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Abstract

We generalise the classical Bernstein’s inequality: |f'(f)] < T SUP_o 00 | f )|, —00 < 1 < +o00.
Moreover we obtain a new representation formula for entire functions of exponential type.
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1. Introduction

In this paper the variable t is in (—oo, +00). Let B, be the class of entire functions of
exponential type < 7, bounded on the real axis. For f € B, the classical Bemstein’s
inequality [2, p. 211] may be stated as:

<t sup [f(w)].

—O0O<U OO

, 1 [+ d /sintx
M If(t)l=‘—;/_oo fotn) (=) dx

In this paper we give a generalisation of (1). In order to prove it we need the following
result:

THEOREM A. [3, Theorem 1] Let f € B, be such that f(x) = O(|x|™¢), ¢ > 0,
x = too. Forallreals y and 0 < a < 1 we have

S M Gt L Lt
= tkr + y)? T
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+00 e—itx _ al'.txe—itx _ 2e—airx + e(l—a)iu:
= f)
—00

() dx

x2

+0o0 (—a)itx iTx ; iTx
o e —e'" t+aitxe
ey f f - dx
00 X

Furthermore, we generalise the following representation formulas for functions in B, :

THEOREM B. [3, Theorems 2 and 3] Let f € B, be such that f(x) = O(x|™°),
€ > 0, x — too. For all reals y we have

—4mrred? i paitkmty) sin? ((kr +v)/2) f (akn + y)

= (km +y)?
+o0 aiTx (l1—a)itx (Q-a)itx ; oiTXx
et e —2e — Qa — 3)itxe
3) = flax) > dx
_ X
it ) +00 (I-@)itx _. g—aitx __ l'txe-aitx
+ e / f(ax) > dx
oo X

forl <a <3/2, and

400 :
— 47t Z itk +y) sin® ((kr + y)/2) f (akﬂ + )’)

fet km + y)? T
00 (Zd _ 3)itxeairx + e(3—a)irx _ eairx
= f flax) 3 dx
/ _ X
(3) o0 .y 400 eU-@itx _ 9pQwlitx | o(-alitx
+e f(ax) > dx
- X
. foo (I—a)itx __ e—ai‘rx _ i.txe—aitx
+ e [lax) dx

2
oo X

for3/2 <a <2.

2. Statement of results

We adopt the convention ) A, = 0 if v varies on an empty set of integers.
For each o € R let us denote by L, the linear functional
A aitx cos(tx) — cos(tx) + e~
(4) fr——»; fx+1) (zx) (zx) dx.

2
oo X

THEOREM 1. Let f € B, besuchthat f(x) = O(|x|™),e > 0. Forall—1 <a <1
we have

&) Lo fO) =T sup  |f(u)l.

—o0<U <00
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In the same way, for each o € R let us denote by I, the linear functional

—itx __

; +o00
fo——»l—/ (f/(x+t)—airf(x+t))——ldx
(6) T J oo oo X
! —aitx d e —1
=;/ fx+te —(————) dx.

dx X

Let hy () = lim,_.. (1 /r) In | f (r ei9)| be the Phragmén-Lindel6f indicator
function.

THEOREM 1'. Let f € B, be such that f(x) = O(|x|™), € > Oand h (r/2) < 0.
Forall -1 <a <1 we have

(7) A+ a)itf(t)— fO+LFO] <t sup [f@)l

—O0O<U <O

REMARK 1. Using the forthcoming Lemma 1 we see that (1) is the particular case
o =1 of (§).

REMARK 2. It follows from Lemma 4 that I, f (t) = 0if ¢ < 0. The particular case
a = 0 of (7) gives, with the help of Lemma 2, the inequality [8]:

litf@)—f 0| <t sup |fWl,  feB., hi(n/2)<0.

—OO<U<OQ

THEOREM 2. Let f € B, be such that f(x) = O(|x|™%), € > 0. For all real
numbers y and a > 0 we have

+00 .2
ik —aitkmayy SN (kT +¥)/2) ( km+y )
‘L’Z( 1)e 4 e fla . +t

k=-00
—(2v+D)iy +00

in2
— Z 4 f(ax + t)e(2v+l—a)irx sin (tx/2) dx
2
O<v=a—1 —00 X
ZQlal+ iy ptoo 9e(1-2ahitx _ ,=2felitx _ (] — ; 1
e wivx 2€ e (1 —{apitx
+ . » flax +t)e e dx,

(®)
where {a} := a — [a] is the fractional part of «.

