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OPERATOR ALGEBRAS
WITH CONTRACTIVE APPROXIMATE IDENTITIES

YIU-TUNG POON AND ZHONG-JIN RUAN

ABSTRACT.  We study operator algebras with contractive approximate identities and
their double centralizer algebras. These operator algebras can be characterized as L*°-
Banach algebras with contractive approximate identities. We provide two examples,
which show that given a non-unital operator algebra A with a contractive approximate
identity, its double centralizer algebra M (A) may admit different operator algebra matrix
norms, with which M(A) contains A as an M-ideal. On the other hand, we show that there
is a unique operator algebra matrix norm on the unitalization algebra A! of A such that
A! contains A as an M-ideal.

1. Introduction. Given a Hilbert space H, we let B(H) denote the space of all
bounded linear operators on H with the operator norm. For each n € N, the set of natural
numbers, there is a natural norm || ||, on the space M, (B(H)) of all n x n matrices on B(H)
obtained by identifying M, (B(H)) with B(H"), where H" is the direct sum of n copies
of H. We call this family of norms {|| - ||,} the operator matrix norm on B(H). A norm
closed subspace (resp., a norm closed subalgebra) of B(H) together with the operator
matrix norm is called a concrete operator space (resp., a concrete operator algebra). A
concrete operator algebra is called unital if it contains the identity operator on the Hilbert
space.

Operator matrix norms play an important role in the study of operator spaces and oper-
ator algebras. In [Rul] and [BRS], we have succeeded in characterizing concrete operator
spaces and concrete unital operator algebras as L>°-matricially normed spaces and unital
L>-Banach algebras (or equivalently, unital L*°-Banach pseudo-algebras), respectively.
For the convenience of the reader, let us recall these results.

An L*™®-matricially normed space is a vector space V over the complex numbers C
together with a norm || - ||, on each matrix space M, (V) such that the following conditions
are satisfied:

MD llx @ Yllnem = max{][xl[n, [Iy[lm}
(M2) llcxBln < [lexl] {]x[]] B
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forall x € M,(V),y € M,(V) and o, 3 € M,(C) (cf. [Ef] and [Rul]). In this paper, we
assume that all L>-matricially normed spaces are norm complete, i.e., M, (V) is a Banach
space for each n € N.

Given L*™-matricially normed spaces V and W and a linear map ¢: V — W, there is a
natural map ¢,: M,(V) — M,(W) defined by

eallxzD) = Lol

We let [|¢]lev = sup{ll¢nl| : n € N}. The map ¢ is called completely bounded (resp.,
completely contractive, completely isometric) if ||¢||cn < +00 (resp., |||y < 1, each
¢y 1s an isometry). We will use B(V, W) (resp., CB(V, W)) to denote the space of all
bounded maps (resp., the space of all completely bounded maps) from V into W.

It is easy to see that every concrete operator space is an L*°-matricially normed space.
On the other hand, we have

THEOREM 1.1 [RU1].  Every L®-matricially normed space is completely isometri-
cally linearly isomorphic to a concrete operator space.

Theorem 1.1 characterizes operator spaces as L*™-matricially normed spaces. Re-
cently, we have found an extremely simple proof of this theorem in [ER6].
An L*™-Banach algebra is an associative algebra A over the complex number C such
that
1) Aisan L>-matricially normed space, i.e., an (abstract) operator space
2) the associative multiplicationm: A X A — A is a completely contractive bilinear
map.
We recall that a bilinear map m: A X A — A is completely contractive (cf. [CS]) if it
satisfies

I 14Dl = | [ mtes b | < el el

for all {a;], [bix] € M,(A) and n € N. We note that condition 2) is equivalent to the
following: for each n € N, the matrix algebra M,,(A) is a Banach algebra with respect to
the multiplication m, and the norm || - || ..

An L*™-Banach algebra A is called unital if it has a multiplicative unit e of norm one,
i.e., it has a distinguished element e of norm one such that

m(a,e) = a = m(e,a)

foralla € A. An L>-Banach algebra A is said to have a contractive approximate identity
if there is a net {a, : a € A} of contractive elements in A such that

lm(aq,a) —al| — 0, ||m(a,aq) —al| — 0

forall a € A.

In the above definition of L>°-Banach algebras, we assume that the algebras are asso-
ciative. If we drop the associativity, we get the definition of L>°-Banach pseudo-algebras.
It is easy to see that every concrete unital operator algebra is a unital L>°-Banach algebra,
and thus a unital L>°-Banach pseudo-algebra. Conversely, we have
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THEOREM 1.2 [BRS].  Every unital L*-Banach pseudo-algebra is completely iso-
metrically unital isomorphic to a concrete unital operator algebra.

