa=vy
D 5= {O AL 2.2)
— ifecAanda +vy.

RemMark 2.7. For R = A(2r; n), one can easily see that
(DM 1 1<i<2r,0<r;<n)

is independent in the sense of the Definition 2.5.

2.5. Exceptional modules. We turn to the representations of Ly which can be
identified with sp(2r) under ¢ in Section 2.2(2). We define h; := E;; — Ejy 4, for
i=1,2,...,rand

bh=F-span{h; |i=1,2,...,r}.

Then b is a canonical torus of sp(2r). The isoclasses of irreducible restricted
representations of sp(2r) are parameterized by the set of restricted weights

X)) :={1ebh” |Ah)P = Ah),i=1,...,m}.

A simple module corresponding to A is denoted by Ly(d) which is a ‘highest weight’
module with ‘highest weight’ A (see [5]). This implies that Ly(1) is generated by
a nonzero vector v satisfying the conditions that h;.v = A(h;)v for i=1,2,...,r and
N -v=0. Here

N =F-spa{E;; — Ejirisr, Ejjur + Ejivr, Epir | 1 i< j<r, 1<k <)

Let g; € b* be such that g;(h;) =06;; for i, j=1,2,...,r. Define wy=0 and w; =
23:1 gjfori=1,2,...,r. Then wy, wy,...,w, constitute a system of fundamental
weights of sp(2r). A simple sp(2r)-module Ly(w;) corresponding to the fundamental
weight w; (0 <i <) is usually called exceptional. Similarly, a simple module (pg, V)
of Ly is called exceptional if (pp, V) is isomorphic to some Lyo(w;) as an Ljp-module
with a trivial action for py(Ly).

ProposiTiON 2.8. Let 1<s;<2r for i=1,2,3,4.  Suppose that an irreducible
representation o of the Lie algebra sp(2r) in a vector space W satisfies the following
relation:

Z 6{ StV S1,52,83,54) (O-(S)Q(Ets’ ) + O—(I)Q(Est’ ))(O—(M)Q(Evu’ )

1<s<t<2r 1<u<v<2r
2r  2r

+ O—(V)Q(Euv’)) + Z Z 6{s,s,u,u}{s1,sz,S3,S4}O-(S)Q(Ess’)O—(M)Q(Euu')

s=1 u=1
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2r
+ Z Z 6|M,V,S,Sl[51,52,53,54]O-(S)Q(Ess’)(o_(u)Q(Evu’) +a(o(Ew))

1<u<v<2r s=1

2r
D St snss s (C$)0(En) + (O Eyy))or ()0 Euar)

1<s<t<2r u=1

=0

(2.3)

where
1 if{s, t,u, vl ={s1, 52, 53, Sa},

o) e e o=
(torlon,02,55.54) {0 if (5,1, 1, v} # {51, 52, 53, 84},

with the convention that {ay, ay, as, as} = {by, by, b3, bs} if and only if there exists
o € S4 such that a; = by foralli=1,...,4. Then W is exceptional.

Proor. Leta €{l,2,...,2r}. If we assume that s; = s, = 53 = 54 = a in (2.3), then we
obtain that o(E,,)* = 0. Now we consider

Wi=weW|o(E s )w=0foralli=1,2,...,r}.

We have W; # 0 since all the o(E;;;,) are mutually commutative and act nilpotently
on W.

Fixbe{l,2,...,r}andac{r+1,r+2,...,2r}suchthat b<a’. Set s; =s,=b
and s3 = 54 = a’ in (2.3). We obtain that

O(Epa + Eqir)* + 0(Epy)O(Era) + 0(Eara)o(Eppy) = 0. 2.4)

Note that o(Ep, + E4y) commutes with o(E; ;) foralli=1,2,...,r and so W is
stable under the action of o(Ep, + Ey ). Furthermore, by (2.4), o(Ep, + Epy) acts
nilpotently on W;. Now set

Wy={weW|0(Eps + Eop)w=0,¥be{l,2,...,r},
acl{r+1,r+2,...,2rfand b < d’}.

Then W, #0 by Jacobson’s theorem about weakly nil closed sets (see [20,
Theorem 3.1, Ch. I]).

Using a similar argument, one can check that W, is stable under the action of
O(Eri — Eiyppsr) forall k,ie{1,2,...,r}and k<i. Let 1 <b<a<randsets; =s; =
b and s3 = s4 = a’ in (2.3). Then we obtain that

Q(Eba - Ea’h’)2 - 2Q(Eu’a)Q(Ebb’) =0.

Therefore o(Ep, — E4y) acts nilpotently on W,. Hence Jacobson’s theorem about
weakly nil closed sets implies that

Wis={we W, |o(Ep;s — Eyp)w=0,forall 1 <b<a<r}+0.
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Let

N =F-span{{Ep, —Eypy |1 <b<a<r}U{E;;;, |1 <i<r}
U {Ei,j+r+Ej,i+r|1Si<jsr}}-

Note that
Wi ={weW|oN)w=0}.

It is obvious that W3 is stable under the action of
b = F—span{hi =F; - Ei+r,i+r | 1<i< r}.

