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Abstract

In this paper, the model of bisexual branching processes affected by viral infectivity and with random control
functions in independent and identically distributed (i.i.d.) random environments is established and the Markov
property is given firstly. Then the relations of the probability generating functions of this model are studied, and
some sufficient conditions for process extinction under common mating functions are presented. Finally, the limiting
behaviors of the considered model after proper normalization, such as the sufficient conditions for the convergence
in L' and L? and almost everywhere convergence, are investigated under the condition that the random control
functions are super additive.

1. Introduction

In order to accurately describe population models in physics, biology, and chemistry, Daley [2] intro-
duced the bisexual branching process model in 1968. Until now, a lot of scholars have focused on the
researches of this model and made intensive studies on it. Alsmeyer, Rosler, Gonzalez, and Molina dis-
cussed the extinction probability, limiting behavior, and statistical inference of the model [1]-[7]. The
reproduction of species is affected by many factors such as natural environment and social environment.
In order to describe a more complex gender population model, mathematical researchers have modified
the basic model established by Daley. The models of super additive bisexual branching processes in vary-
ing environments [11], bisexual branching processes in random environments [10], bisexual branching
processes with immigration in random environments [12, 16], and bisexual branching process in ran-
dom environments with random control [15] are introduced, and a lot of research results have been
obtained. Li et al. [8, 9] studied the limiting behaviors and moment convergence criteria of bisexual
branching processes in random environments. Song et al. [14] discussed the limiting behaviors of the
conditional mean growth rate for a kind of bisexual branching processes in random environments. Ren
et al. [13] investigated the Markov property, probability generating functions, and extinction probabil-
ity of bisexual branching processes affected by viral infectivity in random environments. In this paper,
a model of bisexual branching processes affected by viral infectivity and with random control func-
tions in a random environment is established, and the Markov property, the relation of the probability
generating functions, and extinction probability of the model are discussed. Meanwhile, the limiting
behaviors of the model after suitable normalization, such as sufficient conditions for almost everywhere
convergence and convergence in L' and L2, are discussed when the random control functions are super
additive. There have been many achievements in the study of bisexual branching processes in random
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environments, but the effects of random control and viral infectivity will produce new properties and
require some new conditions and methods to study them. Thus, the theory of bisexual branching process
in random environment is generalized.

The remainder of this paper is organized as follows. In Section 2, some notations, definitions, and
conventions are introduced. Sections 3-6 are devoted to presenting the main results, including the
Markov property, probability generating functions, extinction probability, and the limiting behaviors.

2. Preliminaries

We present some notations, basic definitions, and conventions, which will be used in the remaining of
the paper.

Let (Q, &, P) be a given probability space, (®, X) be a measurable space,and N = {0,1,2,...},N* =
{1,2,...}. Let_f) = {&,(w),n € N} be a sequence of random environment, mapping from (Q, &, P)

to (0, X). Unless otherwise stated, we assume that ? = {&,,n € N} is a sequence of independent
and identically distributed (i.i.d.) random variables. For fixed n € N, set {(fui,mni),i € N*} be a
sequence of i.i.d. random variables mapping from (Q, &, P) to N x N, representing that the ith mating
unit in nth generation of a species reproduces f;,; females and m,,; males. Let {P;(&,),j € N} denote the
probability of that the ith mating unit in nth generation will reproduce j offspring in environment &,,.
Let {lfi,i € N*,n € N} and {I,,,i € N*,n € N} denote two clusters of random variables sequences
on N, representing the virus-infected-trial functions of female and male in the ith mating unit in nth
generation, respectively. Let {a*(8)(1 — a(8))!™*,x = 0 or 1} and {b*(0)(1 = b(0))'*,x =0 or 1} be
the probability distributions of {I ,;,i € N*,n € N} and {I,,,,;,i € N*,n € N}, respectively.

We denote by {(F,,, M,,),n € N*} a sequence of random variables mapping from (Q, &, P) to N x N,
where F,, and M, represents the number of females and males in the nth generation, respectively and
generate Z, = L(F,, M,) mating units. Here L(x,y) : N X N — N is called a mating function, which
is assumed to be nondecreasing in each argument and satisfy L(x,0) = L(0,y) = 0,x € N,y € N.
We further assume that the reproduction of each mating unit is independent of the other units in the
same generation and other generations. Thus the {(F,+1,M,+1),n € N} individuals are reproduced
independently by Z, mating units and generate Z,,; = L(F,+1, M,+1) mating units. {¢, (k) : n,k > 0},
which is a cluster of i.i.d. random sequence with respect to n with distribution Q(&,; k,i) = P(¢,(k) =
i E}),i € N, is defined as the control function. ¢, (k) = i means that the number of mating units that
can participate in the reproduction is i when there are k mating units in nth generation.