Theorem 1.2 charaterizes concrete unital operator algebras as unital L*°-Banach
pseudo-algebras. It also shows that unital L*°-Banach pseudo-algebras are automatically
associative and thus can be identified with unital L>-Banach algebras. We can simply
regard these algebras as (abstract) unital operator algebras, and call their matrix norms
unital operator algebra matrix norms.

There is no doubt that unital operator algebras are the most important operator alge-
bras in our study. But many interesting operator algebras fail to have units. For example,
norm closed two-sided ideals of operator algebras usually have no units. But some “nice”
ideals, i.e., M-ideals in unital operator algebras have contractive approximate identities
(cf. [ER2] and [PR]). This motivated us to study a more general class of operator alge-
bras, i.e., operator algebras with contractive approximate identities.

In §2, we begin by studying the double centralizer algebras of L>-Banach algebras.
We show that for any L*°-Banach algebra A with a contractive approximate identity,
there is a canonical matrix norm {||| - |||} on its double centralizer algebra M(A). With
this matrix norm, M(A) is a unital L>°-Banach algebra containing A as an M-ideal (The-
orem 2.3). It follows from Theorem 1.2 that M(A) is completely isometrically unital
isomorphic to a unital concrete operator algebra on a Hilbert space. As a consequence,
A is completely isometrically isomorphic to a concrete operator algebra (Theorem 2.4).
Furthermore, we show that A can be identified with a concrete non-degenerate operator
algebra on a Hilbert space (Proposition 2.5).

In §3, we study some properties of the double centralizer algebras of operator algebras
with contractive approximate identities. We show in Theorem 3.1 that if A is a non-
degenerate operator algebra on a Hilbert space H, and if we let B = {x € B(H) : xA C
A and Ax C A} be the double multiplier algebra of A on H, then M(A) is completely
isometrically unital isomorphic to B. Furthermore, we show in Proposition 3.2 that M(A)
is completely isometrically unital isomorphic to a unital subalgebra of A**, where the
latter is the second dual of A.

It is known that for any C*-algebra A, there is a natural C*-algebra matrix norm on
A. With this C*-algebra matrix norm, A is an operator algebra with a contractive approx-
imate identity and its double centralizer algebra M(A) has a unique unital C*-algebra
matrix norm such that M(A) contains A as an M-ideal. But this is not necessarily true for
operator algebras. Given an operator algebra A with a contractive approximate identity,
there might exist different unital operator algebra matrix norms on M(A), with which
M(A) contains A as an M-ideal.

In §4, we study the unital operator algebra matrix norm structure on the double cen-
tralizer algebras of operator algebras with contractive approximate identities. We will
discuss two examples, Example 4.3 and Example 4.4. In Example 4.3, we show that
there is a unital operator algebra matrix norm {||| - |||, } on £°°(N), the double centralizer
algebra of ¢y(N), which is different from the canonical unital operator algebra (in fact,
C*-algebra) matrix norm {||| - [[|,, } on £°(N). In this case, we acturally get ||| -[|[1 # [I|-[l1-
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For non-self adjoint operator algebras, it is possible to construct different unital operator
algebra matrix norms {||| |||/} on their double centralizer algebras such that |||- |||} = |||l
(see Example 4.4).

In §5, we study the unitalization algebras of non-unital operator algebras with con-
tractive approximate identities. The main result, Theorem 5.2, in this section shows that
for every such operator algebra A, there is a unique unital operator algebra matrix norm
on the unitalization algebra A' of A such that A' contains A as an M-ideal.

2. Double centralizer algebras. The theory of double centralizers, or double mul-
tipliers was first studied by G. Hochschild in [Ho] for associative algebras over a field
k. It was also studied by S. Helgason in [He] for certain commutative Banach algebras,
by B. Johnson in [Jo] for Banach algebras with bounded approximate identities, and by
R. Busby in [Bu] for C*-algebras. We begin this section by recalling the definition of
double centralizers for associative algebras in [Ho]. We will delete the multiplication m
in our notation unless it is necessary.

Let A be an associative algebra over a field k. A double centralizer of A is a pair (S, T)
of linear maps S and T on A which satifies the following conditions:

(DC aS(b) = T(a)b
(DC2) S(ab) = S(a)b
(DC3) T(ab) = aT(b)

forall a,b € A.

If A is an L*°-Banach algebra with a contractive approximate identity, any maps S and
T satisfying (DC1) are automatically linear and bounded, and satisfy conditions (DC2)
and (DC3) (¢f. [Jo]). In this case, the double centralizers of A can be defined as follows.

