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SUMMARY
The purpose of our study was to get deeper insights into sprinting with and without running-specific
prostheses and to perform a comparison of the two by combining analysis of known motion capture
data with mathematical modeling and optimal control problem (OCP) findings. We established rigid
multi-body system models with 14 bodies and 16 degrees of freedom in the sagittal plane for one
unilateral transtibial amputee and three non-amputee sprinters. The internal joints are powered by
torque actuators except for the passive prosthetic ankle joint which is equipped with a linear spring–
damper system. For each model, the dynamics of one sprinting trial was reconstructed by solving a
multiphase least squares OCP with discontinuities and constraints. We compared the motions of the
amputee athlete and the non-amputee reference group by computing characteristic criteria such as
the contribution of joint torques, the absolute mechanical work, step frequency and length, among
others. By comparing the amputee athlete with the non-amputee athletes, we found reduced activity
in the joints of the prosthetic limb, but increased torques and absolute mechanical work in the arms.
We also compared the recorded motions to synthesized motions using different optimality criteria
and found that the recorded motions are still far from the optimal solutions for both amputee and
non-amputee sprinting.

KEYWORDS: Dynamics reconstruction; Amputee sprinting; Modeling; Optimization; Running-
specific prostheses.

1. Introduction
Some sprinters with leg amputations have come remarkably close to the race times of their elite
non-amputee colleagues, thereby drawing the attention to their running-specific prostheses and their
impact on the sprinting performance. Each time that an athlete with leg amputation aimed to compete
in the Olympic Games or another major athletic competition, this initiated a controversial discussion
on whether sprinting with running-specific prostheses is advantageous or disadvantageous compared
to sprinting with two biological limbs. Brüggemann and colleagues1 analyzed one double below-
knee amputee athlete and compared his sprinting biomechanics to that of a non-amputee reference
group. They found that the amputee athlete relies on a completely different motion pattern caused
by differences in the ankle joint moments and joint energy changes. These findings were confirmed
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by Weyand et al.2 But they found as well that the mechanical differences do not alter the sprinting
physiology which is similar in double transtibial amputee and non-amputee sprinting. They posed the
crucial question whether the amputee athlete’s way of locomotion can still be classified as ‘sprinting’.
A similar statement was raised by Burkett et al.3 saying that in a competition the athletes must
clearly run and not bounce or hop. They further discussed ethical questions arising from the use of
possibly advantageous running-specific prostheses. Several authors point to the difficulty of making
general statements as only few amputee athletes compete at world level and they cannot be compared
to themselves without an amputation.4–6 This problem might be addressed, inter alia, by computer
simulation of human sprinting: Mombaur7 contributed to the discussion with the comparison of a
double transtibial amputee athlete and a reference non-amputee athlete for whom only the prosthetic
device model was replaced by thigh and foot models. By formulating an optimal control problem
(OCP) with a torque minimizing objective function, it was shown that the torques and the absolute
work were remarkably lower in the case of the double transtibial amputee athlete for the cyclic phase
of running. But as a sprint competition consists of different race situations, all of them must be taken
into account and judged in a balanced way. Studies on the sprint start8–10 and curved sprinting11

indicated that (unilateral) amputee athletes might have a disadvantage in these situations compared
to non-amputee athletes.

Another unsettled issue is the question which criterion or which combination of criteria should be
used for a comparison and a judgment of advantage or disadvantage. Although the basic biomechan-
ics of sprinting is already rather well understood, it is difficult to tell what is optimized in sprinting,
that is, which combination of optimality criteria is minimized or maximized by an elite sprinter.
It seems obvious that a sprinter tries to run as fast as possible, thus maximizing the product of step
length and step frequency.12, 13 Hobara and colleagues12 found shorter step lengths in amputee sprint-
ing compared to non-amputee athletes that lead to differences in sprint performance. In a different
study, Hobara et al. reported differences in the stiffness regulation between the biological and the
prosthetic leg of unilateral amputee sprinters.14 Weyand and Bundle6 worked out that the use of
the light running-specific prostheses made from carbon-fiber allows double transtibial amputee ath-
letes to achieve a higher step frequency. However, one can think of a number of other criteria that
might be optimized in human sprinting – related to energy expenditure, stabilization and applica-
tion characteristics – and are even harder to access. As an example, Kugler and Janshen15 discussed
the importance of body position and angular momentum in the acceleration phase of a sprint start.
Willwacher et al.16 found high free moments in high-speed running due to an insufficient cancellation
of the angular impulses between upper and lower body. Weyand and colleagues17 found that faster
sprinters apply greater ground forces in shorter contact times compared to slower runners. Hence,
a number of criteria exist and affect the sprint performance. In this study, we present a detailed
comparison of characteristic properties that might influence sprint performance by evaluating recon-
structed dynamic solutions of a least squares OCP. First results concerning the joint torques for one
non-amputee and one amputee athlete have been presented before.18

Dynamic human motions are commonly analyzed based on kinematic motion capture record-
ings,1, 17, 19 physiologic measurements,6 video analysis12, 13 or combinations of those. If additional
force plate data are available, a standard approach is an inverse dynamics analysis where joint
moments are computed from a combination of external ground reaction forces, contact positions and
pre-processed motion capture data. However, a common problem is the occurrence of high resid-
ual forces due to skin motion and wobbling masses. It becomes even more pronounced the more
dynamic a movement is. Several approaches have been proposed to reduce the problem, for exam-
ple, by modifying the marker post-processing20 or by applying a residual reduction algorithm.21 The
need of a precise measurement of the ground reaction forces for the inverse dynamics approach is
a further issue due to the fact that the number of force plates is often limited and often restricts the
data capturing to indoor and/or laboratory conditions. Thus, having a valid method to calculate joint
kinetics without measuring the ground reaction force would create great opportunities for researchers
to analyze athletes more comprehensive under various conditions, for example, competitions or out-
door tracks. The least squares OCP formulation of this paper achieves a dynamics reconstruction
with zero residual forces from purely kinematic data. The method has been successfully applied by
Felis and colleagues22 who reconstructed the dynamic walking gait of 15 motion capture recordings.
Similar optimization-based approaches have been used by Lin and Pandy23 to study muscle excita-
tions of five subjects in walking and running or by Miller et al.24 for the study of muscle mechanical
properties in running.
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Fig. 1. Rigid multi-body system models of a non-amputee and an amputee athlete.