So there exists a weight vector w in W3 such that o(N)w = 0 and o(h;)w = A;w which
is a maximal-weight vector.

Next we fix a maximal-weight vector w € W3. Forie {1, 2,...,r}, setting s; = s, =
iand s3 = s4 =i+ rin (2.3), we obtain that
O(Eii = Eisrisy)* — 0(Eijx)0(Eisri) — 0(Eisr)0(Eij4r) = 0. (2.5)
Now both sides of (2.5) act on w and so we obtain that /lt.z — A; =0. Therefore 4; =1
or 0.

Letl<i<j<r. Setsy =i, =js3=i+rand sy =j+ rin(2.3). Then we obtain

O(Eii — Eiyrisr)O(Ejj — Ejirjur) = 0(Ej jur + Ejis)O(Eirrj + Ejiri)
+ 0(Eij = Ejirivr)O(Eji — Eivrjir) (2.6)
=0.
Both sides of (2.6) act on w and so we obtain
Aid;—22; =0, @2.7)

Now if 2; =0, then by (2.7) we get 4; =0 for all j>i. If all 4;=0, then w is an
exceptional-weight vector. Otherwise assume that iy = max{i | A; # 0}. Then we have
A=A =---=4,=1and ;11 = Ajj+2 =--- =4, =0. Thus w is also an exceptional-
weight vector. In conclusion, W is exceptional and our proof is complete. O

3. The category C for the Hamiltonian algebra H(2r; n)
From now on we shall always set L = H(2r; n), Lo = H(2r; n)g and R = A(2r; n).

3.1. The (R, L)-mod and the category €. In [18] Skryabin introduced the category
¢ for the study of representations of the generalized Jacobson—Witt algebra. In this
section we shall extend this category to the Hamiltonian algebra H(2r; n).

Derinition 3.1, Let (R, L)-mod denote the category whose objects are finite-
dimensional vector spaces M endowed with an R-module structure (M, pg), an
L-module structure (M, p;), an Ly-module structure (M, o) and which satisfy the
following ‘connection’ property:

R [pL(D), pr( )] = pr(D).
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Let € denote the subcategory of (R, L)-mod consisting of those objects which satisfy
the additional conditions:

R2) [o(D"), pr( )] =0;

(R3) [o(D"), pL(D;)] = 0;

R4) pr(Du( ) = 27, cDprDi( NPL(Di) + X g2 pRIDPF) 0 o(D(xP)).

Here feR,DeLand D' e Ly fori=1,2,...,2r. The morphisms in the categories

(R,L)-mod and € are the mappings which preserve the corresponding module
structures.

The objects in € (respectively, (R, L)-mod) are often called C-modules
(respectively, (R, L)-modules).
For a given R-module (M, pg) and a given set

b = {{pa, € Endg(M) | @ € A(m; n)},

we put

Supp(®) := {a@ € A(m; n) | ¢, # 0}
and

deg(®) := max{|a| | @ € Supp(D)}.
For f € R we define

()= Y. prD" (o
a€cA(m;n)
The following lemma, which is a special case of [18, Lemma 4.5], will be useful in
what follows.

Lemma 3.2 [18, Lemma 4.5]. Let M and ® be given as above. Suppose that M’ is
an F-vector subspace of M which does not contain any nonzero R-submodule of M.
Then the R-endomorphisms ¢, are nilpotent for all a with || = deg(®) which satisfy
the following conditions with respect to ®:

(1) all endomorphisms ¢, with || = Supp(®) are mutually commuting;
(2) M’ is stable under all endomorphisms ®( f) where f € R.

3.2. Submodules and homomorphisms in the category €. According to
Remark 2.7, .
{Dfi [1<i<2r,0<r;<n;}

is independent. For objects M, N € € and a mapping ¢ : M — N, we let I'(¢) denote
the graph
{(m, o(m)) [ me M}C M &N

of ¢. Then ¢ respects any of our three module structures if and only if I'(¢) is a
submodule of M & N with respect to the corresponding module structure. Thus ¢ is a
morphism in € if and only if I'(¢) is a submodule of M & N. We have the following
proposition which describes the submodules and homomorphisms in the category €.
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‘We use the notation
A'@2rin):={a= (a1, as,...an)€Am;n) |a; < p" —p" ' Vi=1,2,...,2r).

ProrosiTiON 3.3.

(i) Let M € € and assume that
o(Dy(x*) =0 for @€ AQr;n)\A’(2r; n). (3.1)

Then any (R, L)-submodule M’ of M is a C-submodule.
(1) Let M, N € € and assume that both M and N satisfy Equation (3.1). Then any
(R, L)-module homomorphism ¢ : M — N is a morphism in the category €.

Proor. (i) We only need to prove that M’ is a o(Ly)-submodule. Set
A:={a€AQr;n)||al =2}
and o(Dy(x*)) # 0}. Let
A =AU{gli=1,2,...,2r}.

Applying Proposition 2.6 to A” and a fixed element y € A, we can find a finite number
of elements f,, g, € R such that

1 ifa=vy,
Z fD%%, = . y, (3.2)
- 0 ifaeA’\y.