DEFINITION 2.1.  Let A be an L*°-Banach algebra with a contractive approximate
identity. A double centralizer of A is a pair (S,T) of maps S and T on A which satisfies
condition (DCI).

We let M(A) denote the set of all double centralizers of A. With the operations defined
by

ST +(852,T2) = (S1+ 52, T1 +T>)
a(S, T) = (S, aT)
($1,T1) 0 (82, T2) = (85108, T 0Ty)

forall (S, 7) and (S;, T;) € M(A) and scalars o, M(A) is an associative unital algebra with
unit (id4,1d4), which is called the double centralizer algebra of A. In the following, we
will show that there is a natural operator matrix norm on M(A) such that M(A) is a unital
L*>-Banach algebra.
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LEMMA 2.2.  Let A be an L™-Banach algebra with a contractive approximate iden-
tity. For any (S, T) € M(A), the linear maps S and T are completely bounded with

[Slleo = (ISl = (71| = IT[cb-
Furthermore, for any [(Sy, Tjj)] € M, (M(A)), we have

[Silller = LS5l = T3]l = [[1Ty1leo-

PROOF.  Let {aq}aca be a contractive approximate identity for A. For each o € A,
Ao

n € N, define a” = - . Then {a”. } ,ca 18 clearly a contractive approximate
a . afac y pp

0 a
identity for M, (A). Given any (S,aT) € M(A), we have

[[Slleo = sup{[[[Stapllla : [[laglll. < 1}
= sup{[lagS@llln : l[laglll, < 1,0 € A}
= sup{|[[acS(ai)ln : llagllln <1, € A}
= sup{[[[T(@a)agl» : [[laglll» < 1,a € A}
<7

Similarly, we can show that ||| < ||S||. Thus S and T are completely bounded and
lISlleo = ISH = 71l = [ Tlleo-
Given any element [(S;;, Tj)] € M, (M(A)), we have
| [Sy] and [T;] € M,(B(A,A)) = B(A, M,(A)).
A similar argument shows that

(0Sillleo = 1S5l = [Tyl = [{Ty1llcb- .

By Lemma 2.2, we can define a norm ||| - |||, on each M, (M(A)) by
TGSy Tllla = 1118l (= I1T311))

for all [(Sy, Tj)] € M, (M(A)). We call {||| - |||»} the canonical matrix norm on M(A).

THEOREM 2.3. Let A be an L™-Banach algebra with a contractive approximate
identity. The double centralizer algebra M(A) with the canonical matrix norm is a unital
L>-Banach algebra containing A as an M-ideal.

PROOF.  First we recall that B(A, A) is an L*°-matricially normed space with the ma-
trix norm obtained by identifying M, (B(A,A)) with B(A, My(A)) (cf. [ER1]). Then M(A)
with the canonical matrix norm {||| - |||} is an L*°-matricially normed space.

https://doi.org/10.4153/CJM-1994-021-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1994-021-0

402 Y.-T. POON AND Z.-J. RUAN

The multiplication m: M(A) X M(A) — M(A) defined by
m((S1,T1), (52, T2)) = (S1 08, Ty 0 Ty)

for all (S;, 7;) € M(A) is unital and associative. The unit element (id,, id4) has norm one.
It remains to show that m is a completely contractive bilinear map.
For any [(Sy, Tj)1, [(S]’k, T\l € M,,(M(A)), we have

ma(1685 TpL (S} T, —H][(zs,,o Jk’Z oyl

sup{l)[éaas oSi(@)|| :llall < 1aen

I

5005k

I

i

sup{[[[Ty(aa)l[Sp(@)]]] : |lal] <1, € A}
NS = IS Tl (TS Tiol -

Thus M(A) is a unital L*°-Banach algebra.

Next we show that the algebra A can be identified with an M-ideal in M(A). For any
a € A, weletL, (resp., R,) be the left (resp., right) multiplication map defined by L,(b) =
ab (resp., R,(b) = ba) forall b € A. Since A is an associative algebra, the pair (L,, R,,) of
bounded maps belongs to M(A). Thus p(a) = (L, R,) for a € A defines a map p: A —
M(A). Clearly p is an algebraic homomorphism such that ;(A) is a two-sided ideal in
M(A). Furthermore, we can show that p is a complete isometry.

To see this, for any [a;;] € M,(A), we have

Ly RaMlln = WL, )| = sup{[[lagallln : ljal] <1} < [[lag][],.