Definition 2.1. Let X = {X,,n € N} be a sequence of random variables and? ={&,n € N}t bea
sequence of random environments. For any x,n € N*, if

— —
P(XO =X | f) = P(XO =X | 50)’P(Xn+l =X | Xo, X1, ..., Xy, f) = P(fn;Xn’x)’
- -
then X is called a Markov chain in the random environment & .

Definition 2.2. If {Z,,n > 0} satisfies

¢’1<Zn)
() Zo =1, (Fps1,Mp41) = Zl (fnilf,nia mnilm,ni)’
i=

Zn+1 = L_()Fn+l,Mn+1)sn EN;
(i) P(fui+mu=jl| &) =Pj(é).j €N,ieN",
P(Ippi=x| &) =a"(&)(1 —a(&,)) ™, x=00r 1,n e N,i € N,
P(lpni =x | €) = (&) (1 = b(éx) ", x =0 0r Ln € N,i € N*;
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(iii) for jui kni € N,O<n <l 1<i<s,leN,seN™,

P(foi = juirmni = ks 0 < n < L1 <i < 5] &)

1 K

= l_[l_[P(fm’ = Jni> Mpi = K |?)?

n=0 i=1

(iv) for given _f), {(fuismp)),n € N,i € N*},{Iypi,n € N,i € N*} and {I,pi,n € N,i € N*} are
independent; furthermore, for given n, each of them is an identically distributed random variable
sequence. For given ? per mating unit in the nth generation produces a female with the proba-
bility B(&,); then {Z,,n > 0} is called a bisexual branching process_) under the influence of viral

infectivity with random control function in the random environment & .

We further suppose /,,,; = 0 when the male in ith mating unit in nth generation died of a viral
infection, that is, the ith mating unit in nth generation lost the ability to reproduce; I, ,; = 1 when the
male in ith mating unit in nth generation didn’t have the virus or was cured of it, that is, the ith mating
unit in nth generation can reproduce normally. Likewise, we define Iy ,; = 0 and Ir,; = 1 for the female
in ith mating unit in nth generation.

For ease of exposition, we present some notations.

Let §(€)=0(Z0.Z1..... 20, €).n €N;

For any k,s € N, By = {(r;,a;,b1,j1) | é > k+s, é(aziz,bl(l’l —Jjn) = (k,s),r1 = 0,a;,b; =
Oorl,0<j<m,l=1,...,h};

Forany k.l € N*. By = {(rvavbunde) | X v 2 ke 1, 3 (aioby(r =) = (k. D.ry 2 0.0, b =

v v=1

%

vV

Oorl,0<j, <r,v=1,---s}h
_)

Pii(&n) = P(faidrni = k,myily i = j | &) represents the conditional probability of that k females
and j males in the offspring of ith mating unit in nth generation will survival under the influence of the
virus.

We further introduce some conventions, which will be used in the proofs of some theorems.

(A1) To avoid triviality, for any 6 € ©, assume that 8(6),a(6),b(8) € (0,1),0 < Py(0) + P1(0) <
1,a.s.

(A2) There exists a constant ¢ € (0, 1) such that P(cj < ¢,(j) <j I?) =1.

ﬁ

(A3) Forany n,x,y € N,itholds that L(x, y) and §,( ¢ ) are independent and L(x, y) is super additive.

(A4) When? iS giVen, {¢n(k)7n,k € N}’ {(fni,mni)’i 2 1}’120 and {If,nhi € N+7n € N} are
conditional independent.

3. Markov property

N
Theorem 3.1. {Z,,n > 0} is a Markov chain in the random environment & , and the one-step transition
probabilities are

0 00 h
P(&uif) =Y > > Q& i WP(Ltks) =)y D, [ [Pué)

k=0 s=0 h=0 (rnanbrj)eB; =1
-a" (&) (1 = a(£,)) ™ b7 (&,) (1 = b)) T CLB (E0) (1 = B(£0)" 1]
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Proof. By the definition of {Z,,n > 0}, we have

P(Zo=118)=P(Zy=1]&).

