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HYPERBOLIC NONWANDERING SETS
WITHOUT DENSE PERIODIC POINTS

MASAHIRO KURATA

In this paper we give a negative answer to the problem which is
suggested in [3]: if a nonwandering set 2 is hyperbolic, are the periodic
points dense in Q?

Newhouse and Palis proved that on two dimensional closed manifolds
the answer is positive ([1], [2]).

Suppose that f: M — M is a diffeomorphism of a manifold M. A point
xe M is a nonwandering point of f if for any neighbourhood U © M of
x there is a positive integer n such that fA(U) N U+ . £2 = {non-
wandering points of f} is called the nonwandering set of f. A point
of M — £ is a wandering point. A nonwandering set 2 of f is hyper-
bolic if 2 is compact and T'M|Q splits into a Whitney sum of Tf-invariant
subbundles

TM\|2 = E*D E*,
and there are ¢ > 0,0 < 2 < 1 such that
I Tf"|| < eajvl  if ve E*
and
1Tf ™|l < ea*|jv]]  if ve E*

for n > 0.
We will prove the following.

THEOREM. Suppose that M is a manifold with dim M > 4. Then there
is a diffeomorphism F: M — M such that the nonwandering set £ is hy-
perbolic but periodic points of F are not dense in 2.

Proof. 0. An outline of Proof. To simplify the proof, we assume
dim M = 4. In 1 we construct an embedding of 2-dimensional disk f: D
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— D, where f has a hyperbolic set consisting of finite fixed points and
two non-periodic orbits @, and 0, (13.2,13.3). In 2 ~ 10 we will extend f to
an embedding F: N — N, where M D N = D X D? U 1-handle. The non-
wandering set of F' consists of a finite number of fixed points and the
two orbits 0, @,, where points nearby 0O, (resp. 0,) return near by 0,
(resp. 0,) through the 1-handle (15). And other points are wandering (12,
14). Finally we extend F to a diffeomorphism of M.

1.
Let

D=[-26] x[-1,3] C R

and an embedding f: D — D satisfy the followings (Figure 1). Suppose
that real numbers a_,, - - -, a, satisfy

C | L
l l/(gz) ! f {
i { i
(o) ; |
0 |”%' {( H4= l | l !
L]
E T (] i | F—
Figure 1

a_1=—2<~1<ao=—01<0<al<1<a2<a3

1.1
( ) <a4<4<a5<5<a6=6,

and the rectangle A, i =0, ---, 6) is given by
A ={x,»eDlo,., =y < a;}.

Then f satisfies (1.2) ~ (1.5).

(1.2) flA,flA, and f|A, are contractions with three sinks (—1,0),
1,0, (5, 2),

(1.3) f(A) Cint A,

1.4 flA;: A,—~f(A) G =1,3,5) maps A, linearly onto a rectangle
f(A), expanding the x-direction and contracting the y-direction. There
are two hyperbolic fixed points (0, 0) and (4, 2).

https://doi.org/10.1017/50027763000018456 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000018456

HYPERBOLIC NONWANDERING SETS 79

(1.5) There are numbers « > 1 and 0 < 8 < 1 such that

(ax, By) for (x,y) € A,

flx,y) = {(a(x —4)+4,8y—2+2 for(xy)ed.

Let D’ C R? satisfy the followings (Figure 2). D’ is a neighbourhood
of ({0} X [—1,1]) U ([—2, 0] X {0}) which is diffeomorphic to a 2-dimensional
disk, and there is a sufficiently small positive number ¢ such that

Figure 2

(e, VeD|ly+ 1< =[-ee X[-1—¢ —1+¢].

and

{x,eD|lx+1=<ef=[-1—¢—1+¢e] X [—¢e].

Let an embedding g: D’ — D’ satisfy (2.1) ~ (2.9).