The remainder of this paper is structured as follows: In Section 2, we start with the descrip-
tion of the subject-specific rigid multi-body system models which we established for one unilateral
transtibial amputee and three non-amputee athletes. We then present the mathematical formulation of
sprinting motions. We continue with the description of the reference data generation that is based on
motion capture recordings in Section 3. In Section 4, we finish the elaboration of our methods with
the least squares OCP formulation that we used for the dynamics reconstruction of four individual
sprinting motions. Finally, we present and discuss the numerical results of our computations with
respect to differences in non-amputee and amputee sprinting (Section 5): In Section 5.1, we analyze
the quality of the least squares fitting approach. A comparison of the phase durations, generalized
coordinates and joint torque time histories between the amputee and the non-amputee athletes is pre-
sented in Section 5.2. Finally, characteristic parameters were computed for both the reconstructed
solution and solutions optimizing a single optimality criterion. Sections 5.3 and 5.4 discuss differ-
ences in these measures. We conclude the discussion with a short summary and future work plans in
Section 6.

2. Modeling Sprinting Motions With and Without Prostheses
For the investigation of sprinting motions with and without running-specific prostheses, we created
subject-specific models of one unilateral transtibial amputee and three non-amputee athletes. For
each, the rigid multi-body system model consists of 14 segments (head, upper and lower arms, three
torso segments, thighs, shanks and feet/prosthetic device) with 16 degrees of freedom (DOFs) in the
sagittal plane: Three global DOFs describe the position and orientation of the pelvis, which is used
as the floating base of the model. The remaining 13 DOFs are associated with the rotations of the
internal joints (see Fig. 1). We assume that the action of all related muscles is summarized by joint
torque actuators in the internal joints. For the amputee athlete, the below-knee segments of the right
leg are replaced by a model of the prosthetic device. It is coupled to the remaining part of the shank
by a fixed joint. The real prosthesis has no ankle joint since it is made of compliant material which
shows an overall deformation. In our model of the running-specific prosthesis, we approximate this
behavior by replacing it by two rigid segments with a rotational joint in between such that the model
has an ‘ankle joint’ on which a linear spring–damper system is acting. The point of the ankle joint is
defined as the point of the prosthesis greatest curvature which, at the same time, is the most posterior
point of the prosthesis.25 The torque generation of the non-actuated prosthesis can be computed by

τF(q, q̇) = −dq̇ − k (q − ϑ0) , (1)

with q, q̇ denoting the angle and the angular velocity in the prosthetic joint. The spring constant k and
the damping constant d are free parameters of the optimization problem. ϑ0 denotes the rest position
of the spring. The subject-specific models are based on the de Leva data26 which we extrapolated to
the measured heights and masses of the individual athletes (cf. Fig. 1). The model of the prosthetic
device was created according to measured data taken during the experiments described in Section 3.

We model the sprinting motions as a sequence of alternating flight and single-leg contact phases
(see Fig. 2), each of which is described by its own set of ordinary differential equations (ODEs) or
differential-algebraic equations (DAEs), as explained further in the following. Between the phases,
discontinuities in the state variables can occur: Our assumption of a completely inelastic touchdown
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Fig. 2. Schematic representation of the subdivision of sprinting motions into phases.

results in discontinuities at velocity level. Due to the asymmetry between the biological and the
prosthetic leg of the amputee athlete, we consider two full steps to investigate differences between
them. A main characteristics of sprinting is that at higher velocities no flat foot ground contact occurs
any more. This is taken into account by a point-like, rigid and non-sliding contact with the ball of the
foot.

2.1. Equation of motion during the flight phase
During each of the two flight phases, the motion is described by a set of ODEs:

M(q) q̈ + N (q, q̇) = τ , (2)

where M(q) is the symmetric positive definite mass matrix containing the inertial properties of the
system and N (q, q̇) is the vector of nonlinear effects such as the internal Coriolis, gyroscopic and
centrifugal forces. All external forces including gravity, air friction as well as the torques generated
by the muscles and the spring–damper system are stored in the vector of generalized forces τ .

2.2. Equations of motion during the single-leg contact phase
Within the single-leg contact phase, the number of DOFs is reduced by two due to the non-sliding
contact of the forefoot with the ground. To keep the same number of coordinates, we introduce an
additional holonomic scleronomic constraint g(q) = 0 with g :Rndof →R

m , where m is the number
of constraints. The equation of motion for a rigid multi-body model is then described by

M(q) q̈ + N (q, q̇) = τ + G(q)T λ, (3a)
g(q) = 0 , (3b)

which is an index-3 differential-algebraic system. G = (∂g/∂q) is called contact Jacobian and λ ∈R
m

denotes the contact forces. After differentiating the constraint equation (3) twice, we can rewrite the
system as a linear system of the unknowns q̈, λ:[

M GT

G 0

] [
q̈

−λ

]
=

[−N + τ

γ

]
. (4)

The contact Hessian γ is calculated by differentiating the position constraints. If the constraints in
g(q) are not redundant, the system is always solvable. At the beginning of the contact phase, the
invariants of the constraints must be fulfilled to guarantee equivalence of (3) and (4):

gpos = g(q(t)) = 0, (5a)
gvel = G(q(t)) · q̇(t) = 0 . (5b)

2.3. Discontinuities at touchdown
We model the touchdown of the foot as instantaneous and completely inelastic such that the body
remains in contact with the ground and does not bounce off, ignoring the fast timescale effects of
the real contact. Our previous research has shown that this is a very good approximation of the real
behavior in the context of whole-body model running motion prediction.27 Hence, the velocity of the
contact point is instantly set to zero resulting in velocity discontinuities at touchdown. The change
in the generalized velocities from v−, the velocity before the collision, to v+, the velocity after the
collision, can be computed as
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M GT

G 0

] [
v+
�

]
=

[
Mv−

0

]
, (6)

where we use the same matrices M, G as above and � is the contact impulse.

Models of such complexity cannot be derived by hand. We use the Rigid Body Dynamics Library
(RBDL)28 to generate the equations of motions for our models.

2.4. Initial, final and phase-switching conditions
For our sprinting model, we arrange the phases as shown in Fig. 2. To define proper ground contact
as well as the events which prescribe touchdown and lift-off of the feet, we impose equality and
inequality constraints that have to be satisfied by the model.

Each flight phase starts with the lift-off of the hallux contact point, at initial time h0 = 0, at time
h3 and at final time h f , respectively. It occurs when the vertical ground reaction force becomes zero,
that is,

F L H/R H
z (x(hi ) , u(hi )) = 0 , (7)

where ‘LH’ and ‘RH’ denote the left and right hallux contact points, respectively. Touchdown occurs
when the z-position of the hallux point equals zero and it is modeled by a transition phase. A second
constraint guarantees that the foot does not move parallel to the ground or bounce up again, but is
rigidly attached to the ground:

P L H/R H
z (x(hi+1)) = 0 ,

−V L H/R H
z (x(hi+1)) ≥ 0 .