From conventions (A3) and (A4), and the fact that {(fuilfni, Mnilmpi),i = 1} are ii.d., for any
i1,12,...0n-1,i,j € N*, one can derive that

. . . H
PZwi=jlZi=i1,Zs =02, ", 2yt =in-1,Zn =10, &)

PZwi=jZv=i1,Zo=ip, ", Zn-1 =in-1,Zp =1 | f)
P(Zl :il3Z2:i2a""Zn—l =in—1aZn:i| f)

Dn(Zn) . . . L
P(L( IZ (fnllf,nl’ mnllm,nl)) =]’Zl =11, Zn—l = ln—l’Zn =1 | f)
=1

. . . H
P(Zi =i, Zp1 =ip-1,Zp =1 | f)

x h . o . . H
hZOP(L(ZZ] (fnllf,nlamnllm,nl)) =J ¢n(l) = h’Zl =11, '7Zn =1 | é‘:)

. . . ﬁ
P(Zi=ii, " Zn-1 =ip-1,Zp=1] &)

00 h
ST PLk.s) =, Y Futlpats matlmar) = (k.5). 8a(i) = | E)
=0 =1

e TPV
M5 1D

(o] h
>, 2, QP =N g D, || [Paten(1-aten'™

h=0 (ri.a1byj1)€By LI=1

>~
I
o
Y
Il
(=}

< a" (€)D" (€ (1= b(€)' " CLA (€ (1 = BE)" ]

O

N
By Definition 2.1, we have that {Z,,n > 0} is a Markov chain in the random environment ¢ with
the desired one-step transition probabilities.

H
Theorem 3.2. {(F,,M,),n > 1} is a Markov chain in random environment &, and the one-step
transition probabilities are

]_[ Py, ()

v=1

P(&n; (i.), (k,1) =iiP(L(i,j)=h)Q(§n;h,S) >,

s=0 h=0 (rvsay,by jy) €B2

A (&L= aE) B (E) (1= b(E) ™ CLBM (1= BN |}

©

Proof. By (F1,M1) = (foulro1,mo16Lno1), for any (i,j) € N* X N*, we have

PUFLM) =) 1 E) = D (P (E0)a® (60)(1 - (&)™

ry2itj,ay,b;=0 orl,
(ayj1.by (r1=1)=(iy)

. bbl (60)(1 - b(fo))l—lh CJrllﬁll (50))(1 _ ﬁ(é_-o))rl —jl}
=P((F1,M)) = (i,)) | £0)-
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Using conventions (A3) and (A4) and the fact that for any n € N, {( fuilf ni> Mpidmpi), i > 1} are iid., it
is deduced that, for (i,71), (i2,/2), . . . (iu=1,Jn=1), (i,)), (k,I) € N* X N*,
-
P((Fui1, Mps1) = (kD) | (Fo, My) = (i), - .., (F1,My) = (i1,)1), €)
N
_ P((F11+1’Mn+l) = (ka l)’ (FnsMn) = (l’])9 Tt (FI’MI) = (ihjl) I f)
- . o . . ﬁ
P((Fn’Mn) = (ln])" o ’(F19M1) = (ll’]l) | f)

on (L) BN
P( (fnvlf,nw mnvlm,nv) = (k, l), T, (Flle) = (ll,]l) | f)

v=1

P((FuMy) = (i), -+ » (F1,My) = (i1.j1) | €)

iP5
aek

P(L(i,j) = hy $u(h) = 5, 3" (fuvlp s k) = (K, 1) | E)
v=1

s=0 h
=D PG =mOEhL > (] [ P& —a(g)) ™
s=0 h=0 (ry,ay,byjy)€By v=1

-a® (E)DY (£ (1 = b(E)) ' ™ CE B (&) (1 = B(&,))" ]}

_)
By Definition 2.1, we obtain that {(F,,, M,),n > 1} is a Markov chain in the random environment &
with the desired one-step transition probabilities. O