On the other hand, we have

IN

Iagllln = sup{lllaaaylll, : @« € A}
= sup{||[Ra,(ac)ll[» : @ € A}
< HRa M = (Lays Ra )| n-
Hence, p1:A — M(A) is a complete isometric injection, and A can be identified with an

M-ideal, i.e., a norm closed two-sided ideal with a contractive approximate identity, in
M(A) (cf. [ER2]). =

It follows from Theorem 1.2 and Theorem 2.3 that M(A) is completely isometrically
unital isomorphic to a concrete unital operator algebra, which contains A as an M-ideal.
As an immediate consequence, we have

THEOREM 2.4.  Every L>-Banach algebra with a contractive approximate identity
is completely isometrically isomorphic to a concrete operator algebra.

Owing to Theorem 2.4, every L>-Banach algebra A with a contractive approximate
identity can be identified with a concrete operator algebra on a Hilbert space H. Let [AH]
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be the linear subspace spanned by {a€ : a € A, £ € H} and Hy = [AH] the closure of
[AH] in H. It is clear that H, is an A-invariant subspace of H. If Hy = H, we call A
non-degenerate on H. If Hy # H, we can restrict A to Hy and get a new operator algebra
matrix norm {|| - ||g,.»} on A.

PROPOSITION 2.5.  The operator algebra matrix norm {|| - ||n, } coincides with the
original operator algebra matrix norm {|| - ||,} on A. Thus every L*-Banach algebra
with a contractive approximate identity can be identified with a concrete non-degenerate
operator algebra on a Hilbert space.

PROOF.  For every (fixed) [a;] € M,(A) (n € N), it is clear that

ailllmon < lllag]l]n-
On the other hand, we have

llaglll = sup{lllazaalll, : @ € A}

[ &1

=sup] lazaol | ||| i [ =L&EH aEA
g’l -£n~
aq€] €17

=sup{ (lazl| = L&EH aeA
aagn —En-

< lailll s

where {a,} is a contractive approximate identity for A. This shows that {|| - ||, .} =
{Il - l|ln} on A, and thus we can identify A with a non-degenerate operator algebra on the
Hilbert space Hp. ]

We note that, in our proof of Theorem 2.3, the associativity of the algebras is essen-
tial. It allows us to identify any given algebra A with an ideal in its double centralizer
algebra M(A). Recently, we have found a different proof of the characterization theorem
(Theorem 2.4 and Proposition 2.5) by using the second dual approach in [Ru2]. In that
case, it is not necessary to assume the associativity of the algebras. The result is still true
for L>°-Banach pseudo-algebras.

In the rest of this paper, we assume that all algebras are L°°-Banach algebras with
contractive approximate identites. We identify these algebras with operator algebras with
contractive approximate identities acting non-degenerately on Hilbert spaces.

3. Some properties of double centralizer algebras. Given a non-degenerate op-
erator algebra A on a Hilbert space H, we let B be the double multiplier algebra of A
defined by

B={x€B(H):xA C Aand Ax C A}.
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It is clear that B is a unital operator algebra containing A as an M-ideal. For any x € B,
the pair (Ly, R,) of left and right multiplication maps is belong to M(A). This defines a
map fi: B— M(A) by letting

A(x) = (Lx, Ry).
THEOREM 3.1. [ is a completely isometric unital isomorphism from B onto M(A).

PROOF. It is easy to see that i is a completely contractive unital homomorphism
from B into M(A). Given any [x;] € M,(B), we have

11l = sup{|Lxdland(&d] = |aud(€al]| < 1, a € A, & € H}
= sup (|3 aavjan 1641 : llanliéalll < Lax € A& € Hoa € Al

= sup{||[Rx, (@) ap] (&l : lllanllél]] < lag € A& € H,a € A}
<R = (L RN

Hence, p: B— M(A) is a complete isometry.
Next we show that u is onto. Given any (S,7) € M(A), we define an operator x on
[AH] by

X(Z aiﬁi) = Zl: S(a;)&;
forall o, a;&; € [AH). If ¥ a;€; = > b € [AH], then
>>S@@)éi = lim Y aeS(a)é; = lim Y T(aqx)a:; = lim ) T(aq)b
i * * x
= lign}: aqS(b)G = ZS(bj)Q.
J j ,
Therefore, x is a well-defined linear map, and we have
(sas)]| =
= lim| 3" T(@a)(@)1|
= li;n”T(aa)(zi: aiﬁ,’) ” < ||| HXI: a;&;

2 Stae| = li;nH; aaS(@)s|

Hence, x extends to a bounded linear map on H = [AH], still denoted by x, with

Il < N7l = Mlies, Dl

Finally for any a € A and ¢ € H, we have (xa)(§) = x(af) = S(a)¢. This shows that
S = L,. Similarly, T = R,. Thus we have x € B and fi(x) = (S, T). Hence, i isonto. =

If A is an operator algebra acting non-degenerately on a Hilbert space H, then the
matrix algebra M, (A) is an operator algebra acting non-degenerately on H". Identifying
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with M(A) = {x € B(H) : xA C A and Ax C A} (Theorem 3.1), we can easily get the
completely isometric unital isomorphism

M, (M(A)) = M(M,,(A)).