(8)

To make sure that the hallux point of the foot remains in contact with the ground during a contact
phase, we require the vertical ground reaction force to be always positive:

F L H/R H
z (x(hi ) , u(hi )) ≥ 0 . (9)

3. Reference Data Generation from Motion Capture Experiments
For the dynamics reconstruction of sprinting motions as described in Section 4, we need reference
sprinting data which is generated by extracting joint angle (and other relevant positional information)
from the motion capture recordings.

The motion capture data were recorded as part of experiments at the German Sport University
Cologne. The athletes were asked to perform sprint runs on an indoor athletics track. The motion
capture system consists of a 3D camera system (VICON TM, Oxford, UK) comprising 16 infrared
cameras operating at 250 Hz and four force plates (90 cm × 60 cm, Kistler, Winterthur, Switzerland)
operating at 1250 (non-amputee athletes) or 1000 Hz (amputee athlete). The differences in the force
sampling rates stem from the fact that the recordings for non-amputee and amputee athletes have
been recorded within the scope of different projects. As we use the force data only for graphical
comparison, the exact force sampling rate is not substantial. The force plates were built into the floor
of the athletics track. For the motion recording, retro-reflective markers were placed on anatomic
landmarks as well as the prosthetic device using adhesive tape. The markers that define the rotational
joint of the running-specific prosthesis have been placed at the most posterior point of the prosthesis
which at the same time is the point of the prosthesis’ greatest curvature.25 Furthermore, the anthro-
pometric data of the subjects and the mechanical properties of the running-specific prosthesis were
documented.

To fit the marker positions of the recorded motions to the subject-specific models, we applied the
tool Puppeteer22 which computes the generalized coordinates of the model by an inverse kinematics
fitting procedure. The resulting motion was used as a reference motion for the least squares dynamics
fit described in the next section. All measured data were filtered using a fourth-order Butterworth
filter with a cutoff frequency of 50 Hz. The phase durations corresponding to the phase segmentation
of Fig. 2 were extracted by visually inspecting the kinematically fitted motions. If available, the force
plate data were taken into account to approve the phase durations.
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The dynamic data from the force plates were not used in the computations themselves, but will be
only consulted as a reference in Section 5 to validate the quality of our results.

4. Dynamics Reconstruction by an OCP Formulation
To perform a reconstruction of the full dynamics of the motion, using only reference kinematics for
each subject without any force plate information, we formulate an OCP. This allows us to identify all
joint torques with zero residual error as well as the ground reaction forces from the fact that ground
contact is assured in the underlying dynamics by an appropriate constraint. The multiphase least
squares OCP is formulated as follows:

min
x(·), u(·), p

m∑
k=0

1

2

(∥∥W
(
q MC

k − q (hk)
)∥∥2

2 + γu ‖u(hk)‖2
2

)
(10a)

subject to

ẋ(t) = fi (t, x(t) , u(t) , p) , t ∈ [
hi−1, hi

]
, (10b)

x
(
h+

i

) = ci
(
x
(
h−

i

)
, p

)
, i = 1, . . . , m, (10c)

g(t, x(t) , u(t) , p) ≥ 0 , t ∈ [
hi−1, hi

]
, (10d)

req
(
x(0) , . . . , x

(
h f

)
, p

) = 0 , (10e)

r ineq
(
x(0) , . . . , x

(
h f

)
, p

) ≥ 0 , (10f)

where the differential state vector x(t) is composed by the generalized positions q(t) ∈R
ndof , the

generalized velocities q̇(t) ∈R
ndof and the joint torques τ(t) ∈R

nactuated of the model. The derivatives
of the joint torques are used as control variables u (t) = τ̇ (t). The OCP is evaluated at time points
hi , i = 0, ..., m. The number of time points is chosen per phase (52 time points in total: 15 points for
each flight phase, 10 points for each contact phase, 1 point for each transition phase). The upper and
lower bounds of the differential states x , the control variables u and the parameters p are specified
in the path constraints (10d) and are chosen generously such that the reference movement can be
smoothly tracked. Free parameters only occur in the case of the amputee model as the spring and
damping constants of the prosthetic device are determined during the optimization routine. Since
both of them have to be positive, the lower bounds are set to zero.

The objective function (10a) consists of two terms: The first one is the actual least squares term
that minimizes the differences between the generalized coordinates of the model q(hk) and those
of the reference movement q MC

k . It is weighted by the diagonal matrix W ∈R
ndof with the weights

chosen such that a close tracking of the generalized joint coordinates is achieved. As the motion
capture data are recorded at a fixed sampling rate which might not coincide with the nodes of the
OCP solver, it is interpolated by splines and evaluated at the nodes for the least squares method. The
second term of the objective function is used to regularize the problem: By minimizing the squared
control variables, it suppresses oscillations. The scaling factor γu guarantees that the least squares
residuals contribute primarily to the objective function.

Equations (10b) and (10c) are placeholders for the full multiphase dynamics description including
contact constraints as described in Section 2 (Eqs. (2)–(9)). The phase durations are fixed; each is pre-
scribed by the original motion capture data. We decided on them by registering touchdown and lift-off
events visually in the animated sequence (see Section 3) and, if available, verified the durations by
adding the information of the vertical ground reaction force from force plate measurements.

The nonlinear point constraints (10e) and (10f) are used to formulate proper ground reaction forces
and kinematic constraints such as touchdown and lift-off of the feet. They are evaluated as described
in Section 2.4.

For the solution of the OCP, we use the software package MUSCOD-II developed at the
Interdisciplinary Center for Scientific Computing Heidelberg.29, 30 It employs a direct method for
control discretization and multiple shooting for state parametrization. The resulting large nonlin-
ear programming problem is then solved by a specially tailored sequential quadratic programming
method which applies condensing for the solution of each quadratic programming subproblem.
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(a) (b)

(c) (d)

Fig. 3. Animated sequences of the reconstructed sprinting motions. The colored models illustrate the
reconstructed motions, and the gray models in the background show the respective reference motions.

5. Numerical Results and Discussion

5.1. Analysis of the reconstruction quality and comparison to literature values
We reconstructed the sprinting dynamics of recorded motion capture trials for one amputee and three
non-amputee athletes. If we refer to the ‘prosthetic ankle joint’ or the ‘ankle’ of the prosthetic leg in
the following analysis, we mean the point of the prosthesis’ greatest curvature as described above. In
Fig. 3, we show animated sequences of the reconstructed motions with colored models. The reference
motions are animated in the background using a gray model.