4. Probability generating functions

For fixed n € N, by the independence of {f;;;}, {mni}, {I i}, and {L,, i}, i € N*, we denote

e, (5.1) = E{shilisigmilnai | 2V 1, (s,1) = E{s"#"},0 < 5,1 < 1,

i, (s) = E{shlatmina | 2y @, (s) = E(s7),0 < s < 1.
Lemma 4.1. [13] Forany 0 < s,t < 1,n € N, it holds that
@e,(5:0) = @i, (B(E)a(En)s + (1 = B(En)D(En)1).
Theorem 4.2. Forany 0 < s,t < 1,n € N, it holds that
EG100 ) 2, 8) = (96,5019 %) Ty (s5.1) = El (94, (5,1) %),

Proof. For fixed n € N, by the fact that {f,;}, {mui}, {If ni}, {Imni},i € N* are independent and each of
them is identically distributed, we have, for 0 < s,¢# < 1,n,k € N,

¢n(ZZn)f / d)n(zzn) /
b d Jnldf nl Mpidm,nl
E(SFnﬂtMnH | Z, =k, &) = E{s = t =l

Tt 2
— E{ anllf,nl tmnllm,nl | g }
=1

&u (k)
= 1_[ E(anllf.nltmnllnnnl |?)

=1

— &n (k)
= {pg, (5,0},
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Thus
E(SF'H] tMﬂ+I | Zn’?) — {¢fn (S, t)}¢n(zn).
Then it follows that

Mot (5.1) = E[EG™1M%1 | 2, 8)] = El (e, (5.0)# %)),

Corollary 4.3. Forany 0 < s,t < 1,n,k € N, the following equalities hold

(1) P(Fpa1 = 0. Mya1 =0 | Zy =k, ) = [0g,(0,0)] %)
@) EG" 1| Zy =k €)= [pg,(s.1)] 7.

(3) P(My1 =012, = k. &) = [,(1,0)]# ).

“ E P(Fo1 = i,Mys1 = 0| Zy =k, €)s' = [oe, (5,0)] 45

i=0

(5) E(s™1 | Z, =k, E) = [pg, (1,5)] ).
Proof. (1)For any 0 < s,t < 1,n,k € N, using Theorem 4.2 gives

¢ S,t ¢n(k) = E an+I tMnJrl Zn — k,—>
&n
_ ij . . .2
= D PP =i My =1 2= k)
ij=0
H
=P(Fn+1 =0, My :Olzn:k, {:)
. . H
+ Z SSUP(Fa1 =0, My =j | Zy =k, &)
j=1
. . H
+ Z SOP(Fp1 =i,Mpy1 =0 Z, =k, £)
i>1
+ 3 SOP(Fy = .My = | Z, = k. E)
ij=1
= P(Fy1 = 0, Myt = 0] Z, =k, €)
. . _)
+ D IP(Fus1 = 0. My = | 2y =k )

j=1
. . ﬁ
+ 3 SP(Fpt =i, My =0 | Z, =k, €)
i>1
+ ) STP(Fp =i, Myy = | Zy =k, €).
ij>1

Therefore, we have
ﬁ
[¢e,(0,0)]%%) = P(Fpuy = 0,Mp1 =0 Z, =k, &).

In a similar way as above, we can obtain (2)—(5) in Corollary 4.3.

265

O

Below the average number of females and males of the (n + 1)th generation will be given by the

probability generating function.
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Theorem 4.4.

(1) 22800 | 1= a(6)E(f | €), 22800 | = (&) E(myi | €);
2) For anyl e NT,neN, if E[fui] < > and E[m,;] < oo, then it holds that

E[Fy] = E{bu(Z)aE)E(fui | )} EMyn] = E{@u(Z0)b(E)E(myi | €)}.

Proof. To prove (1), by the definitions of ¢¢, (s, ) and I1, (s, #), one derives

Mz

QD"C"(S, t) = s t]P(fmIfm =k, myl, i =] | f)

s I
M T

Il
(=}

SKUPL (&), 4.1)

~
1l
(=}

J

Letting =1 and taking partial derivative with respect to s in (4.1), we have

0pe (5.1 S N Z
Safn(s ) Z Z lij(fn) = stk_lp(fnilfy"i =kl &)
k=1 j=0

k=1
. . . — . . .
Since f; and If »;, i > 1 are independent when £ is given, we obtain

0 1
—90§n(s ) ls=1= ka(fmlfm =k| f) = a(é:n)E(fm | f) (4.2)

Likewise, we have

dee, (1,
M 1= b(£)E(myi | €).