Using the above formula, we obtain the equation

> pr(f)p(Du(g,)

2r

= Z pR(fv)(Z o (Dpr(Di(gy)pL(Dy) + Z pR(Dﬁ(gv))Q(DH(xﬁ)))

i=1 1B1>2

2r
= > T pr(fDig)prD) + Y > pr(HD (g )e(Du(x")
i=1

v IA2
=0(Du(x7)).

It follows from the above equation and our assumption on M’ that M’ is stable under
the endomorphism Y, pr(f,)oL(Dr(g,)). Hence M’ is stable under o(Dy(x7)) for all
v € A. Therefore M’ is stable under o(Ly) and M’ is a €-submodule.

(i1) The direct sum M @ N is an object of the category € satisfying Equation (3.1).
The graph I'(p) is an (R, L)-submodule of M & N. So by (i), ['(¢) is a o(Ly)-submodule
of M @ N. Thus ¢ respects the o(Lp)-module structure. Therefore ¢ is a morphism in
the category €. O

Proposition 3.3 enables us to obtain the main result of this section.
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THEOREM 3.4.
(i) Let M € €. Assume that

M is a completely reducible o(Ly)-module with no exceptional (MC1)
irreducible direct summands
and that

o(Dy(x*) =0 forall @ € A(m; n)\A’(m; n). MC2)

Then any L-submodule M’ of M is a €-submodule.
(i) Let M, N be two objects of C satisfying conditions (MC1) and (MC2). Then any
L-module homomorphism ¢ : M — N is a morphism in €.

Proor. As we showed in the proof of Proposition 3.3, (ii) is a direct consequence of
(i). By Proposition 3.3 we only need to prove that M’ is a R-submodule of M. We will
make use of the strategy that Skryabin proposed for W(m; n) in [18].
Let
P={meM|pr(R)ymC M’}

be the largest R-submodule contained in M’ and let Q = pr(R)M’ be the smallest
R-submodule containing M’. By (R1), P and Q are L-submodules. Hence by
Proposition 3.3, P and Q are €-submodules.

We can consider Q/P € € and its L-submodule M’/P. To begin with, we impose
the additional assumption that M’ contains no nonzero R-submodule of M and that
Pr(R)M’ = M. Then it is sufficient to prove that M = 0.

We will seek endomorphisms ¢ of M lying in the associative algebra generated
by the endomorphisms o(D’). We assume that D’ € Ly has the property that for any
f € R the endomorphism pg( f)¢ belongs to the associative subalgebra generated by
the endomorphisms p; (D) with D € L. This implies that the L-submodule M’ is stable
under pr( f)¢ for any f € R. Hence, it contains the R-submodule pgr(R)p(M’). By
the hypothesis we have ¢(M’) = 0. By (R2) in Definition 3.1, we know that ¢ is an
R-module endomorphism and so

(M) = e(pr(RIM") = pr(R)p(M") =0,

which implies that ¢ = 0. This gives many relations between the endomorphisms o(D’)
with D’ € L. These relations will lead us to the conclusion that M = 0.

Now assume that M # 0. By assumption (MC1), we know that M is not a trivial
Ly-module. Thus there is some i for which o(L;) # 0. Take

I =max{i|o(L;-1) # 0}.

First, consider the case where / < 1. In this case M is a module of the quotient
algebra
LO/LI = L[O] = 5p(2r)

For any sy, 52, 53, 54 € {1, 2, ..., 2r} we may apply Proposition 2.6 to

A={a€A(m;n)||a| <4}
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and

Y =Eg +8S2 +8s3 +8S4

to find f,, g, € R = A(m; n) such that

Z £Dg, = 1 ifa= “fs] +&;, + &5 + 85, (33)
- 0 otherwise.

The above formula implies that for any f € R we have

D PLDu(f)prDu(g,)

2r
= 2D iR £ oD + Y pR(Dﬁ<ffv)>@<DH(xﬁ>))
v =1 181>2
2r
x (3 corDi(e oD + Y prD (8)eDu(x)
j=1 [y1=2

2r
- Z(Z F(or(D fF,)pr(Dr)

v =1

+ Z PRDDi(f fi)) o (8)0(Ery) + o (D)0(Er))

1<s<t<2r
2r
£ DD FNTIE)) Y rprDigpuDy)
1<s<2r j=1
+ Z pR(DuDv(gV))(O-(u)Q(Evu') + O-(V)Q(Euv'))
1<u<v<2r
+ 3 pr(DDUENT W Eur)
1<u<2r