If in addition hy (7w /2) < O then, in the righthand member of (8), the summation is
over the integers v such that 0 < v < a/2, a > 2; moreover the last integral is zero
fora > 1.

From Theorem 2 we will deduce
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[4}
THEOREM 2'. Let f € B, be such that f(x) = O(|x|™), € > 0. For all real
numbers y and a > 0 we have
i f —aitknsyy SID° (KT + y)/2)f akn ty
k=00 (km + y)? T
—2v1y +00 ) s a2 2
Z f(otx + 1) i s ta/e) (sz/ ) dx
O<v=<o X
—Q2[a i —2{aDitx —2{a}itx :
+—e B ™% (x4 pyetesmies 2020 = eI 2201 - faPiex = 1,
4 oo x?
)]

If in addition hy (/2) < O then, in the righthand member of (9), the summation is
over the integers v such that 0 < v < («a + 1)/2; moreover the last integral is zero

3. Lemmas

We use the following integral representation of functions in B

LEMMA 1. [7, p. 143] Let f € B, be such that f(x) = O(|x|¢), € > 0. We have

1 sintx
(10) f(t)=;/ f&+0D o dx

In order to prove Theorem 1’ we need the following result.

LEMMA 2. Let f € B, be such that hy(m/2) < 0. We have

(11) @) +if'() = / f(2x+t)(s"”x) dx.
PROOF. Compare the following formulas (see {4, Theorems 2 and 3]):
1 [+ sin x " 1 fQav/t+1t)
o[ rexmen (B a-2r0-Sro= 5 ZZ—,
;eo
f € B,

and

+00 2
(=) Y LOMEED _ pry i) - £,

—Aoc

f€B., him/2)<0.
The function e#¢?, ¢ > 0, shows that Lemma 2 is not true without the restriction
hy(m/2) <0.
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In the proof of Theorem 2 an essential tool will be

LEMMA 3. Let t(8) := Y_'__ ¢, €/® be a trigonometric polynomial of degree < n.

j=—n

For all real numbers 8 and y we have

1 R ey S (KT +¥)/2) kw +y
201 —m) ,; ¢ sin2 (k7 4 7)/2(1 —m)) (9 taC m))

2 2 . n—2s+1) (n—m) )
= Z(—l)’( 1) Yoo Y (= @s+Dn=m) — e’
1=0

0<s<@2n—~l(n—m)}/2(n—m))  j=-n

(12)

where m < n is an integer.
PROOF. Let us consider the integral

1 f t(—i lné-)(é-n—-m _ ei(n—m)G)Z
|

Jo(0) = i ciep £(E — €0)2 (E2n—m) — gty +in-mb))

We have lim,_, J,(8) = 0. On the other hand, using the residue theorem (with

ds.

p > 1),
) 2(n—m) )
J,0) =Res(f =€)+ Y Res (g = /@ n/e-m) 4 Res (¢ =0).
k=1

Now it suffices to calculate the residues as in [4, Lemma 2].

On several occasions we shall use the following variant of Paley-Wiener theorem
(see [4, Lemma 1] for references).

LEMMA 4. If F € B, is integrable then for every real number § such that |6| > t

we have oo
(13) / F(x)e'™ dx = 0.
If, moreover, hrp(7/2) < 0 then we have
+o0
(14) / F(x)dx =0.

4. Proofs of the theorems

One way to prove Bernstein’s inequality (1) is to use the case y = 7/2 in the
interpolation formula [1, p. 143]:

102
sin® ((kw +y)/2)f (kn +y +t>.