21D gD)cCint D,

(2.2) g is isotopic to the identity,

(2.3 gog”(D') = ({0} X [-1,1]) U ([-2,0] x {0},

(2.4) there are five fixed points, that is, three sinks (—2, 0), (0, 1),
(0, —1), and two saddle points (0, 0), (—1, 0),

(25) W*((0,0) = {0} x (—=1,1),

(2.6) W*(—1,0) = (—2,0) x {0},

2.7 Wi0,0) N D' ={x,0eD|—1< «},
where Wé(p) (resp. W*(p)) is the stable (resp. unstable) manifold through
p. (—1,1) and (—2,0) denote open intervals.

(2.8) 8(x,y)=(CGx,Hy+ D —Dif [y + 1=
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29 gxy)=Qx+D -1y iflx+1=se

3.
Define
N =D x D'\ J, D) x [0,1],
where
D@) = {(71, ¥ ) € Ryt + 33 + 33 < 8}
and

0<d< e,
The attaching map
v:D¥0) X ([0,e] U1 —¢ 1) —>D X D’
is given by

(yhyz’t,yS—l) ]fO_S_téE

’ $] 7t= .
V0 a0 ) {(y1+5,y2+2,y3—1,1—t) if1-e<t<1

(Figure 3).

D*(s) x(0,1)
Figure 3

In 4 ~ 10, we will construct an embedding F: N— N. After this,
(X1, X5y %3, %4) (resp. (1, ¥a, ¥s, t)) denotes a point of D X D' C N (resp. D)
% [0,1] C N).
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For (x,, x;, x5, x) € D X D’ with |x; + 1| = ¢ and |x, + 1| = ¢, define
(4.1) F(xy, %, %3, x) = (f(x,, %), 8(%3, X))
5.

For (x;, x,, x;, x,) € D X D’ with e < |x, + 1| £ ¢, define

(5.1 F(xy, %5, %3, £) = (fioen(%y, %2), (%, %)), where f,: D— D0 <t <e)
1s an isotopy satisfying (5.2) ~ (5.6). Suppose that b,(i=1,---,4) is a
positive number with

(5.2) O<b1<bz<5<b3<b4<a1, O(b1<b27
and

b, <min{4 — a,, a; — 4} .

Then

(5.3) filxy, x,) = f(x,, x,) if |x;| < b, or |x| > b,,
6.4 fo=f forde=t=<e,

(5.5 fo=f for 0=<t=<ie,

and

(5.6) i@, %) = (fdx), px))  for x| < by,

where f, is an isotopy of a neighbourhood of 0 in R! and f, has five fixed
points: three sources 0, +b,, and two sinks =4b, (Figure 4).

a  ~by —bs —b, 6 b, bs b a
Figure 4
6.
For (x,, x5, x5, x) € D X D’ with |x, + 1| < ¢, F' is defined as follows.

Let

(6'1) U = {(xly X2y X3y x4) € D X D/l\/xi '.'i_ xg + (x4 + 1)2 é 5} ’

and

(6.2) U = {(%1, %, %5, x) € D X D[Vl + x5 + (%, + 1 < 6},
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where b, < 6, < 6. Then F is defined as follows.

F(xl’ X2y X3, x‘) = (fo(xb xz), g(xBy x4))

6.3
©3) if (%, %, %5, )€ D X D' — U and |x, + 11 < 4e,

F is written in the form such that

F(x,, x, %3, x) = (fo(21, %), (%1, %2, %3, %), ¥z, + 1) — 1)

(6.4) .
if (%, x5, x5, x) € U and x; > —3e,

where g satisfies the followings.

(6.5) 8(x,, x,, x5, x,) = 3x, near the frontier of U,

6.6) B(xy, %3 x5, %) = 2x5 i (%), 2% X5, )€ Uy and —4e < x;, < de,

and

(6.7 g(x,, %3, x5, x,) does not depend on x, if |x;| < b,. F as above
can be induced from a vector field (b, is assumed to be sufficiently small).