2r
= N2 D0 D, TerADD DD WeEne) + T (v)eo(Eun)

v i=1 1<u<v<2r

2r  2r
+ > 20> o pr(fDiDy DuD(g)o (W E )
v i=l u=1

2r
= >0 DT c(pr(f:D;Dy DD )N ()o(Ery) + (D) Exe))

v j=1 1<s<t<L2r

+ 0 D pr(ADDDD( )N (o)

v 1<s<t<2r 1<u<v<2r

+ 0(0(Es )0 (Wo(Eve) + o (v)O(Euwy))
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2r
> D PRCADDDD(8 ) (s)o(Ery)

v 1<s<t<L2r u=1

+ O-(t)Q(Esf’ ))O_(M)Q(Euu’ )
2r  2r

- O-(j)pR(vaij'Dst(gv))O-(s)o-(Esx’)
22,2,

v j=1 s=1

2r
£ 0 30 3 o(fDuD.D D8 )T () Esy N0 ()0 Evi)

v 1<u<v<2r s=1

+ O-(V)Q(Euv' ))
2r  2r

£ 30D RUADDDDUE N E ) Wo(Eur) )

v s=1 u=1

=pr( )¢

where

o= 2 D eeADDDDEN0E)

v 1<s<t<2r 1<u<v<2r

+ U([)Q(E;,/))(O’(M)Q(EW/) + O-(V)Q(Euv’))

2r
> D pr(ADDDD, (8N ()(Er) + (D Eyy )0 e Eue)

1<s<t<2r u=1

2r
£ Pr(ADDDD(@NT(S)OE e oo En) + (i)
1<u<v<2r s=1
2r  2r
+ 3 2 prCADDDD N E s ool Eur)).

s=1 u=1

By the previous analysis, we know that ¢ = 0. Keeping the formula (3.3) in mind,
we finally arrive at the situation where (2.3) is satisfied for o. By Proposition 2.8
any simple submodule of M is exceptional. This contradicts our assumption on M.
Therefore [ > 1. It follows that o(L;) = 0 but o(L;—;) is a nonzero abelian ideal of o(Ly).
For any f, f,, g, € R we have the following computation:

> pLDu(fF)pL(Du(g,)

2r
= 2D oD NP + Y prDAf FNeD )
v V=l 151>2
2r
x (D oD LD + Y pr(D (8)eDu(x7))
j=1 [yI=2
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2r  2r

=33 e ()prDi £ £ID (g )pL(Didpr(Dy)

v =l j=1
2r  2r

+ 20> ) (Dpr(Di £ £)DD(8)pr(Dy)

v =l j=1

2r
+ 203> aDpr(DAFFIDY (@)pDi)o(Du(x"))

v =1 [y[>2

2r
+ 30 aprDAFFIDY (g))o(Dp ()

Vil [y>2

2r
+ 030 > d(prDP(f 1D (8P )e(Di(xP))

v |Bz2 j=1
£ 30 pRDECf H)DY (@ )e(Dr(xP)o(Du(x")
v 18122 [y22

2r  2r

=230 Do (erDi £ D (8 pr(Dipr(Dy)

v =l j=1
2r  2r

= 2. > > e (Dpr(fADD (@)pr(Di)pr(Dy)

v =1l j=1
2r  2r

+ > >0 > e (pr(Di £ £,Di Di(g)pr(Dy)

v =1l j=1
2r  2r

= Y 3> ol (pr(f DDy Dj(g))pL(Dy)

v =l j=1

2r
+ 20> > aDpr(DAFADY(@))pLDi)o(Du(x"))

v =1 [y=2

2r
= >0 d@pr(FAD (@ )pi(Dide(Du(x))

v =1 y|>2

2r
+ 30 aprDAFAD (gD ()

v =l |y>2

2r
= 20D > T DpR(FADT (g,)o(Du(x")

v =1 y[>2
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2r
DIPNDI ff(j)(—1>'ﬁ"'(g/)prﬁ'(fvaﬁ"”f(gv»)pL(Df)e(DHuﬁ»
v =1 B2
BB+

> '( )pR<Dﬁ’(ffyDﬁ””(gv)))g(DH(xﬁ»g(DH(xV)).
voBI22 yIx2
B=B'+B"

The final equation in the above computation follows from the formulas

Di(f)g=Di(fg) — fDi(g) Vf,g€R
and

D(pg= ), - '( )D"‘(fD“ (@) VfgeR

o' +a =a

Let y € A(2r;n) be such that |[y|=1+1. Set t=1[+ 1. Then for all y € A(2r; n)
which do not satisfy either of the conditions y = (p — 2)&; or n = 1 for some k, we can
always choose v’ € A(2r; n) such thaty + ¥’ € A2r;n), ¢’ = |y’| > 2 and ( ) # 0. Thus,
by Proposition 2.6, there exist f,, g, € R satisfying

S o v:{(l) ifa € A2r;m), lo| <2randa %y +7/, G

ifa=y+7y.
It follows that
> pLDu(fF)pL(Du(g,)

= > > '( )pR(D"(fva” #(g)eDu(x")o(Du(x").
>2 |B>2 v

a=a'+a”’
(3.5)
The right-hand side of the above equation can be written in the form

>0 R ()W

a’€A(2r;n)
| |<t—t'

which is denoted by W( f). This is a convention that we set previously for a family of
R-endomorphisms