We remark that one can directly prove this result for double centralizer algebras
without using Theorem 3.1. To see this, let [(Sy, T;)] € M,(M(A)). Define (S,T) €
M(M,(A)) by

S(lag]) = [sy], where sj = > Sulay)
=1

T(la;]) = [t;], where t; = > Tyj(aq).
=1

Then [(S;, T;j)] — (S, T) is a completely isometric unital isomorphism from M,, (M(A))
onto M (M,,(A)). We leave the details for the reader.

For any operator algebra A with a contractive approximate identity, it is known that
both M(A) and A** are unital operator algebras containing A as an M-ideal (cf. Theo-
rem 2.3 and [ER2]). In the following proposition, we study the relation between M(A)
and A™.

PROPOSITION 3.2.  Let A be an operator algebra with a contractive approximate
identity. Then M(A) is completely isometrically unital isomorphic to a unital subalgebra
of A**.

PROOF. We identified A with an operator subalgebra of a C*-algebra B. Then A** is a
weak* closed subalgebra of B**. Letting {m, H} be the universal representation of B, we
have B** = B°, and thus A** = A? on H. Since A has a contractive approximate identity
{aq},A™ has aunit e = lim a,, which is a projection in B(H). Without loss of generality,
we can assume that e = 1y (replace H by eH if necessary). Thus A is non-degenerate on
Hand A*™ = A°.

By Theorem 3.1, we have

M(A) = {x € B(H) : xA C Aand Ax C A}.

Since A is dense in M(A) with respect to the strictly strong topology (cf. [Bu]), and the
strictly strong topology is stronger than the o-weak topology when A is non-degenerate
on H, we have

M(A) CAT =A™, n

We remark that if K,,(H) is the C*-algebra of all compact operators on a separable
Hilbert space H, then M (KOO(H)) = B(H) = Koo(H)**. It is known among the people in
this area that the similar result is true for nest algebras. Indeed, if R is a nest algebra on
a separable Hilbert space H, then A = R N Ko (H) is an M-ideal in R and A** = R (cf.
K. Davidson [Da]). Thus A is a non-degenerate operator algebra on H. Easy calculation
shows that M(A) = R = A™.
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4. Unital operator algebra matrix norms on M(A). Let A be an operator algebra
with a contractive approximate identity. It has been shown in §2 that there is a canonical
unital operator algebra matrix norm {||| - |||} on its double centralizer algebra M(A)
such that M(A) contains A as an M-ideal. In this section, we show that there might exist
different unital operator algebra matrix norms on M(A) such that M(A) still contains A as
an M-ideal.

PROPOSITION 4.1.  If {||| - [l } is any unital operator algebra matrix norm on M(A)
such that {||| - |11} = {llIl - ||} on A, then we have

-l < -1l foralin €N

PROOF. Let A C B(H) non-degenerately. By Theorem 3.1, we have
(M@A).{lll - Iln}) = {x € BH) : xa € A, ax € Aforalla € A}.
Hence, for any [x;] € M,(M(A)) C M,(B(H)), we have

llixgllln = supflixgalll, : @ € A, [lal| < 1}

!

a
= sup < |l [xy] ca€A,al <1
a n
!
a

< sup q [[| il ca€A,ld] <1

a n
< Ml .

LEMMA 42.  Let A be a unital algebra with unit 1, and let {{|| - |[K}22, }:il be a
sequence of unital operator algebra matrix norms on A. If for every non-zero element
[ai;] € M, (A), there exist positive numbers 0 < o < 3 < oo such that

a < |llaglll, <5

forallk € N, then

ltaglll, = Tim [l{a;1l],
k—00
determines a unital operator algebra matrix norm on A.