Now we proceed to the proof of (2). It follows from Theorem 4.2 that

1 (5, 1) = E{[gg, (5, 1)] 9@}, (4.3)

Owing to E[f;] < co and E[my;] < c0,i =1,2,3,...,n=0,1,2,3,..., taking partial derivative with
respect to s on both sides of (4.3), letting s=1 and combining with dominated convergence theorem

and (4.2), we deduce that
Mu(s.]) | _ O{E(lpe (s DI# )}
E(Fn+l) - ds |S:1: Os |x:l
A (gg, (s, 1))#(Z)]
- E{ £ Os |s:1}

= E{[6n(Z0) (pe, (5. 1)) 0 (5, 1)] |s=1}
= E{¢u(Zo)a(E)E(fui | €)}.

Likewise, we have

E[Myu1] = E{64(Z0)b(£)E(myi | €)).
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5. Extinction probability
Set g = lim P(Z, = 0), then ¢ is the extinction probability of {Z,,n > 0}. We denote
n—oo

8¢, (s) = Qe, (B&n)a(én)s + (1 = B(€r))b(Er)),

e, (5) = @z, (B(En)al&y) + (1= BEND(E)sD),0 < s < I,neN,d e N*.

Lemma 5.1 ([13]). For given_§> andanyn € N,s € [0,1], g¢,(s) and g ¢, (s) are probability generating
functions.

Lemma 5.2 ([8]). Suppose?> is an i.i.d. random environment, and hg, (s),s € [0, 1] is a probability
generating function. If E [h’fo(l)] <1, then

”li_{‘goE[hfo(hfl (- (hfn(o)) )l =1

Below we will discuss the extinction conditions for processes under several given mating functions.
(Hy) L(x,y) = x - min{1, y} (polyandry, such as Bronze-winged Jacana Metopidius);

(H,) L(x,y) = min{x,dy}, d € N*

(d=1: Monogamy, such as swans; d > 2: Polygamy, such as mandarin ducks);

(H3) L(x,y) = x (Parthenogenetic reproduction, such as stick insects).

Theorem 5.3. Let L(x,y) = xmin{l, y}. If E[B(£0)a(£0) ¢, (B(£0)a(&o) + (1 = B(£0)b(£0)))] < 1,
then g=1.

Proof. By the definition of L(-, ), for any s € (0, 1), we have
- Zn+l — N — 4 k
Wy (s) = (%) = E{) P(Zun =k | €)5")
k=0

(o] (o] ) N
= E{kZOZOP(ZnH =k, Z, =J | f)sk}
=0 j=

0

=E) D P(Zun =k | 2, =€) 1P(Z, = | )}

=0 k=0

=E{Y. P(Zy=j | E) Y. P(Fu1 =k | Z, =), €)s"
k=0

J=0

0 N .
= D P(Fut = kM1 =01 2 = j, €)s" + P(My1 =01 Z, =, )1}
k=0

From Corollary 4.3, Lemma 4.1, and the definition of g, (s), we get

Wit () =E{ Y P(Zy = | E) (g, (5, 1) = (0, (5,0)*
Jj=0

+ (g, (1,000}
—E{E[(ge, (5, 1)@ | €] = E[(¢,(5,00) "% | €]
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+E[(pg,(1,0)»®) | €]}
=E[(¢g, (s, 1))¢n(2,,)] _E[(¢fn(s’0))¢n(zn)] +E[(¢§n(1’0))¢"(zﬂ)]
=E[(2£,() " ™) - El(¢¢,(BE)a(€)) " ™)

+E[(¢g, (B(EDa(én)) ™).

Using the convention (A;) and the properties of probability generating function gives

Wor1 (5) 2E[(2¢,(5))"] = E[(¢s, (B(n)a(én)$) 7]
+ E[(¢g, (B(En)a(£,))) ]
>E[(82,()™] = E[¥a(8£,(5))] 2 E[¥a(gs,(0)], 5.1)

that is
W1 (s) 2 E[Wa(ge, (0))].
By using the recursion of (5.1), we obtain
W1 (s) = E[Wo(84 (84 (-~ (8£,(0) - )] = E[84 (84 (-~ (8£,(0)) - -- )]
According to Lemma 5.2, if E[g/; (1)] < 1, that s,
E[B(&0)a(&0) ¢, (B(¢0)a(éo) + (1 = B(&0)b(£0)))] < 1,
then

g = lim P(Z, =0) = lim ¥,.1(0) > lim E(g¢ (84 (- - (8£,(0))---)) = 1.
[m]