¥ ={yy €Endp(M) | @’ € AQ2r;m), |a'| <t -1}
satisfying the condition

o= Y (- 1)( )g(DH(x DD ")) forle/|=t-7.  (3.6)

a=a’+a”
laf=t

Here the assertion that ¥ C Endz(M) follows from (R2).
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In the case where y = (p — 2)g; and ny = 1 for some k, one can choose ¥y’ = g and
v + v € A(2r; n) such that (3.4) holds. In this case,

D LD fF)prDu(g,)

=2 2 Z(—l)'“”'(“)pR(D“KffyD“”+ﬂ(g»))g(DH(x“))g(DH(xﬁ))

a/
l|>2 G122 v
a=a'+a”"

+ 0 (K)pr(Di (f)o(Dp(x))

= > prDY ()W + K )r(Die (NDr(X"))
lo'[<t-1

£ orD ()
la’|<t-1

=¥/

where ¥ denotes the system of R-endomorphisms
(Yo €Endr(M) | @ € AQr;m), |@| <1 —1}

satisfying

Vo =t = ), —(S,)@wﬂ(x“>)Q<DH<W"“”)) forle’l=r-1. (3.7

a=a’+a”
lal=t

By our assumption M’ is stable under ., pr(Du( f f,))pL(Du(gy)). It follows that
the above systems ¥ and ¥ satisfy the two requirements for Lemma 3.2. Lemma 3.2
now implies that those ¥, s in (3.6) and (3.7) are nilpotent. We may use the same
inductive arguments found in the proof of [18, Lemma 4.5] to deduce that the
constituent o(Dy(x7))s that appear in some ¢, for |a’| = [ + 1 are also nilpotent. Hence
all o(Dy(x*))s with |o| =1+ 1 are nilpotent. It follows that o(L;_;)|w =0 for any
irreducible o(Ly)-submodule W of M. The complete reducibility of M as a o(Ly)-
module implies that o(L;-;) = 0. This contradicts our choice of /.

The proof is now complete. m|

4. Irreducible representations of the Hamiltonian algebra

4.1. Nonexceptional modules. We use the same notation as we used earlier. In
particular, we set
R=U(m;n), L=HCr;n).

Recall that the height of y € L* is defined as
ht( y) := max{i | y(L;-1) # 0}.

This definition is given in Remark 2.4(2) with the convention that ht(0) = —1. Since
Ly is a restricted subalgebra, the Schur lemma implies that any irreducible Ly-module
is associated to a unique £ € L. Let (V, po) be a x|r,-reduced representation of Ly for
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some y € L*. Then we have an induced module

o YqUs L0,
Vi=Indj, TV = Ups (L, X) ®uig V-

Here s=(ni,ny,...,0,,1,1,...,1) and Uxs(L, y) is the generalized y-reduced
enveloping algebra of L (see Section 2.3). In addition, U(Ly, ) is the y|.,-reduced
enveloping algebra of Ly. By the Poincaré—Birkhoff-Witt theorem we have V =
Y FEF ® V as a vector space. Here E* = D{'D}? - - - D} where 0 < o; < p" — 1 for
1<i<2r.

Next we show that V' becomes an object of the category € and then apply the results
on the category € to V. The argument will proceed in steps.

Step 1. The R-module structure pg is defined via

B

PrRXNEP @ v = (—1)""(0)Eﬂ‘“ V. 4.1)

It is routine to verify that V is an R-module with the corresponding module structure

defined by (4.1).

Step 2. The L-module structure on py is defined via

pL(Dp(xX*NEF @ v
= Z(—l)'“l—l ((ﬁ + Si’) _ (:3 + & )) Ehrete-a g
" o — & a— &

) (—1)'“"”( g )Eﬁ”—“eapo(DH(xV))v.
O<y<a @=y
=2

4.2)

. . . Uys(L,
Let ind denote the induced representation of L on V = Ind U’( L(o ;())V. Note that for

any x* € A(m; n) we have Dy(x*) = 3.7, Dy(x). Here, and later on, the divergence
map D;; for 1 <i, j <2ris defined to be a linear map from the divided power algebra
A2r; m) to the generalized Jacobson—Witt algebra W(2r; n) via

Dij(x“) = xa_st,' — xa_siDj
for @ € A(2r; n) (see [20, Section 4.3]).

RemARk 4.1. Using the same arguments as in [24, Proposition 5.1], it is easy to see
that the action of L on V defined by (4.2) coincides with ind. So “V becomes a
generalized y-reduced L-module with the corresponding L-module structure defined
by (4.2).

Step 3. The Lyp-module structure on o is defined via
o(DYEP ® v = EP ® po(D')v. 4.3)

It is obvious that V becomes a /|, -reduced Lo-module with the corresponding module
structure defined via (4.3) since (V, po) is a y|z,-reduced representation of L.
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In the following theorem we prove that V is an object of the category €.
TueoreM 4.2. V belongs to the category €.