+00
. ’ _ Fr _ —DF
(15) sinyf'@) = cosy ) =2t ) (~D'=p :

k=—~o0
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PROOF OF THEOREM 1. Apply (2) to the function x — f(x + ¢), multiply both
members of the resulting formula by ¢'” and use e*' = cos y % i siny. This leads us
to the formula

dx

1 7 e1=a)itx _ pmaitx _jgin(1x) — atx sin(Tx)
(16) —cosy;/_m fx+1) e dx

LR e sin? ((kr +y)/2) (ki +y
=2 (1-a)iy —aikn s (( t),
‘ i k;oe (kmr + y)? / '

R aitx cos(tx) — cos(Tx) + e~
smy;/ fx+1) (zx) = (zx)

from which inequality (5) follows for 0 < o < 1. Applying the result to z > f(—z)
shows that (5) is valid for —1 <a < 0.

REMARK 3. Formula (15) is the case & = 1 of (16).

PROOF OF THEOREM 1’. Recalling the definition (see (6)) of I, f (¢) we write L, f(¢)

in the form
. +w . - 1 _ I3
L.ft) = ;T_f fx +t)outx cos(Tx) C:;S(UC) + aitx dx + L (D).

(17) -
Denote the first integral in the righthand member by J. We have

+o0 s 2
(18) JT=il | fox+01~2itx (S‘“”) dx.

T J o X

Now let us suppose for the time being that f(x) = O(Jx|™'~¢), € > 0, and apply
Lemma 2 to the function z — f(z)(1 — @it (z — t)) to conclude that

19) J=A+a)itf)— f®.

For this subclass of B, the inequality (7) follows from (5), (17) and (19). Considering
functions of the form
. ind
20 (sm z

2
T) f(@, 8 >0,

the conclusion of Theorem 1’ follows by letting § — 0.

PROOF OF THEOREM 2. The proof of Theorem 2 uses the method of approximation
of Hérmander-Lewitan ([5, 6]).
Let

1 2
<p(x)::(sm’”) and N:=l+[ ’ ] h>0.

X 2nh
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Given f € B, the trigonometric polynomials

+00 k N B
(20) fiw = olhix + b f (x + Z) = 3 g myerin
k=—o00 j=—N
have the coefficients
+00
(21) cj(h) = h/ o(hx) f (x)e i dx

and converge towards f uniformly on every bounded set of the complex plane.

We apply (12) to the trigonometric polynomial f,(x/2mwh). We take & = 0 (the
general case in (8) is obtained after an obvious translation), n = N and m = (p/q)N
where p and ¢ are integers such that p/g < 1 and where 4 can be chosen in the form
h=1t/2n(S — 1) where S =0 (mod q) is a positive integer; thus m is an integer
since N =0 (mod q). We put

—— 1 & —i (km+y)m/{n—m) Sin2 ((kT[ + }/)/2) ke t 14
U = s m) ; T SR e ) 2 —m) (27”1(" —m)>
(22)
and

n—Q2s+l) (n—m)

Uathy:= Y (n—Qs+D(n—m)— j)ci(h)

j=-n
(23) 2n—(2s+) (n—m)
= an—(2s+1) (n—m)—j h).
j=0

Now we can write

2
24) Uthy =) (-1 (?) > e *"U, (h).
1=0

0<s<@2n~l(n—m))/(2(n—m}))

We get
P T & . sin? (k7 +7y)/2) km+y
lim hU (k) = (1 —~ —) — Y eritrr/a-p . f( )
h—0 q = krr +v) (-p/g)T
(25)
We may assume from now on that f is integrable. Using (21) in (23) we obtain
+o00
(26) hUs,(h) = hzf @(hx) f (x)e NEDK L (x) dix,
Where N 2nihx(r N+2) 2nih ( N 1) 2rihx(rN+1)
r e”er +e7!lx_r + eﬂ'lxl'
27 K p(x) :=

(e2rihx — 1)2
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withr :==2 ~ (2s + 1)(1 — p/q). Then the dominated convergence theorem gives

+o00
28) }lin(l)hUs,l(h) =/ f(x)e”i”‘"‘l)Ks(x)dx,
where . . ! .
29) K.(x) = iTXre +1—e

Qrix)?
From (24), (25) and (28) we infer

T +Z.°( l)k —ou(k7r+y)Sln (tkr +y)/2) (akn' + y)

= (kmr + 7)2 T

30) =

(30) — Z (_1)1+1 2 Z e (s +Div [ .
=0 ! O<s<a—1/2 >

where

+00 . QRa—2s—1Ditx L Qa=2s-Dirx
ISJ = — f(ax)e(2s+l—a)irx (20‘ —2s — l)l‘l.'x e i +1 e ix
47 J_» P

For that we need firstly to replace p/q (< 1) by (1 — p/q)~! (> 0) and secondly to
perform a limiting process on p/q to extend the formula for real values.