The mean absolute error between the generalized coordinates of the kinematic reference data and
the optimized solution has been calculated individually for each DOF. The optimal control based
least squares fit yields a close tracking with mean absolute errors of less than 1.5 cm for the trans-
lational DOFs and less than 1.2◦ (0.02 rad) for the rotational ones. As the fit used for the reference
motion generation does not include constraints, the reference data can still be unphysical; for exam-
ple, the foot can penetrate the ground. In the reconstructed solution, such behavior is ruled out by the
constraints of the OCP formulation. Obviously, this results in differences in the model poses between
the reference and the reconstructed data at such points. They are the main contribution to the mean
absolute errors.

The spring and damping constants of the prosthetic device have been free parameters of the opti-
mization problem. We reconstructed a spring constant of 2737.5 N m/rad and a damping constant of
0.65 N m s/rad.

In Fig. 4, we compare the reconstructed ground forces to the filtered force plate measurements.
The upper row depicts the horizontal ground forces and the lower row the vertical ground forces. The
overall shape of the reconstructed ground forces matches the measurements well: For the horizontal
force, all models reproduce a braking force in the first half of each contact phase and a following
propulsive force. The timing of the transition between braking and propulsive force in the recon-
structed data corresponds to the timing in the measured data. For the vertical component, all models
produce parabolic shapes which are similar to both the measured ones and the vertical ground force
shapes given in literature.31, 32 However, some features are not yet tracked perfectly by our models:

• The peak in the horizontal forces at the beginning of a contact phase is not reflected in the
reconstructed solution.

• The model does not track the sharp increase in the vertical ground force of the non-amputee
athlete 2.

• The model overestimates the propulsive component of the horizontal force during the first ground
contact: The maximum value of the reconstructed solution is 38.5 % (NA1), 14.5 % (NA2), 23.4 %
(NA3) and 17.1 % (amputee athlete) larger than the maximum value of the filtered measurement
data. During the second ground contact, the model underestimates the propulsive component of
the horizontal ground force for the non-amputee athlete 2 (74.0 % of the measured maximal value)
and for the amputee athlete.
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Fig. 4. Comparison of the computed and filtered measured horizontal (upper row) and vertical (lower row)
ground reaction forces for the non-amputee and amputee athletes

All three effects might be a result of artifacts in the measurements. They further might result from our
rather simple foot model with one fixed contact point per foot. In actual sprinting motions, the contact
point travels along the hallux during contact. The first and the second effects might as well be due to
the regularization term in the objective function (10a): The weight factor γu was chosen carefully in
order to prevent that the minimization of the torque derivatives affects the solution. Nevertheless, it
is possible that the energy loss due to a peak in the ground forces is impeded by the regularization
term.

An advantage of our method is that we can compute external joint torques with zero residual
forces from purely kinematic data because of our problem formulation. As we assume the action of
all muscles at a joint to be summarized by joint torque actuators, we cannot distinguish between the
individual contributions of the antagonist and the agonist muscle. Hence, all computed torques are
net torques. As we are not interested in the individual contributions to the net torque in this analysis,
a further subdivision was not necessary. The right half of Fig. 5 depicts the joint torque histories
of both the non-amputee reference group and the amputee athlete. To our knowledge, no measured
joint torques have yet been published for unilateral transtibial amputee sprinting. Nevertheless, to
demonstrate that our approach computes realistic joint torques, we compare the results of the non-
amputee athletes to joint torques for non-amputee sprinters from the literature.33–35 Bezodis and
colleagues33 as well as Stafilidis and Arampatzis34 computed sagittal plane moments of the lower
extremity joints during the stance phase of sprinting at velocities ranging from 9.06 to 10.37 m/s
based on a standard inverse dynamics approach. We thus compare their data to the non-amputee
histories of the contact leg segments during the respective contact phase. In the ankle, we found peak
external flexion torques of around 5 N m/kg which match the results from the given literature. In the
knee joints, we computed absolute external flexion torques of 1 N m/kg for the maximal extension
torque and 3 N m/kg for the maximal flexion torque. They span a similar range as in refs. [33, 34]
(±2.5 N m/kg for both extension and flexion moments). For the hip joint, Bezodis and colleagues33

report a peak at the beginning of the contact phase which is not reflected in our data set. However,
the joint torques are of comparable magnitude except for that peak. Furthermore, the overall trend
from external flexion to external extension torques is the same. We would have expected that the left
hip joint torque is more clearly in the negative half at the end of the left contact phase. We assume
that this is due to the regularization term: Although it is chosen to be subdominant, it seems that the
optimization exploits gravity for the end pose and drops the model down. This might be beneficial
for minimizing the cost function and could be a reason for a discrepancy in the left hip torque and
in the contact forces, as stated above. Schache and coworkers35 presented similar torques during
the ground contact phase of sprinting at (8.95 ± 0.70) m/s. They additionally showed joint torques
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Fig. 5. Comparison of the generalized positions and phase durations as well as joint torques normalized by body
mass between the amputee and the non-amputee athletes. The individual phase durations are scaled to make the
different solutions comparable. The distinction between prosthetic and biological leg is made for the amputee
athlete; for the non-amputee athletes, the corresponding biological leg is taken. For the amputee athlete, ankle
refers to the point of the prosthesis’ greatest curvature.

during the swing phase which are comparable to our reconstructed torques. The ankle and knee joint
torques of the prosthetic leg of the unilateral amputee athlete in our computations are similar to those
of a double transtibial amputee athlete.1 However, Brüggemann and coauthors reported a maximum
flexion torque of about 6.5 N m/kg in the prosthetic ankle joint which is smaller than the computed
prosthetic ankle joint torque of the unilateral amputee athlete (around 11 N m/kg). The hip joint
torques of the prosthetic side of the unilateral amputee athlete span a similar range of magnitude as
those of a double transtibial amputee athlete,1 but their curves differ clearly. This might be explained
by the differences between unilateral and double amputee sprinting that are expectable due to the
disparity in lower limb weight and leg stiffness.36

In summary, the fitting errors are rather small, the computed ground forces match the measured
ones and the torques of the non-amputee athletes are comparable to those reported in the literature.
These findings demonstrate the strength of our optimization-based approach for the dynamics recon-
struction of purely kinematic data. As it does not require force plate measurements, it is helpful for
the analysis of movements where no force plate data can be recorded (e.g. for outside measurements
with a mobile motion capture system) or the measured force data contains errors. Furthermore, we
can fit to all markers in a balanced way, thus eliminating any unfavorable error propagation along the
kinematic chain.