Proor. We need to check that (R1)—(R4) of Definition 3.1 hold.
(1) Forany a,B,ye A(m;n)andveV,

[oL(Du(x")), pr(XPIE” @ V)
= pr(Du(x™)) 0 pr(xP)EY @ v) — pr(x*) 0 pr(Dy(x))(E” ® v)

= (—1>'ﬁ'(2,)DH(x“>EY‘ﬁ ®v - pr(F)Dp(x)E? @ v
- Z(—l)ﬁ'(Z)Di/i(x(')Ey‘ﬁ ®v= D PRODH(E @ v
i=1 i=1

B Z(—l)ﬂ'(;)Di/mx“)Ey‘ﬁ ® v~ pr()Dii(x)E ® v
i=1

= " PR PNE @ v
i=1
= pr(Du()XP)E @ v,
where the fifth identity follows from (1) in the proof of [24, Theorem 5.3]. Therefore

LoL(Du(x™)), pr(xP)] = pr(Du(x*)(xF)).
Hence (R1) holds.
(2) Forany a,B8,y€e A(m;n)andveV,
[o(Du(x)), pr(xP)I(EP @ v)
= 0(Dp(x")) 0 pr(xP)EP @ v) — pr(xP) 0 o(Dp(x))N(EF @ v)
= (-1 '(;)EVﬁ ® po(Dp(x™))y — (—=1)A '(Z)Eyﬁ ® po(Du(x))v
=0.
Therefore
[o(Du(x"), pr(xF)] = 0.
Hence (R2) holds.
(3)Forany a,f€ A(m;n)andveVand D; e Li_y,i=1,2,...,2r,
loL(Dy), oDy (x*NI(EF @ v)
= p1(Dy) 0 @(Du(x)(EF ® v) = o(D(x")) 0 pr(D)(EF ® v)
= EP* @ po(Dp(x™))v — EP* @ po(Dp(x*))v
=0.
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Therefore
LoL(Dy), o(Dp(x*))] =0
Hence (R3) holds.
(4) Forany a,f€ A(m;n)andveV,

pLDH(X))EF @ v)
B+ & B+¢&i
(a' ‘9!) ( —&r )

= 2(—1)'”"‘
i=1

+ > 1t 'Y'( 8 )Eﬂ+7“®po(DH(x7))v

O<y<a
[y1=2

/3+6, +ey—

‘Qv

while
2r

(Z o(Dpr(Di(x*))pr(Dy) + Z PR(XC'_V)Q(DH(XV)))(E[; ®V)

i=1 [y1>2
- Sevef ) (77
- a—&; a — &y

+ Z( el y'( - )Eﬁ”“@po(DH(xy))V-
O<y<a
lyI>2

Eﬁ+g,-+s,-/ Ry

Therefore

2r

pr(Dp(x™)) = Z o(Dpr(Di(x"))pr(Dy) + Z PrR(X)o(Dg(x7)).

i=1 [y|>2

Hence (R4) holds.
Since V satisfies (1)—(4), it belongs to the category €. O

As we pointed out previously, we have Lyo; = sp(2r). Fori=1,2, ..., 2r set
hi := —Dy(x***") = (i )x*" Dy + o (i)x* D;.

Then h; = hy foralli=1,2, ..., 2r. We continue to use f) to denote the canonical torus
of Ljo;. We have
bh=F-span{h; |i=1,2,...,71}.

Let (V,pg) be a representation of Ly and A= (1, Az, ..., Ap) € F¥. If0#veV
satisfies po(h;)v = A;v fori=1,2,...r, then v is called a weight vector of weight A.
If, in addition, po(N + L;)v = 0 where

N = F-span{Dy (x**%7"), Dy (x**), Dy2x*) |1 <i< j<r, 1<k <r},

then v is called a maximal-weight vector of weight A.
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We _choose g €b” such that g;(h;)=0;; for i, j=1,2,...,r. We let wp=0 and
w; = Z’j:, gjfori=1,2,...,r. We have the following result, which is a corollary to
Theorems 3.4 and 4.2.

TueorREM 4.3. Let y € L* satisfy the condition that

ht( x) < min{p" - p" 1|1 <i<2r} - 2.
If V is an irreducible Ly-module with character y and V is not exceptional, then
(V, pr) is an irreducible L-module.

Proor. Set R =UA(2r;n) and L = H(2r; n). By Theorem 4.2, V belongs to the category
€. Set
Vy= F—span{EH Qv|veV)}

fvz@%

OeA(m;n)

for some 6 € A(m; n). Then

and Vy = V as o(Ly)-modules. Therefore °V is completely reducible as a o(Ly)-module
and none of its irreducible direct summands are exceptional. This implies that the first
condition of Theorem 3.4 is satisfied.

The assumption that

ht( y) <min{p" — p" |1 <i<2r}-2

ensures that the second condition of Theorem 3.4 is satisfied. Therefore, by
Theorem 3.4, any L-submodule V”’ of V is also an R-submodule of V.