F({(xh Xy Xy, %) € Ulaey < 0}h)

.8
(6 ) c {(xb x29 x3, x4) € lez < 0} .

In {(x,, x;, %3, x,) € U|x; < 0} there are only a finite number of nonwander-
ing points, which are hyperbolic fixed points. Furthermore F satisfies
the conditions in 10.

7.
On D%5) X [0,1 — ¢], F is given as follows.

(7'1) F(yh y2, Y3 t) = (fO(yh y2)9 %yh ¢(y1y Y2y Y3 t)) ’

where ¢ satisfies the followings.

I vyi+y+y;<doori<t

(7.2)  &(y1, ¥2, ¥s, ) depends only on ¢,
and

dé
(1.3) >0,

(7.4) (Y, Vo ¥ ) =1 — 31 — 0) for 1 —2:<t<1—e¢.
(7.5) Y1 Yo ¥ ) = By, ¥ t,y: — 1) if 0t <.,

Moreover F satisfies 10.
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For (x,, %, x5, x,) € D X D’ with |x, + 1| < ¢, F is given as follows.
Let 2,: D— D (0 <t £ ¢) be an isotopy such that

(CRY) ho=f iffe<t=<e,

(8.2) hfx, x)=f(x,x) f —2=<x<4—-bord+b=x<6,
and

8.3) h(x, %) = filx, — 4, %, — 2) + (4, 2) if |x, — 4| < b, .
Then F is written in the form such that

(8.4) F(xy, %, 23, x) = (ho(1, %), (%1, Xy X3, %), 3%4)

where A satisfies the followings.

}_l(xla Koy X3y X)) = 3(2x; + 1) — 1
if V(x, — 4 + (x, — 2 + (x5, + 1 < 6 and x, > 2¢,

(8.5)

}—Z(xl’ Xy Xy X)) = 2(x; + 1) — 1
if \/(xl —4)2 +(x2_2)2+ (x3+ 1)2.252 or x4<%e,

(8.6)

where ¢ < 6, < Zte.
(8.7  h(x,, x;, x;, x,) does not depend on x, if |x, — 4| < b,. Furthermore

F satisfies 10.

9.

For (x,, x,, x;, x) € D X D’ with %e < |x; + 1| < ¢, define
9.1) F(xy, x5y %5, ) = (Bzysr (%1, ), 2025 + 1) — 1, 3x,) .«
10.

F is an embedding of N such that
(10.1) F(N)CintN,
and

(10.2) F is isotopic to the identity.

11.

Straightening the corner (and modifying F near the corner), we can
regard N as a submanifold of M which is diffeomorphic to D* X S'. Ex-
tend F to a diffeomorphism of M such that the nonwandering set of
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F|M — N consists of a finite number of hyperbolic fixed points.
12.

In 12 ~ 15, we will show that the number of nonwandering points
of F|N is countably infinite. This implies that the diffeomorphism of M
as above is the required one, because its periodic points are finite. (12.1)
and (12.2) follow from the construction of F.

(12.1) If (x5, x) € {0} X [1, —1]) U ([—2, 0] X {0}), then (x,, x,, x;, x) e N
is a fixed point or a wandering point.

(12.2) If (x, x;) # (0, 0), then (xi, x;, x5, x,) € N is a fixed point or a
wandering point.

13.

The maximal invariant set of F|(D X {0} X {0}) consists of points
satisfying one of the conditions (13.1) ~ (13.3).
(13.1) (x;, %, 0,0)€ D X D such that there is an integer n, with

fr(x, x)e A, (0= 1 < 6) for ne Z
and
fn(xly xz) € Al (i = 0’ 2) 5; 6) for n > nO ’

where Z denotes the integers.
(13.2) (xy, x,,0,0)€ D X D’ such that there is n,e Z with

fn(xl’ xz) € A5 lf n < Ny,
fi(x, x)e A, if n=n,

and
fr(x, x,) € A, if n>n,.
(13.3) (x, x5, 0,0) € D X D’ such that there is n,€ Z with
f(x,, x,) € A for n < n,
and
f(x,, x,) € A, for n > n,.
Denote