PROOF. 1) Itis clear from the hypothesis that for any [a;] € M,(A),
lagll], = ,}L—Toll[aulllﬁ

is well defined and non-negative, and ||[a;]||, = O if and only if [a;] = 0.
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2) Forevery a, 3 € M,(C) and a = [a;] € M,(A),
leal], = Jim llecaB|fy < Tim [jet]| |[all,l1 3]
—00 k—00
= lledicTim flallIll = fledl lall /1B
—00
3) For every a, b € M,(A),
lla+ b, = Tim |la+blf; < lim (|lalf; + [5][;)
k—00 k—00
< lim flafl, + lim 161l = llallx + [15]].
—00 k—00
4) For every a € M,(A), b € M,,(A),
la® bllnm = lim [la @® b[y,, = lim max{[|al, [|]l5}
k—00 k—00
= max{ lim [|a[l}, Tim [|b]/3,}
k—00 k—00

> 121]m}-

= max{||a
5) (11l = Timg—oo 111§ =
6) For every a,b € M,(A),
labll, = Tim [labl[y < Tim [lall,||6]5 < Tim [lall; - lim [5]],
k—00 k—00 k—00 k—00
= llallallbl].-
Hence, {|| - ||} is a unital operator algebra matrix norm on A. "

ExaMPLE4.3. Let £*°(N) (resp., co(N)) be the space of all bounded sequences (resp.,
the space of all sequences converging to 0). Thus £>°(N) with the canonical unital opera-
tor algebra (in fact, the C*-algebra) matrix norm {|| - || .} is the double centralizer algebra
of ¢o(N). In this example, we construct a different unital operator algebra matrix norm
{IIl - I} on £>°(N) such that £°(N) still contains ¢o(N) as an M-ideal.

Let {¢; : i € N} be the canonical orthonormal basis of ¢>(N). Identifying elements
a = {a;} € (>®(N) with the bounded operators a on £*(N) determined by a(e;) = a;e;,
we have

co(N) € £2(N) C B(£(N)).

For k,[ € N, we let E;; be the standard matrix elements in B(ZZ(N)), iLe.,

e ifl=i

E )=
kilei) {0 otherwise.

For each k € N, we define 7y: £°(N) — B(£(N)) by
Ti(a) = a + (ay — A1) Eg s

foralla = {a;} € £>°(N), and define unital operator algebra matrix norms {|| - ||X} on
M,(£°(N)) by

“[apq]”/:1 = H[Tk(apq)]Hn = ”[apq+ (aiq - a‘ZZl )Ek,k+l]“ns
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for all [a”] = [{d"}] € M,,(KOO(N)). It is clear that
a"1lln < flta" 1] < 3[{{2" 1l
It follows from Lemma 4.2 that the matrix norm defined by
litaP 1, = Tim (a7

is a unital operator algebra matrix norm on £*°(N).
Ifweleta= {1, —1, I, —1,...} € {%°(N),

lallly = fim{||a £ 2Exiall} > [lal]1.

Hence, the unital operator algebra matrix norm {||| - |||,} is different from the canonical
unital operator algebra matrix norm {|| - ||,} on £>°(N).

Finally for any a = {a;} # 0 € ¢o(N), there exists a sufficient large integer N such
that for all i > N, 3|a;| < ||a||;. It follows that [|a||¥ = |la + (ax — awe1)Exsn |1 = |1a]}1
for all k > N, and thus we have |||a|||] = ||a]|;. Similar argument shows that |||[a”]|||;, =
l(aP9]]|,, for all [aP4] € Mn(Co(N)). Therefore, we have {||| - |I.} = {lll - lll} on co(N). m

EXAMPLE 4.4. Let A be the commutative unital operator subalgebra of M3(C) gen-
erated by I, E, and Ey3, i.e.,

a (3 v
A:{{O o 0}:0{,6,76@}QM3(C).
0 0 «

Let {|| - ||»} be the natural unital operator algebra matrix norm on A, and let {|| - ||} be
a matrix norm on A defined by

H[a'j]H:z - “[aij]tan = H[aji]nn

for [a;] € M,(A). Clearly, A with this matrix norm {|| - ||} is an L>-matricially normed
space and |1} = ||1]]1 = 1. Since A is commutative, we have

l1lagd(bielll = [[[Zagbu]" |
= [[[Zbjaz1"|ln
= [[bxl"[ay1"[|n
< 1B "lln @l lln = aylll;, (bs1l5