For the various passages to the limit we give only some indications (see [3, 4] for
more details).

In order to obtain (25) we observe that f;, (x) is periodic, with period 1/ h, and write
(22) in the form

n—m-—1 2
i tmtyymjmy SN2 (KT +¥)/2) ( km +y )
Uh) = 2(n— Ze ’ sin2 (kw +y)/2(n—m)) " " \2nh(n—m))

—(n—m)

with sin?((km + y)/(2N)) > ((kmr +y)/(@N))?, for —(n —m) <k <n-m—1.
We may assume that0 < y < 7.
To obtain (28) we write (26) in the form hU, (k) = [**° F,(x) dx, with

n—(2s+1) (n—m)
|Fp(x)| = hz(p(hx)’f(x) Z (n — 2s + 1) (n —m) — j) e 2mihx

Jj=—n

<c(@)|f()I.

The result follows since we may assume that f is integrable; we have only to consider
an auxiliary function of the form

£,00) = (s1n8x) £00).
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The last passage to the limit is obtained similarly.
Regrouping the terms we express the righthand member of (30) as

—@2s+Diy pt+oo itx\ 2

e . 1—¢€

_ } : [ f(ax)e(Zs—a)trx ( ) dx
47 oo X

O<s<o—1

e—(23+1)iy
+ -

a—l<s<a—(1/2) an
e 2@ —5 — Ditx — e 2@9itx | Dp=Qa—2s—Ditx __ |
X f(ax)eattx
~/;oo x2

dx

—(2s+)iy +00 1 — —2(a—s)itx __ 2( _ )

e : e a SHTX

+ § - f(ax)eourx dx
an oo x?

a—(1/2)<s<a
Denote the second summation by J; and the third by J,. We have J, = 0if {a} < 1/2,
J, =0if {a} > 1/2. If {¢} > 1/2 then s = [«] in J; which leads us to formula (8).
If {e} < 1/2thens = [«] in J5, so that

—Qa)+ )iy +oo 1 — —2alitx __ 2{ }

e : (4 alTX

= —— flax)e™™ dx
4 oo x?

But by (14) this is equal to the last integral appearing in formula (8).
The last observation of Theorem 2 follows also from (14).

PROOF OF THEOREM 2. We change « to « + 1, « > 0 in formula (8). Since
1+ 1/ > 1 we may also replace t by (1 + 1/a)t. An obvious change of variable in
the formula so obtained gives us (9) for @ > 0. The case « = 0 is a known formula.
Here again the last observation of Theorem 2’ follows from (14).

5. Corollaries and remarks

5.1. The case of equality in Theorem 1 We observe that, for -1 < o < 1,
the equality in (5) is not possible for a function belonging to the class considered.
However it is possible to find a sequence of functions g; € B,, gs(x) = O0(|x|™),
such that for any givene > 0, —1 <« < 1 and —o0 < #, < oo the inequality

|Lags(t0)| > (r —€) sup [g5(u)]

—00<U <00

holds for § < 8(¢).
To prove this we examine the summation in the right-hand member of (16). We
restrict ourselves to y = 7 /2 (of course a more general discussion may be made here).
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Taking the absolute value on both sides we see that equality is possible, in (5), if and

only if
2k+1 )
f( + £+t0):Meakm
2 1

fork =0,+£1,£2,... and |M| =sup__,_,_ | f(#)|. But then the function

2z+1 A
g(z) :=f( it %+t0)—Me"’“z

2

is an element of B, and g(k) = 0, k = 0, £1, £2, .... Hence by a theorem
of Valiron (see {2, p. 156] or [9]), g(z) = Asin(rz) where A is a constant, that is,
f(z) = K e*'"*— A cos T(z —1to) which does not satisfy the condition f(x) = O(|x|™),
€ >0.