Suppose now that V”’ is an arbitrary nonzero L-submodule of V. Next we shall
prove that V' = V. Suppose that

t
O¢V=ZE9’®vi€(V'
=1

where 6; € A(m;n) and O#v; € V. Define a total order ‘>’ on A(m;n) by the
lexicographic order, that is,

a/:(a],a/z,...,am)bﬁ:(ﬁl,ﬁz,...,ﬁm)

if and only if |a| <|B| or || =|B| and there exists some i € {1, 2,...,2r} such that
«;=p; for j<iand a; <B;. Without loss of generality, we may assume that 6; =
max{f; |i=1,2,...,t}. Then §; > 6, for all j > 1. We now have

pr(Mw =D @y, eV,

Therefore V' =V by the simplicity of V as an Lj-module, and our result is
established. O
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RemMARrk 4.4. For n =1, that is, the restricted case, the result of Theorem 4.3 can be
deduced by combining [26, Theorem 2.5, Proposition 2.6]. In this case, the result
also coincides with a recent theorem of Wu, Jiang and Pu (see [23, Theorem 1]). In
the case of the rank-one Hamiltonian algebra H(2; 1), the result of Theorem 4.3 can
be obtained from [8] where the author gives a complete determination of the simple
modules of H(2; 1).

DerniTION 4.5. An irreducible L-module M is called exceptional if M contains an
irreducible exceptional Ly-submodule.

Finally, we may deduce the following theorem from Theorem 4.3.

THEOREM 4.6. Let y € L* satisfy the condition that
ht(y) <min{p" — p" ' |1 <i<2r}-2.

Suppose that M is an irreducible generalized y-reduced L-module which is not
exceptional. Then all irreducible Ly-submodules of M are isomorphic and M is
isomorphic to the induced module from any one of its irreducible Ly-submodules.
Furthermore, if N is another nonexceptional irreducible generalized y-reduced L-
module, then M = N if and only if all irreducible Ly-submodules of M and N are
isomorphic.

4.2. Exceptional modules. In the exceptional case the irreducible modules were
described by Shen in [15] and Holmes in [2] for y =0 (the height of 0 is defined
to be —1). For y # 0 with height 0, they were described by Pu and Jiang in [12].

In this subsection we list some results about the descriptions of exceptional modules
for completeness. The detailed arguments are found in [2, 12, 15]. Moreover, we can
obtain some more precise descriptions of irreducible representations with character
height not larger than 1.

Tueorem 4.7 [2, 12, 15]. Let L = H(2r;n) and let y € L* be such that ht( y) € {—1, 0}.
Assume that p > r and let L¥(w;) denote an exceptional irreducible L-module with
exceptional weight w; fori=0,1,...,r.

(1) Ifht(x) = -1, then
X(w) # L (w)) ifi#]
and
1 ifi=0,
s (LA e
(2) Ifht(x) =0, then

L¥(w) # LX(w)), ifi# jand{i, j} # {0, 1},
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while LX(wq) = X (w;) and

2r—1 2r—1
dimpLX(w,-):pZ""[(ir_l)—(ir_z)}, i=1,...,r

Thus we have the following theorem.

TueorEM 4.8. Let L= H(2r;n) and let y € L* be such that
ht( y) < min{p" — p" |1 <i<2r}-2.

(D In the case of nonexceptional irreducible L-modules:

(1) all nonexceptional irreducible Uys(L, x)-modules are induced from any
irreducible U(Ly, y)-submodule. ~ Moreover, all irreducible U(Ly, x)-
submodules of a nonexceptional irreducible U,(L, x)-module are
isomorphic.

(2) Let V, W be two nonexceptional irreducible Uy, (L, y)-modules and Vo, Wy
be any irreducible U(Ly, x)-submodules of V and W, respectively. Then
V =W ifand only if Vo = W,

(I1) In the case of exceptional irreducible L-modules we shall assume, further, that
p>r.

(1) If ht(y) = —1, then I¥(w;) ¢ L¥(w;) ifi # j and

dimy (@) =1 7i=0,
FEETE ) - (N -2 arsisr
(2) If ht(x) =0, then LX¥(w;) ¥ LX(w;) if i #j and {i, j} #{0, 1}. However,
LX(wp) = [X(w)) and

2r—1 2r—1
dimpLX(w,-):pZ""[(ir_l)—(;_2)}, i=1,...,r

Combining Theorems 4.3, 4.6, 4.8 and classical results on restricted irreducible
representations of the classical Lie algebra sp(2r) (see [7]) gives us the following
theorem which describes the isomorphism classes and dimensions of irreducible
generalized y-reduced representations of L = H(2r; n) with ht( y) = 0.

TueoreM 4.9. Let L = H(2r; n) and y € L* satisfy ht( y) = 0. Assume that p > r. Then
the following statements hold.

(1)  Irreducible Upys(L, x)-modules are parameterized by ‘highest weights’. Up to
isomorphism, there are p" — 1 distinct irreducible U, (L, x)-modules. These
modules are represented by {LX(1)| A € ]F; \ 0}.

(1) We have I¥ (1) = Ind(Ly(Q)) if and only if 1 ¢ {wy, . . ., w,} and [X(wy) = LX(wy).
Here Lo(A) denotes the irreducible restricted sp(2r)-module with ‘highest
weight’ A which can be considered as a restricted irreducible Ly-module with
trivial Ly-actions.
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(iii) If A is not exceptional, then
dimzLX(2) = p="dimz Lo(A).