Hence, {|| - ||/} is a unital operator algebra matrix norm on A.
Now we consider the commutative operator algebra

aj

Ao = e sap €A, |la| — 0

C B(C*® (*(N)).
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It is easy to see that

x|
X2 0
M(As) = tx € Asup{fla [} < oo
0 Xk
x|
X3 0
For every [x;] € M,,(M(Aoo)), where x; = ) with x;z €A, we
0 x!
can write (up to a unitary permutation)
(x1
(%]
Lxi] = )
[

with [x/] € M,(A) and sup{|[x/1(|, : k € N} < +oo. Letting {|| - [[|.} be the canonical
unital operator algebra matrix norm on M(A,), we have

el = sup{llLg 1l - & € N}

Define a new matrix norm {||| - |||/ } on M(A) by

[ Cxs I, = max {11

Tim 011
o Jm (1]}

It follows from Lemma 4.2 that {||| - |||/} is a unital operator algebra matrix norm on
M(AL).
a
For every x = A u € M(Ay), witha, € A, we have
k
lim [} = lim [lalli < sup{flalii} = [llxlli-
k—00 k—00
Hence, |||x|||} = |llx||}1 for all x € M(A). This shows that || - ||} = ||| - ||l1 on M(Ax).
Let [x;] be an element in MZ(M(AOO)) given by
E; E3
X1 = Ep s X21 = En s

X112 = X2 = 0.
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We can write (up to a unitary permutation)

E, O
Esz O

[x] =

It is clear that [[|[x;]]||> = 1. On the other hand, since

2 1% %1,

2
we get )
lxg il = max {2, Tim (1115} = v2 > [fjLg] |2
This shows that the matrix norm {||| - |||,,} is different from the canonical matrix norm

{II[ - {ll+} on M(As).
Finally for any [x;] € M,(A), we can write (up to a unitary permutation)

[Xﬁj]
[x;] = [xz‘
with [|[[x7]]|;, — 0as k — oo. It follows that [[|[x;1[|l, = |||[x;][l»- This shows that
{II“ M-} coincides with {]|| - |||} on Ax. .

5. Unital operator algebra matrix norms on unitalization algebras. Through-
out this section, we assume that A is a non-unital operator algebra with a contractive
approximate identity, and its double centralizer algebra M(A) has the canonical unital
operator algebra matrix norm. Let A = A & C be the unitalization algebra of A with
multiplication defined by

(a,a)(b, B) = (ab+ ab + Ba, of3)

for all (a, ), (b, 3) € A & C. In this case, the unit element ¢ = (id4, ids4) € M(A) is not
contained in A. Thus we can identify A! with the unital subalgebra A ¢ Ce of M(A) and
get a unital operator algebra matrix norm on A'. With this matrix norm, A' is a unital
operator algebra containing A as an M-ideal. The main result in this section is to show
that this is the only such unital operator algebra matrix norm on A'. In our argument, we
need some terminologies from the theory of operator spaces.

Given an operator space V, there is a natural operator space structure on the dual space
V* of V obtained by identifying M,(V*) with CB(V,M,), the space of all completely
bounded maps from V into M,, (c¢f. [BP], [ER3]). The second dual V** of V is also an
operator space which contains V as a weak*-dense subspace. Given two operator spaces
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V and W, we will assume that V and W are norm closed subspaces of B(H) and B(K) for
some Hilbert spaces H and K, respectively. Define the CM-direct sum of V and W as the
operator space direct sum

Vo W C BHGK).

We note that this direct sum is independent of the choice of Hilbert spaces, and we denote
this direct sum as V @&cm W (cf. [ER4]). A direct sum of operator subspaces V and W is
called a CL-direct sum, denoted by V ®&c. W, if we have a complete isometry

(VB W) = V" Pem W

This is equivalent to the universal property that for any complete contractions ¢: V — X
and ¥: W — X, the corresponding map ¢ @ ¢: V &c W — X defined by

¢ DY, w) = o(v) + Y(w)

is also a complete contraction (cf. [ERS]).

Let V be an operator subspace of an operator space W. We call V a CL-summand in
W if there is an operator subspace L in W such that W = L ®¢p. V. Let P: W — V be
the projection from W onto V given by P(x+y) = yforallx € Land y € V. We have
P = 0 & idy, where 0: L — W is the zero map and idy: V <— W is the embedding map.
It follows that P is a complete contraction. We call P the CL-projection from W onto V.
In this case, the subspace L is also a CL-summand in W and the CL-projection idy —P
from W onto L is also completely contractive.

An operator subspace V of an operator space W is called a CM-ideal if V*+ = V"' is
a CM-summand in W**. This is equivalent to say that v+ is a CL-summand in W*, i.e.,
there is an operator subspace L in W* such that

W* = L®cL vt

Since any CM-ideal (resp., CL-direct sum) is an M-ideal (resp., L-direct sum) when
we regard the spaces as Banach spaces, it is known by K. Davidson [Da] that the Ba-
nach space L is isometrically isomorphic to V*. In the following theorem, we generalize
K. Davidson’s result to operator space case.

THEOREM 5.1.  Let V be a CM-ideal in an operator space W and let L be an operator
subspace in W* such that W* = L ®c. V*. Then there is a complete isometry from L
onto V*.