Hence, the computed solutions allow for a further analysis and comparison of sprinting with and
without prostheses. To state if a curve or a value is of comparable size or not, we define the following
criteria: The value of the amputee athlete is significantly smaller/larger compared to the value of the
non-amputee reference group if
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1. the value is 15 % smaller/larger than the average value of the non-amputee athletes and the value
is outside the single standard deviation or

2. the value is outside the twofold standard deviation of the non-amputee athletes.

Obviously, we cannot make any general statements on amputee and non-amputee sprinting as we
only considered one trial of one amputee athlete and one trial for each of the reference group of
three non-amputee athletes. Since the joint torques of the non-amputee athletes are in accordance
with the literature, it is reasonable to expect that the joint torques of the amputee athlete might be
confirmed by an inverse dynamics analysis in the future. Nevertheless, we do not want to make a
general judgment on advantage or disadvantage in amputee sprinting with the following analysis,
but we aim to contribute to the ongoing discussion. We want to demonstrate that optimal control-
based motion reconstruction is a useful tool to get insight into the biomechanics of human sprinting
from a different perspective and to analyze the solutions with respect to characteristic criteria for a
reasonable judgment.

5.2. Analysis of phase durations, joint angle and torque histories and related quantities in non-
amputee and amputee sprinting motions

The phase durations, generalized coordinates and joint torques of the amputee athlete are compared
to those of the non-amputee athletes in the diagrams of Fig. 5: They show the curve shapes for
two full steps starting and ending with the lift-off from the biological leg. As the individual phase
durations differ among the athletes, we normalized them to make the curves comparable. The mean
value of the three solutions of the non-amputee athletes is shown instead of the individual curves
(blue solid line). The shaded regions indicate the standard deviation.

The flight phases are of comparable duration for both the amputee and the non-amputee athletes.
The contact phase durations are smaller in the case of the amputee sprinter. Hence, the amputee
athlete has a shorter step duration in total, that is, a higher step frequency. As the horizontal dis-
tance traveled by the floating base per step (see diagram for Pelvis TX) is comparable for both,
the amputee athlete has a higher running velocity (9.61 m/s) compared to the non-amputee athletes
((9.11 ± 0.30) m/s). The vertical movement of the floating base segment (Pelvis TZ) is similar for
both groups.

As expected, the crucial differences between non-amputee and amputee sprinting become apparent
in the joints of the lower extremity (hip, knee, ankle): In the case of the athlete with unilateral below-
knee amputation, we find less extension and flexion for the knee and ankle joints of the prosthetic
side. In particular, the range of motion in the knee of the prosthetic leg is much smaller. Less knee
flexion has been reported for a double amputee athlete before.1 It should be noted that the range
of motion in the ankle of the amputee and the non-amputee athletes cannot be directly compared
to each other due to the differences in the geometry of the prosthesis and the biological foot. The
range of motion of the prosthetic side’s hip of the amputee athlete is the same as for the hips of the
non-amputee athletes. Maximum extension, though, only occurs in the middle of the flight phase in
the case of the unilateral amputee athlete. In contrast, the non-amputee athletes extend their hips at
the end of the prior contact phase. The joint angle histories of the hip and knee of the biological leg
do not differ too much from the joint angle histories of the non-amputee athletes. Nevertheless, they
are often at the edge of the standard deviation region of the non-amputee athletes.

Further differences can be found in the time histories of the arms: The amputee athlete has a larger
range of motion in the shoulder joints which might be necessary to reach the sprint velocity and to
compensate the inter-limb weight and stiffness asymmetry. The smaller joint angles in the spinal and
neck segments indicate a more upright position of the amputee athlete compared to the non-amputee
reference group. However, as the lumbar and thorax joint curves of the non-amputee athletes have
similar values with opposite signs, they cancel each other partly.

These observations are reflected in the joint torque histories as well: The amputee sprinter applies
significantly smaller torques in the knee of the prosthetic leg compared to the non-amputee athletes.
Although one should keep in mind that the knee is affected by the amputation as well, it seems that
athletes with below-knee amputation use a strategy to reduce external sagittal plane knee moments
in order to optimally exploit the spring-like properties of the prosthesis. The hip joint torques of the
prosthetic side are smaller, too, except for the prosthetic contact phase where the amputee athlete
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Fig. 6. Differences between the generalized positions and joint torques normalized by body mass of the two
steps for amputee and non-amputee sprinting. For the joints where a left and a right segment exist, we subtracted
the second step of the left segment from the first step of the right segment and vice versa. The label ‘Stance
leg/arm’ denotes the side of the body that is in contact with the ground during the step.

has to apply a much larger torque to bring his hip forward. Despite the fact that the amputee ath-
lete produces an external flexion torque during this contact phase, the hip extension torque in the
prosthetic leg at the end of the phase is nearly identical for both groups. As the running-specific
prosthesis is a passive device, no torque is produced actively by torque actuators in the prosthetic
ankle (see Section 2). We computed the acting passive torque (dashed line) based on formula (1)
with the spring and damping constant as calculated by the OCP. The torque produced by the passive
prosthetic device doubles the ankle joint torques of the non-amputee reference group. This is easily
understandable by considering the geometry of the running-specific prosthesis. Due to its length, the
long lever arm produces large torques already from rather small joint angles and angular velocities.
The torques produced in the biological leg of the amputee athlete are of similar magnitude as the leg
joint torques of the non-amputee athletes. Within the contact phase of the biological leg, the joint
torques of the amputee athlete are a bit larger than the corresponding torques of the non-amputee
athletes. Similarly, larger torques occur in the arm joints of the amputee athlete compared to the non-
amputee reference group, especially within and directly after the contact phase with the prosthetic
leg. Hence, it might be that the action of the arms is used to compensate for differences occurring
due to the amputation and the use of a running-specific prosthesis.

The diagrams of Fig. 6 show the differences in the time histories of the generalized coordinates
and the joint torques between the two steps. The differences were computed by subtracting the second
step (flight phase from prosthetic to biological leg and contact phase of the biological leg) from the
first step (flight phase from biological to prosthetic leg and contact phase of the prosthetic leg). We
took into account that the contact phases of the respective legs are shifted by one step and adjusted
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Fig. 7. Comparison of characteristic quantities between a unilateral amputee athlete and the mean of three
non-amputee athletes computed from least squares OCP solutions: CoM position, CoM velocity, ground reac-
tion force and angular momentum (from left to right). For the first three quantities, the upper row depicts the
horizontal component and the lower row depicts the vertical component.

them for the subtraction such that the touchdown events coincide. If the curve of a specific joint
is close to zero, the movement of the joint is rather symmetric during two subsequent steps. Thus
the diagrams depict a measure of how symmetric the time histories are. As expected, the inter-limb
asymmetry of the amputee athlete becomes apparent in these diagrams. In total, the curves of the non-
amputee athletes are closer to zero than those of the amputee athlete indicating that he has a more
asymmetric style of sprinting. At the end of the step, the deviation of the horizontal floating base
displacement is about 30 cm. The floating base covers a shorter distance during the first step (flight
phase from biological to prosthetic leg and contact phase of the prosthetic leg). It is interesting that
the difference in step lengths between those steps (16 cm, see Table I) only amounts half of this value.
Furthermore, major deviations can be found in the joint angles of the legs. The differences between
the first and second steps of the amputee athlete have absolute values of around 0.5 rad ≈ 28◦. The
deviations in the leg joints of the non-amputee athletes are much smaller (approx. 0.15 rad ≈ 8◦). The
differences in the joint torques of the prosthetic leg of the unilateral amputee athlete are large as well
(between 2 and 7 N m/kg).