Theorem 5.4. Let L(x,y) = min{x,dy},d € N*. If min{E[ﬁ(fO)a(foyp’fo(ﬂ(fo)a(fo) + (1 -
B(£0))b(£0)], E[d(1 = B(£0))b(0)-

@' (B(&o)a(&o) + (1 - B(£0))b(£0)1} < 1.then g = 1.
Proof. It follows from the definitions of L(-,-) and g, (s) and corollary 4.3 that

- —
P(Zn+lSk|Zm§)2P(Fn+l§k|Zn,§)

and

R
E(s% | Z,, N . S
% = ZZP(Z”“ =] | Zy )5

Jj=0 m=0
00 o = ook R
= Y PZanr =i 1 2, €)= D" P(Zur =] | 2y, €)5°
=0 k=j k=0 j=0

— > —
P(Zyst < k| Zy, €)8" 2 )" P(Fyt <k | Zy, €)5°
k=0

Ms

~
Il
(=)

EG™1 12, ) _ [eg (s D1*®)  [ge, (9] 43
= = = , 8 € (0, ])
1-s 1-s 1-s
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According convention (A;) and the properties of the probability generating functions, we obtain

i1 () = E{E(™ | 2, €)) 2 E{[¢,(5)]# %))
> E{[8¢,(5)17} = E[¥a(g4,(5))] = E[¥a(ge, (0))],

that is,
Wi (s) > E[Wn(ge, (0)]. (5.2)
Using the recursion of (5.2), we obtain
Wi (s) 2 E[Wo(8g (84 (- (8£,(0) - )))] = Elg4(84 (-~ (8£,(0)) ---))].

According to Lemma 5.2, if E[g7, (1)] < 1, thatis, E[B(0)a(&0) ¢, (B(£0)a(£o)+(1-B(£0))b(£0))] <
1, then

q = lim P(Z, =0) = lim ¥,,1(0) > lim E(gg (g4 (- (8£,(0)--))) = L.
-
Similarly, we get E(s”! | Z,, &) 2 [gg, (s)]%, and therefore

Wori (5) = E(s™1) 2 E[W0(Zg, (¢, (- (B¢, (0) ---)))]
=E[g4(84 (- (8¢,0) )]

Owing to Lemma 5.2, if E[g}, ()] < 1, that is, E[d(1 — B(£&0))b(£0)¢%, (B(£0)a(éo) + (1 -
B(£0))b(£0))]} < 1, then »

g = lim P(Z, = 0) = lim W1 (0) 2 lim E(Zs, (8, (- (36, (0) ) = 1.

In summary, if min{E[B({o)a(f0)¢), (B(So)a(fo) + (1 —  B(£0))b(£0)] E[d(1
B(£0))b(0) ¢, (B(£0)a(&o) + (1 = B(£0))b(60))]} < 1, then g =1.

Theorem 5.5. Let L(x,y) = x. If E[B(§0)a(§0) ¢, (B(é0)a(&o) + (1 = B(£0))b(£0))] < 1, then g=1.
Proof. By the definition of L(-, -) and Corollary 4.3, we have
E(s 1 23, §) = EG6™ 1 2,78) = [pg, (5. DI,

From Lemma 5.2, convention (A;), the definition of g ¢, (s), and the properties of probability generating
functions, it follows that

H
E(Szn+l | Zn, f) = [g‘.::” (S)]¢n(zr1) > [gfn (s)]Zn'
Hence

Wt (5) = E(EG™ | 20, ©)} 2 E{[g,(9]% )
> E{[gz,(5)1%} = E[W,(g¢,(5))] = E[%,(ge, (0)]. (5.3)
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By the recursion of (5.3), we obtain
Wir1(s) > E[Wo(gs (84 (- (8£,(0) )] =Elgsg (84 (- -+ (g£,(0)) )]

By Lemma 5.2, if E[g’, (1)] < 1, thatis, E[B(£0)a(£0) ¢, (B(§0)a(£o) + (1 = B(£0))b(£0))] < 1, then

q = lim P(Z, =0) = lim ¥,.1(0) > lim E(g¢(84 (- (8£,(0))---)) = 1.