In addition,

-1\ (2r—1
dimFLX(w[):pZ”f[(ir_l)—(ir_z)], i=1,....r

We can also give some descriptions of the irreducible representations with character
height equal to 1. For this we first note that if ht(y) =1, then x(L;)=0. As L;
is a p-nilpotent ideal of Ly, L; acts trivially on any irreducible U(Ly, y)-module
(see [20, Corollary 3.8, Ch. I]). Therefore the collection of irreducible U(Ly, x)-
modules coincides with the collection of irreducible U(Ljo}, x|z, (=U(sp(27), x|1,,))-
modules. If we combine this observation and Theorem 4.6, then it is easy to obtain
the following descriptions of the isomorphism classes and dimensions of irreducible
L-modules with character height 1.

TueOREM 4.10. Let L = H(2r;n) and let y € L* satisfy ht( x) = 1. Suppose that {S | S €
U} is a set of representatives for the isomorphism classes of irreducible U(Ljo), x|r,,) =
U(sp(2r), X|1,)-modules. Then the following statements hold.

(1)  Up to isomorphism there are |U| distinct irreducible Uys(L, x)-modules. They are
represented by {L¥(S) | S € U}.

(2) We have L¥(S) = Ind(S) for any § € O.

(3) We have dimp LX(S) = pZ" dimp S for any S € U.

RemMark 4.11. In the case where n=1, that is, L is restricted, the results of

Theorems 4.9 and 4.10 have been obtained in [4, Theorem 4.4] and [25, Lemma 2.2.3,
Theorem 2.3.4].

In the final part of this paper we combine the observation that the Poisson algebra
is a central extension of the Hamiltonian algebra with a result (see [19, Corollary 5.4])
of Skryabin on representations of the restricted Poisson algebra to estimate the
dimensions of some simple modules of the Hamiltonian algebras. In order to do this,
we define a truncated polynomial algebra

Bor = Flx1, %2, ..., %1/ (XY, x5, ., xh)

over F. One can define a Poisson bracket on B, as follows:

2r

[f.81= ) o@D HDy(g) Vf, g€ By

i=1

It is well known that B,, is a restricted Lie algebra with the p-mapping [p] satisfying
the condition that

(x)P) = x' ife=g+en,i=12,....r
0  otherwise.
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Clearly B, has a one-dimensional center generated by 1 which we denote by F.
Let By, = B,,/F. For any x € B, we also use x to denote the coset of x in B,, for
brevity. Note that B, = H ® Fx™ as vector spaces, wheretr=(p—1,p—1,...,p—-1)
and H = F-span{x” | @ < 7} with H = H(2r; 1). Furthermore, H is a restricted ideal of
B;,. The following lemma is due to Skryabin.

Lemma 4.12 [19, Corollary 5.4]. There exists an open dense subset U C B such that

for any £ € U all irreducible Ug(B,.)-modules have the same dimension p%(l’zr‘l’r).
Moreover, for any & € U with £(1) =0, F acts trivially on any irreducible Ug(B,,)-
module. So there is a one-to-one correspondence between the set of irreducible
Ug(By,)-modules and the set of irreducible Ug(Ezr)-modules.

ReEmark 4.13. The open dense subset U in Lemma 4.12 consists of the so-called
‘good’ elements of B} in the sense of [19].

For any irreducible H-module V with character y, one can consider a B,,-module
U )?(EZ,) ®u, ) V which is a U );(EZr)-module. Here y is a trivial extension of y to E;,
that is, y|g = x and y(x7) =

Consider the restricted Hamlltoman algebra H(2r; 1) canonically as a subalgebra of
Bs,. Then for any y € H(2r; 1)*, one can also consider y as a linear function on B,,
with the trivial action on Fx7, and furthermore as a linear function on 32r with the
trivial action on F. When we refer to y € H(2r; 1)* as an element of BZ, or B}, we
always obey this convention.

By Lemma 4.12 we immediately have the following proposition for estimating
dimensions of irreducible representations of H(2r; 1) with ‘good’ character y in the
sense of the following definition.

DeriniTioN 4.14. A character y € H(2r; 1)* is called a ‘good’ character if we have
x € U when y is referred to as an element of B} in the way stated above.

ProposiTioN 4.15. Let y € H(2r; 1)* be a ‘good’ character. Then for any irreducible
U, (H(2r; 1))-module V we have dimp V > p2?"=r)=1,
Proor. Consider the B,,-module
B = Ind?V := Uy(Bs,) @u,an) V.
By Lemma 4.12 we have dimy 8 > p2#” ") and our result follows immediately. O
The following example shows that ‘good’ characters may have very large heights.

ExawmpLE 4.16. Let r = 1. Define y € H(2; 1)* such that y(Dg(x%)) = ¢(x1x¥). Here
(77N 32 — F

2 kax® ¥ ke

Then y is ‘good’ in the sense of [19]. So y € U. One can easily check that
ht( y) =2p — 4 which is the highest possible character height. By Proposition 4.15,

we have dimg V > p%(“’z‘f”)‘1 for any irreducible H(2; 1)-module V with character y.
This can also be deduced from [8].

4.4)
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