In Fig. 7, we juxtapose further relevant quantities, namely the horizontal and vertical center of
mass (CoM) positions, CoM velocities and ground reaction forces and the angular momentum with
respect to the CoM. Within the prosthetic leg contact phase, the vertical CoM position of the amputee
athlete is higher compared to the non-amputee athletes. The braking and propulsive components of
the horizontal ground forces are approximately symmetric for the non-amputee sprinters. It must be
taken into account that the difference in the propulsive components probably is due to the fact that
the model does not perfectly reconstruct them (cf. Section 5.1). Compared to these non-amputee
reference curves, the amputee athlete applies less braking and more propulsive force during the
prosthetic-side contact, whereas the opposite is true for the biological-side contact. The vertical
ground reaction force of the amputee athlete during the contact with the biological leg is around
10 N/kg (30 %) larger than the force of the non-amputee reference group. Still, it must be taken into
account that the diagrams of Fig. 7 are normalized per phase and that the amputee athlete applies
the force in a shorter period of time. Hence the resulting change of vertical momentum is similar
for both groups (compare Table I), which also fits to the fact that the flight phases are of similar
duration. We conclude that the amputee athlete has to apply more ground force during the contact
with the biological leg to run at a similar average velocity as the non-amputee reference athletes. The
behavior of the angular momentum with respect to the CoM differs significantly within the contact
phase with the prosthetic leg and the subsequent flight phase between the amputee athlete and the
non-amputee athletes: The angular momentum of the non-amputee athletes increases and decreases
during the contact, similar to the shape of the horizontal component of the ground reaction force. In
the case of the non-amputee athletes, the angular momentum decreases during the contact phase to a
quarter of the value of the previous flight phase (2.5 vs. 10 J s).
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5.3. Analysis of measures related to effort, energy expenditure and sprinting style
To compare the sprinting motions from a different perspective, we have computed criteria related
to effort, energy expenditure, contact event timing and sprinting style which might be minimized or
maximized by a sprinter. All torques and forces were normalized by the individual body mass M such
that τ ∗

i = τi
M , f ∗

h/v = fh/v

M , E∗
kin/pot = Ekin/pot

M and l∗y = ly

M . The computational results of the following
criteria are given in Table I:

• the average over both the absolute and the squared values of the joint torques per distance traveled:
1

T D

∫ T
0 |τ ∗

i |dt and 1
T D

∫ T
0

(
τ ∗

i

)2
dt ,

• the average over both the absolute and the squared values of the joint torque derivatives per
distance traveled: 1

T D

∫ T
0 |τ̇ ∗

i |dt and 1
T D

∫ T
0

(
τ̇ ∗

i

)2
dt ,

• the absolute mechanical work of each joint per distance traveled: 1
D

∫ T
0 |τ ∗

i ϕ̇i |dt ,

• the average over the joint powers per distance traveled: 1
T D

∫ T
0

(
τ ∗

i ϕ̇i
)

dt ,
• the relative contact time: tcontact/tstep,
• the step frequency: fstep (where one step consists of one flight and one contact phase),
• the step length: dstep,
• the average horizontal velocity of the floating base segment: vh,pelvis,

• the horizontal change of momentum normalized by body mass:
∫ T

0 f ∗
h dt ,

• the mean horizontal force normalized by body mass: f ∗
h ,

• the vertical change of momentum normalized by body mass:
∫ T

0 f ∗
v dt ,

• the mean vertical force normalized by body mass: f ∗
v ,

• the vertical peak force normalized by body mass:
(

f ∗
v

)
max,

• the average over both the absolute and the squared angular momentum with respect to the CoM:
ly : 1

T

∫ T
0 |l∗y |dt and 1

T

∫ T
0

(
l∗y

)2
dt ,

• the average over both the absolute and the squared head orientation: 1
T

∫ T
0 |ϕhead|dt and

1
T

∫ T
0 ϕ2

headdt ,

• the average over both the absolute and the squared head angular velocity: 1
T

∫ T
0 |ϕ̇head|dt and

1
T

∫ T
0 (ϕ̇head)

2 dt ,

• the average over the kinetic energy per distance traveled: 1
T D

∫ T
0 E∗

kindt and

• the average over the potential energy per distance traveled: 1
T D

∫ T
0 E∗

potdt .

The total time is denoted by T and the distance traveled by the floating base segment is denoted
by D. We computed the average values for both the absolute and the squared quantities because
the squared values in combination with the absolute values give information whether the curve has
peaks or is at a rather uniform level. All integrals are computed approximately using information at
the multiple shooting points. If applicable, the results are given for each joint separately. In addition,
we computed the sum over all joints except for the joint powers. As positive and negative values
exist, which cancel out each other in the computations, a sum would be meaningless due to the fact
that negative joint power in a joint does not imply an energy gain in reality.

We now go through the table systematically to emphasize significant differences: The first part
gives the values related to joint torques. For both the absolute and the squared values, the sum over
all joints is much smaller for the amputee athlete than the non-amputee references meaning that the
model applies less torque per distance and body mass. However, for the individual joints, we observe
all three possible cases: torques that are larger for the amputee athlete (left arm), torques that are
smaller (prosthetic leg) and torques that are of similar size (biological leg, spinal joints, right arm).
This confirms the findings of the diagrams in Fig. 5. In the next part of the table, the joint torque
derivatives are considered. In contrast to the torques, the sum over all joints yields comparable orders
of magnitude meaning that the rate of change of the torques is similar for both groups. Interestingly,
this is not the case for the individual joints: The values related to the torque derivatives of the amputee
athlete are much larger than or comparable to the values for the non-amputee athletes. Only the value
corresponding to the knee joint of the prosthetic leg is very small (30 %/8 % of the non-amputee
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Table I. Comparison of characteristic values between the amputee and the non-amputee athletes. The criteria
for which the computed value of the amputee athlete is much smaller than the one of the non-amputee

reference groups is indicated by the red background. The blue background indicates the opposite effect. In the
table, we use the following abbreviations: A – amputee athlete, NA – average of non-amputee athletes,

R – right side of the body (prosthetic leg side), L – left side of the body.