6. Limiting behaviors

Definition 6.1. Suppose {Z,,n > 0} is a bisexual branching process affected by viral infectivity and

_>
with random control functions in the random environment &, when the nth generation has k mating
units,

E(Zn+1 | Z, = ksfn = 9)

r(6) = T

is defined to be the mean growth rate of per mating unit in nth generation.

Lemma 6.2. Let ¢, () and L(-,-) be super additive, then for any n € N,j € N*, it holds that inf 1i(én)
>

exists.

Proof. By the super additivity of mating function L(-,-) and the condition P(cZ, < ¢,(Z,) < Z, |
—
&) =1, we get

N
rj(én) =J T E(Zu | Zn =, &)
¢Vl(zﬂ) —>
:j_lE{L( Z (fnilf,ni’ mnilm,ni)) |Zn =jv f}
=1

& ())
. —>
=J IE{L( E (fnilf,nivmnilm,ni)) | £}
i=1

()
.— H .
2] IE{ § L((fnilf,ni,mnilm,ni)) | ‘f}’] €N+'
i=1

For given? and fixed n € N, {( fuilf ni, Mpilmni), i > 1} are i.i.d., so we have

ﬁ .
rj(é:n) 2 CE(L(fnllf,nl’mnllm,nl) | 5)»] € N+'

According to the supremum and infimum principle, it holds that inf rj(&n) exists.
j=

Writing R(&,,) = 1n1f ri(&,), we have
Jj=
-
R(fn) < CE(L(fnlIf,nlamnllm,nl) | f)
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Lemma 6.3. Let? be an i.i.d. random environment, L(.,.) and ¢,(-) be super additive, then it holds
that

Jim rj(&n) = sup 1j(&n) = r(&n).n €N.
Jjz

Proof. Using the definition of conditional mean growth rate, the super additivity of ¢,(-) and L(-,-)
and the fact that for given?> and any n € N, {(fuilr nis Mnilmni), i > 1} are i.i.d., it suffices to show that

.
(k+j)rk+j(§n) =E(Zw | Z, = k+j, &)
&n(Zn) N
= E{LC Y. (fulpai-muilmni)) | Zn = k+j. € }
i=1

(k) +¢u(j)

> E{L( Z (fnilf,ni’ mnilm,ni)) | ?}
i=1

&n (k)

ﬁ

> E{L( Z (fnilf,nh mnilm,ni)) | €}
=1

@n(k)+¢u(j) N
FELC Y. uilfnis Muilma)) | €}

i=¢, (k)+1

& (k) N & (j) N
= E{L( D (Fuilpnis mailmni)) | €+ EXLC D (il nio Mailmni)) | € }

i=1 i=1
¢71 (ZVI) N
= EALC )" (fuilpis Mailmi)) | Zn = k, € }
i=1

¢Vl (le)

YE{LC Y. fuilpis Mailni)) | Zo = . € }
i=1

= kri(&n) +jri (&)

Namely kry (&,,) is super additive, so we have

lim 7;(&,) = sup rj(&n) = r(&n).
joeo =0

O
Corollary 6.4. For any n € N, it holds that
n—1 n—1
-
[ [rGE) <E@178) <[ | (&0 ©.1)
k=0 k=0

Proof. We shall prove this result by induction. For n = 1, using the definition of conditional mean growth
rate, convention (A;) and Lemma 6.3 gives
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R(&0) < cE(L((forlro1,motlno1) | é0)) < E(Z 1 E)=E(Z | Zo=1,€)
¢o(1)
= E(L( " (foilyoi-moilmoi)) | €) < r(£0).
i=1

Namely inequality (6.1) holds for n=1. Supposing inequality (6.1) holds for n = s € N*, below we
prove it holds forn = s + 1

E(Zw | €) = E[E(Ze | Zo, €) | €] = E(Zyr,(£) | €) < E(Zr(&) | €)
= rEVEZ | E) < [ | ).

k=0

On the other hand, we can also obtain

E(Zyi | €) = E[Zyr,(&) | €1 2 E(ZR(E) | €)

=RE)EZ | €) 2 | | R,
k=0

which completes the proof. O
n—1 n—1 —~ —
In what follows, we let S, = [] r(&),1, = [1 R(é),n € N*,So =1y = |, W, = S;' - Z,, W, =
k=0 k=0

I;V-Z,neN.

q
Theorem 6.5. Let & be an i.i.d. random environment, ¢,,(-) and L(-,-) be super additive, then there
exists a nonnegative, finite random variable W such that

lim Wn =W as.

n—oo

Proof. For any n € N, it holds that

E(Zust | §u(€)) = E(Zus1 | Zus €) = Zurz, (£2) < Zur(&y).