On the other hand for the functions

wivz { SIN6zZ
g € B, g(z) :=e S
8z

2
) , 0<6s<1—ua|)§,

we have g;(x) = O(|x|™2), x = %00, so that in view of (16),

AT = sind((2k + D(r/20) +1) \
s iat ity
Lags(to) = i75 D¢ ((2k+ 18(Qk + 1)(7/27) + to)

k=—00

with |L,gs(f)] < T SUP_o .y-o0 185(1)|. Finally, since

4T ¥ sin §((2k + 1)(/27) + o) ’
lim — E =T
80 72 2k + 1)8(2k + D)(/27) + 1)

=—00

it is clear that, for all sufficiently small §,

|Lags(to)| > (t —€) sup [gs(u)l.

—OO<U <O

5.2. Consequences of Theorem 2 When o = m is a positive integer Theorem 2
is reduced to

COROLLARY 1. Let f € B,. For all real numbers y and integers m > 1 we have
+

> D
(31) *==oo

kn—py SN (k7T +¥)/2) km+y )
Urrpy T\ T

1 [+ x+y m—y SINZ (X + ) /2) 7% — 1
- ~i(m—-1Dx _ d .
nj_oo f(m T +t)e (x+y)? e¥r-1 *
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To see this perform the summation on the righthand side of (8) and note that, in
view of the second part of Lemma 4, the last integral (appearing in that formula)
vanishes.

When o = 1/2 the integral involved in (8) can be explicitly evaluated using Lemma
1 twice and one integration by parts. For all f € B, we have

= kr +y)/2) . (kn+y
32) 4r 3 gt S( - 140
2 rk_Z—oo kmr + y)? \To +1) =0+ 7o
5.3. Consequences of Theorem 2’ Theorem 2’ is simplified when {a} < 1/2 if

we observe that the last integral vanishes by Lemma 4.

COROLLARY 2. Let f € B,. For all real numbers y anda > 0 suchthat {a} < 1/2

we have

0§ et (G +1)/2) (a knty t)
13 = kmr +y) T
( ) e-—2viy

sin? (tx/2)
— dx
x

-3

O<v<a

+oo
/ f (ax + t) e(2v—u)itx
-0

Note also that Theorem 2’ generalises Theorem B: apply Lemma 4 several times.

5.4. Another proof of Theorem 2’ The approximation method which was used
to prove Theorem 2 could also be applied to prove Theorem 2'. Instead of Lemma 3
we would need the following interpolation formula which is more general than [3,
Lemma 4] but can be proved in the same way.

AN INTERPOLATION FORMULA FOR TRIGONOMETRIC POLYNOMIALS. Let t(0) :=
Y i—_nCj€7° be a trigonometric polynomial of degree < n. Let us write c; := 0

if j < —n. We have

1 km +y
- - —itkw+y)m/(n—m)
YT 2( e Aim (R, y)t<o+ m)

n—
(34) — Z Z (Rj _ 1) Cis2 (n_m)(s_l)+mei0(j+2(n—m) (~D+m)+@2s—Diy

—m/(n—m)<s<1 j=0

n—m—1

J i0(2(n— —))+Q2s-1)i
+ Z Z _ 1 CZ(n—m)s+m ,e’ Q2r—m)s+m—j)+( )IV’
—(1/2)- ;2 <s<l j=0

where m < n is an integer and

Ak,m (R, V) = R"™ 1 +22(Rn—m—u _ l)COS (l) km + y) .

n—m

v=1
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26 C. Frappier and P. Olivier [12]}

5.5. A representation of the conjugate function For the conjugate function f
defined and normalised as in [1, p. 138] the following representation analogous to
(10) holds.

Let f € B, be such that f(x) = O (|x|“), € > 0. We have

~ 1 [+ 1—
(35) fo = f e+ - f) = dx.

o ¢}

To obtain (35) compare formulas (15) with y = 0 and (16) witha = land y =0,
perform an integration by parts and then integrate from O to ¢.
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