PROOF. Let T: L — V* be the restriction map given by

T(p) = ¢lv

forall ¢ € L. Itis clear that T is a well-defined complete contraction and 7 is one-to-one
since ¢y, @2 € L such that T(¢1) = T(y) implies ¢ — ¢, € LNVE = {0}

Given any [¢;] € M,(V*) = CB(V,M,), it follows from the Wittstock-Arveson
Hahn-Banach extension theorem [Wil] [Wi2] that there exists an element [p;] €
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M,(W*) = CB(W, M,) such that [[[¢jllles = [[[¥y]llc and [pylv] = [1y]. Let Q be
the CL-projection from W* onto its CL-summand L. We have

[Q(eipIv] = [wilv] = [¥y]

and
il < Q@i lleb < ll@illler = [[[¥i1llco-

Thus [Q(¢;)] is a norm preserving extension of [v;] in M,(L) such that
T,,([Q(<p,-j)]) = [¢;;]. Finally, since T is one-to-one, it gives a complete isometry from L
onto V*. n

Notice that for any ¢ € V*, there is, in fact, a unique norm preserving extension
¢ € W* of ¢ (c¢f. [Da]). In this case, one must have ¢ = Q(¢). But we do not know if
this is true or not for general [v;] € M,(V*). The difficulty is that we do not have “good”
L-summand property for the norms on M,(W*) when n > 1.

Let A be an operator algebra with a contractive approximate identity and let A! be
its unitalization algebra with a fixed unital operator algebra matrix norm such that A'
contains A as an M-ideal. Consider a linear functional 7: A' — C defined by

T(a,a) =

for all (a, ) € A'. The linear functional 7 is a unital homomorphism since 7(0, 1) = 1
and

((a, a)(b, B)) = T(ab + ab + Ba, af) = af = T(a, )7(b, B)

for all (a, ), (b, B) € A'. As kerT = A has co-dimension one in A!, 7 is bounded on A'.
Furthermore, it follows from Banach algebra theory that 7 is contractive, and thus has
norm one. Therefore, we have

At =cr.

Since A is an M-ideal in A', it is also a CM-ideal in A' (cf. [ER4]), and thus there is a
norm closed subspace L in (AY* such that

AY =L@ At = L& COr.
Owing to this fact and Theorem 5.1, we can show

THEOREM 5.2.  There is a unique unital operator algebra matrix norm on A" such
that A' contains A as an M-ideal.

PROOF. It is clear that A' with the canonical unital operator algebra matrix norm
{Ill - lIl»} obtained from the double centralizer algebra M(A) is a unital operator algebra
containing A as an M-ideal. If {||| - |||} is another such unital operator algebra matrix
norm on A, an argument similar to that in Proposition 4.1 shows that ||| - ||[, < || - |||/
foralln € N.

https://doi.org/10.4153/CJM-1994-021-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1994-021-0

CONTRACTIVE APPROXIMATE IDENTITIES 413

IfweletAy = (AL {|||-|I.}) and A}, = (A", {||| - lln}), the identity map ida: A} — A},
is a completely contractive unital isomorphism. By duality,

@ = id}: (A})" = Ly BeL CT— (A})" = Ly ®c Cr

is a complete contraction. It suffices to show that ®~! is a complete contraction.

By Theorem 5.1, both Ly and L, are completely isometric to A*. Thus @|y,,: Ly — La
is a complete isometry. It follows that both ®|;!: Ly — Ly C (A})* and id¢,: Cr —
CrC (A}W)* are complete isometries. Thus

O ' =@, ®ide,: Ly B Cr — (Ay)*
is a complete contraction. ]

Using Theorem 5.2, we can easily get the following result.

PROPOSITION 5.3.  Let A and B be two operator algebras with contractive approx-
imate identities, and let T: A — B be a completely isometric isomorphism. The (unique)
extension T of T defined by

#a, a) = (r(a), @)
is a completely isometric unital isomorphism from A' onto B'.

PROOF. Given S € CB(A,A), we define 7(S) € CB(B, B) by
#(S)(r(@)) =7(S(a)) foralla € A.

Thus if (S,T) € M(A), we have 7(S,T) = (f(S),f(T)) € M(B). It is easy to see that
7 M(A) — M(B) is a completely isometric unital isomorphism. Since A! (resp., B') with
the unique unital operator algebra matrix norm is a unital operator subalgebra of M(A)
(resp., M(B)), 7 restricted to A' determines a completely isometric unital isomorphism
from A' onto B! such that

#a, ) = (1(a), @)
for all (a, o) € A'. =
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