NA A–R A–L NA A–R A–L

Absolute torques [N/kg] Squared torques [N2m/kg2]

Joint normalized to total body mass [kg] and traveled distance [m]

Hip 0.62 ± 0.04 0.44 0.62 2.19 ± 0.28 1.10 2.26
Knee 0.34 ± 0.03 0.10 0.33 0.68 ± 0.10 0.08 0.70
Ankle 0.21 ± 0.03 0.17 0.64 ± 0.15 0.58
Shoulder 0.10 ± 0.01 0.11 0.16 0.07 ± 0.02 0.08 0.16
Elbow 0.06 ± 0.01 0.07 0.07 0.020 ± 0.004 0.03 0.03
Lumbar 0.23 ± 0.05 0.26 0.39 ± 0.15 0.57
Thorax 0.12 ± 0.01 0.13 0.11 ± 0.05 0.15
Neck 0.04 ± 0.01 0.05 0.010 ± 0.003 0.02

Sum 3.04 ± 0.12 2.51 7.72 ± 0.69 5.77

Absolute torque derivatives [N/(kg s)] Squared torque derivatives [N2m/(kg s2)]

Joint normalized to total body mass [kg] and traveled distance [m]

Hip 7.30 ± 0.64 9.82 10.45 476 ± 85 930 903
Knee 9.21 ± 1.35 2.42 7.74 955 ± 420 52 760
Ankle 5.91 ± 0.71 7.41 939 ± 170 1141
Shoulder 2.35 ± 0.54 2.57 4.27 46 ± 19 48 171
Elbow 1.36 ± 0.16 1.94 1.74 20 ± 6 30 19
Lumbar 6.98 ± 1.50 7.64 332 ± 116 435
Thorax 4.88 ± 0.18 4.18 168 ± 21 178
Neck 1.81 ± 0.40 2.52 26 ± 11 53

Sum 65.9 ± 3.8 62.7 5397 ± 931 4721

Absolute mechanical work [J/(kg m)] Joint powers [W/(kg m)]

Joint normalized to total body mass [kg] and traveled distance [m]

Hip 1.92 ± 0.09 1.55 2.16 3.15 ± 0.25 2.12 1.84
Knee 1.75 ± 0.22 0.25 1.43 −2.73 ± 0.31 −0.29 −2.26
Ankle 0.99 ± 0.09 0.73 −0.23 ± 0.10 −0.65
Shoulder 0.32 ± 0.06 0.44 0.61 −0.01 ± 0.13 0.52 0.46
Elbow 0.20 ± 0.04 0.24 0.17 0.12 ± 0.08 0.20 0.10
Lumbar 0.52 ± 0.01 0.97 −0.14 ± 0.37 −0.83
Thorax 0.19 ± 0.04 0.22 0.01 ± 0.20 0.21
Neck 0.06 ± 0.01 0.08 0.04 ± 0.04 0.03

Sum 11.1 ± 0.5 8.9
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Table I. Continued.

NA A NA A NA A

Right step (pros. leg) Left step (biol. leg) Average for both steps

Rel. cont. time 0.39 ± 0.03 0.36 0.39 ± 0.04 0.36 0.39 ± 0.03 0.36
Step frequency [Hz] 4.20 ± 0.31 4.46 4.15 ± 0.27 4.24 4.17 ± 0.21 4.35
Step length [m] 2.18 ± 0.06 2.10 2.18 ± 0.05 2.24 2.180 ± 0.003 2.18
Average vel. [m/s] 9.09 ± 0.23 9.16 9.14 ± 0.38 9.87 9.11 ± 0.30 9.52

Horizontal change
0.06 ± 0.12 0.02 ± 0.03 0.06 ± 0.05

of momentum [N s/kg]
0.32 −0.37 −0.03

Hor. mean force [N/kg] 0.64 ± 1.33 3.96 0.20 ± 0.28 −4.45 0.42 ± 0.68 −0.49

Vertical change
2.32 ± 0.17 2.01 ± 0.24 1.95 2.17 ± 0.15 1.92

of momentum [N s/kg]
1.89

Vert. mean force [N/kg] 25.3 ± 1.8 23.6 21.6 ± 2.0 23.2 23.4 ± 1.3 23.4

Vert. peak force [N/kg] 32.7 ± 2.8 35.1 34.2 ± 1.3 42.8 33.5 ± 1.6 39.0

NA A NA A

Absolute values Squared values

Angular momentum [J s] 0.19 ± 0.02 0.12 0.04 ± 0.01 0.03
Head orientation [rad] 0.20 ± 0.02 0.12 0.06 ± 0.01 0.02
Head velocity [rad/s] 3.67 ± 0.25 3.49 21.6 ± 3.1 17.3
Kin. energy [J/(kg m)] 10.21 ± 0.93 10.99
Pot. energy [J/(kg m)] 2.32 ± 0.07 2.38

athletes for the absolute/squared value). The small value shows that the torque hardly changes over
the steps and that the knee of the prosthetic side is affected by the amputation as well.

The significantly smaller values in the prosthetic leg of the amputee athlete compared to the non-
amputee reference group are reflected in the absolute mechanical work in the respective joints as
well: The amputee athlete produces about 80 % of the mechanical work achieved by the non-amputee
athletes in the hip and less than 20 % in the knee of the prosthetic side. While this might be partly
due to the use of a running-specific prosthesis, it is reasonable to presume that the capability of the
residual limb is diminished by the below-knee amputation (especially in the knee joint). However,
it appears that athletes with a below-knee amputation adopt a strategy that increases the load on the
carbon fiber prosthesis by decreasing the load on the biological tissues of the residual limb. This
results in a reduced absolute mechanical work in the respective joints as well. For the biological leg,
less work is applied in the knee joint (79 % of the non-amputee mean value) whereas in the hip and
ankle approximately the same amount of mechanical work is produced. The absolute mechanical
work is clearly larger in the shoulder joints. It might be that more work is needed to compensate the
inter-limb asymmetry.

The average over the joint powers in each joints indicates if the energy absorption (negative value)
or generation (positive value) prevails in average. The values related to phase duration relative to the
total step duration, step frequency, step length and average velocity have already been discussed in
Section 5.2.