0, = {(x, x5, 0, 0) € D X D’|(x,, x5, 0, 0) satisfies (13.2)}

https://doi.org/10.1017/50027763000018456 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000018456

HYPERBOLIC NONWANDERING SETS 85
and
0, = {(x3, %, 0,0) € D X D’|(x,, x,, 0, 0) satisfies (13.3)}

Then 0; (i = 1,2) is an orbit of one point, and ¢, U ¢, U {(4, 2, 0, 0), (0, 0,
0, 0)} is a hyperbolic set.

14.

We will show that any point satisfying (13.1) is a fixed point or a
wandering point. Suppose (x,, x,, 0, 0) is not a fixed point and satisfies
(13.1). Let W, C D be a neighbourhood of (x,, x,) with

(14.1) (W) C A, G=0,26) for n>n,,

where n, is given in (13.1). (It does not occur that f*(x, x,) e A; for
n > n,, because (x;, x,) # (4, 2).) Choose a neighbourhood W, C D’ of (0, 0)
such that

(14.2) g (W) N {(xs, x)e D' ||x, + 1| L e} =T for n < n,.

If n < ny (resp. n > n,), it follows from (14.2) (resp. (14.1) and (5.3)) that

Frw) N {(z,, 25, 2,2) e DX D'\VZ+ 22+ (s + 1)< 8 =0
for we W, X W,.

Therefore (x,, x,, 0, 0) is a wandering point, because a non-periodic point
is nonwandering only if its nearby points return near by the point through
D) x [0, 1].

15.

Here we will prove that a point of ¢, U 0, is nonwandering. Suppose
that (x,, x,,0,0) € D X D’ satisfies (13.2) or (13.3). Let W be a neighbour-
hood of (x,, x,, 0, 0) such that

(15.1) W= {(z1, 2, 2,20 € D X D/Hzi — %< 0,070
’ fori=1,2,j=34}

for 0 < ¢ < b,. Choose a sequence (x;, %, ¥,y e W (i =1,2, ---) with

(15.2) ¥ >0, ¥ <o,

and

=0, y?—>0 (asi—o0).
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Then there is a sequence of integers {n;}..;.... which satisfies n, — oo (as
i— o) and

(15.3) Fri(x,, x,, ¥$9, y§2) — (0,0, 0, —1) as i— oo,

This implies that there is a sequence {m;};.,,... with m;, > n, and
(15.4) Fri(x,, x5, v, ) - 4, 2, —1,0) as i— oo,

This implies that there is a sequence {{;};c1,,... With ¢, > m, and
(15.5) F(x,, x,, ¥, y?) — (4, 2, 0, 0) as [ — oo,

It follows from (1.5),(4.1),(5.1),(5.3), (6.3), (6.4), (6.7), (7.1), (7.2), (8.3), (8.4),
(8.7) and (9.1) that on a neighbourhood of (4, 2,0, 0) F satisfies

Fé([x, — 0, %1 + o] X {x:} X {3"} X {3}

(15.6) D[4 —0,44 d] X {vf} X {v§’} X {v{},

where

v.(ii) = prj Fli(xh x27 yéi)y yi“) ’
and pr; is the projection to the x,-factor. It follows from (15.5) and (15.6)
that for sufficiently large k&
(15.7) k>J0 Fiot([e, — 0, %0 + 0] X {x} X {3} X (s N W= .
Thus (x,, x,, 0, 0) is a nonwandering point. We have constructed F such
that 0, U 0, U {fixed points} is hyperbolic. This completes the proof.

After this paper was written the author was informed that A. Danker
also constructed a counter-example to this problem. (c.f. On Smale’s
Axiom A dynamical systems, Ann. of Math. 107 (1978) 517-553.)
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