The next section of the table introduces quantities related to the ground reaction forces and the
change of momentum due to them. Major differences between the amputee and the non-amputee
athletes can be found in the horizontal components: During the prosthetic contact phase, the hori-
zontal change of momentum is clearly deviating from zero. Thus, the propulsive force exceeds the
braking force. The horizontal change of momentum is close to zero for both contact phases of the
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Table II. Comparison of characteristic values of sprinting between the reconstructed solution and solutions
optimizing a single criterion for the non-amputee athlete 1 and the amputee athlete

Non-amputee athlete 1 Amputee athlete

reconstructed optimized optimized
Criterion from Table I from ref. [37] reconstructed from ref. [37]

Min. torques min
∫ T

0 τ 2
i dt

- Sum abs. torques 3.03 1.64 2.51 1.12
- Sum sq. torques 7.22 2.73 5.77 1.16

Min. torque derivatives min
∫ T

0 τ̇ 2
i dt

- Sum abs. torque derivatives 70.3 27.5 62.7 21.3
- Sum sq. torque derivatives 5177 1274 4721 580

Min. work min
∫ T

0 |τi ϕ̇i |dt

- Sum abs. mech. work 10.55 3.44 8.90 3.53

Min. angular momentum min
∫ T

0 l2
ydt

- Average abs. ang. mom. 0.16 3.1 × 10−4 0.12 4.1 × 10−4

- Average sq. ang. mom. 0.03 9.1 × 10−7 0.03 9.9 × 10−7

Min. rel. contact time min tcontact/tstep

- Average rel. cont. time 0.43 0.28 0.36 0.32

Max. step frequency min − fstep

- Average step frequency 4.57 5.72 4.35 4.61

Max. step length min − dstep

- Average step length 2.11 3.00 2.18 2.50

non-amputee athletes, which means that the propulsive and braking forces balance each other. This
behavior meets our expectations. Although it must be taken into account that the reconstruction of
the horizontal forces did not correspond to the measured data perfectly (cf. discussion of Fig. 4), it is
obvious that the horizontal change of momentum varies a lot between the two steps of the amputee
athlete. A similar observation results from the comparison of the horizontal mean force. The differ-
ence between the mean force during the prosthetic-leg and the biological-leg contact phase cannot
be explained solely by weak points of the reconstruction. The clearly higher vertical mean and peak
forces of the amputee athlete that occur within the contact of the biological leg are applied dur-
ing a shorter contact time. This explains why the vertical change of momentum is of comparable
magnitude for both groups.

The values computed for angular momentum, head orientation and head velocity are all related to
the overall posture and the change in it. The amputee athlete has much smaller values for all three
criteria, thus indicating that he runs in a more upright position which we already concluded from the
visual impression of Figs. 3 and 5.

5.4. Comparison of measures related to effort, energy expenditure and sprinting style to synthesized
solutions optimizing a single criterion

To conclude the evaluation of the numerical results, we briefly want to compare the reconstructed
solutions to OCP solutions which optimize single criteria related to sprinting effort and performance.
In a study on optimality criteria in sprinting,37 we synthesized sprinting motions with and with-
out running-specific prostheses based on 10 criteria including the minimization of joint torques,
torque derivatives, angular momentum and maximization of step length and frequency. In this study,
the models of the non-amputee athlete 1 and the amputee athlete have been used. We computed the
quantities from Table I that are related to the respective optimality criterion in order to compare
the results to the reconstructed dynamics. The values are presented in Table II.
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The first three criteria (minimization of joint torques, joint torque derivatives and absolute mechan-
ical work per joint) are quantities related to the effort of sprinting motions. The angular momentum
minimization enforces minimal rotations of the model over the CoM. It is apparent that the solutions
optimizing single criteria yield values which are much smaller than those of the recorded motions –
for both the non-amputee and the amputee athletes. Hence, neither the non-amputee nor the amputee
athlete tries to solely minimize the effort during the steady-state phase of sprinting. This in turn
means that the real amputee athlete does not exploit the theoretical potential of his running-specific
prosthesis in terms of effort reduction to the same extent as the model of the optimization.

The last three criteria (minimization of relative contact times, maximization of step frequency and
length) are measures of sprinting performance. Again, the reconstructed solution from the motion
capture experiments is still far away from the optimal solutions. This indicates that both athletes
could in theory perform better. However, a deeper investigation including more detailed models with
muscular properties is necessary for more quantitative statements. Furthermore, the table suggests
that the athletes in reality do not optimize a single criterion, but a combination of them. A first
step toward the identification of combinations that come close to the recorded motions using inverse
optimal control has been taken in ref. [38].

6. Conclusion
We presented a dynamics reconstruction including joint torques of non-amputee and amputee sprint-
ing and compared characteristic criteria in terms of energy efficiency and sprinting mechanics. We
demonstrated the usefulness of combining mathematical modeling and optimal control for a deep
investigation of practical motion capture recordings: The rigid multi-body system models were able
to reconstruct characteristic dynamic quantities of sprint motions including joint torques and ground
reaction forces. Hence, this approach is of particular interest for motions where force plate data are
not available or have errors. We showed that a comparison of several criteria related to effort, perfor-
mance and sprinting style yields significant differences between unilateral transtibial amputee and
non-amputee sprinting. In some joints, the amputee athlete produces clearly less torques and abso-
lute mechanical work than the non-amputee athletes. However, other criteria (e.g. related to the arm
motion) indicate that the amputee athlete has to produce larger torques in some of the remaining
joints. Still, the goal in a sprinting competition is to run as fast as possible and measures related
to effort should not be the only criterion taken into a consideration. A future goal of our research
is to use inverse optimal control to identify which combination of criteria is optimized during the
steady-state phase of sprinting.

In general, it must be taken into account that it is obviously not sufficient to consider nothing but
the steady-state phase of sprinting to discuss possible advantages or disadvantages of sprinting with
running-specific prostheses. The design of the prosthetic device might be optimized for sprinting at
a specific velocity which in turn means that it might cause difficulties for other velocities or during
an acceleration phase. We therefore aim to extend our investigation to other race situations (e.g.
acceleration and deceleration phases) and to study the parameters of the prosthetic device in different
situations.

Finally, the evaluation of the numerical results has shown that the amputee athletes applies larger
torques and mechanical work in the arm joints than the non-amputee athletes. He further rotates less
around the CoM compared to them. In sprinting, the arms provide important assistance for keeping
balance and control rotations around the coronal plane. This might be even more pronounced in
unilateral amputee sprinting due to the weight and stiffness asymmetry between the two legs. Hence,
we expect that an extension of the models to three dimensions will reveal substantial differences in
the contribution of the arms and the angular momentum control.
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