From the definition of Wn and Lemma 6.3, we deduce that
n n—1

E(Wat | §0(E) = [[ | r@0] " EGoat 1 () < [[ | (€012, = Wi

k=0 k=0
Namely {Wn, Sn (?), n > 0} is a nonnegative supermartingale. Since
—~ o~ — —~ —~
E(Wni1) = E[JE(Wpit | En(E))] S E(Wp) <--- <E(Wy)=1,n€eN,

according to the martingale convergence theorem, there exists a nonnegative, finite random variable w
such that

lim Wn =W a.s.

n—oo
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The proof ends. O

In what follows, for any n € N,j € N*, we denote 0;(&,) = J2Var(Zpw | Zn = j,?),dj(gf,,) =
E(Z? alZn=J, & ), then we have the following.

Lemma 6.6. For any n € N, let ¢,,(-) and L(-, -) be super additive, then there exists a o (&,) such that
aj(én) < 0(&,),j €N when € is given.

Proof. From Definition (2.2), the super additivity of L(:,-) and ¢,(-), and the fact that
{(failp ni> Mnilypi), 1 = 1} are ii.d. when n is given, it follows that

& (k)
E{[L( 2 (fmlfm’mm mnz))]2 | f}

M d
EZy | Zy=k+j, &)

¢n<k>+¢no>

> E{[L( ;1 (ﬁlilf,nhmnilm,ni))] |§}
b, (k) N

> E{[L( ) (foilp is Mniln i) 1% | €}

) 5
+E{[L( Zl (fnilf,ni,mnilm,ni))]zl é:}
= B2, 1Z =k E)+EZ,, | Za =], £).

+l| n

Sodj(¢,) =E (Z2 1 | Zn j,?) is super additive, then it holds

Jim (€)= sup;” (&) = supj N E(Z} | 2 =5, &).
j>0
Since j2d;(&,) = j 2E(Z 2 Z=j, & )<]_]E(Z 21 Z =), Z). then o;(&,) = j2d; (&) =17 (&) <

supj'E(Z%. . | Z, =], f) —R*(&,) = 0(&,), j € N*, which completes the proof of Lemma 6.6.
j>0

+1| O

Lemma 6.7 ([11]). Let R* = (0, +o0). For given {-‘ it follows that

(1) Forany givenn € N, if {A;j(&,),j = 1} is a nonincreasing sequence, then there exists a nonincreas-
ing function Vg, (-) on R* such that Vg (j) > Aj(€,),j € N* and V; (x) =x- Vg (x),x > 1 and

V* (x) =x- V2 (x2) x > 1 are concave.

) For any given n € N, if {A;(&,),] = 1} is a nondecreasing sequence, then there exists a nonde-
creasing function y &, (-) on R* such that  z, (j) < Aj(&n),j € N* and v, (¥) =x-ys(x),x>0is
convex.

Theorem 6.8. Let_g-") be an i.i.d. random environment, ¢, (-) and L(-,-) be super additive. If

DEr e (€] < o0
k=0
and

DEN = @ (EZ | €))] < w,
k=0
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then it holds that {Wn, n > 0} converges in L', as n — o, to a nonnegative finite random variable w
with P(W > 0) > 0.

Proof. For any n € N, by the definition of VAV,, and Lemmas 6.3 and 6.6, we have

E(W2, 1 E) = SZEEZ, | €)1 ¢]= S;ff)(dz,,(fn) 1E)
S,H,lE[ZZ(‘TZn (é:n) + an (fn)) | f]
E(W2 | E) (02, ()72 (&) + 17 (EDr7* (En)

< E(W2| &)1 +0(&)r2(E)),
namely,
E(W2, | €) < EW2 1 E)(1+a(&)r (&), 6.2)

By the recursion of (6.2), we have

EW2,18) < [ Ja+o@r2@) < [ |0 +o@r @),

k=0 k=0

Since 3 E[r2(£) 0 (&)] < o0 and € is i4.d., it follows that
k=0

E(W2,)) = E[E(W2,, | ©)] < 1—[[1 +E(o(&)r 7 (€0)] < oo
k=0

Namely {Wn,n > 0} is bounded in L?, and therefore {Wn,n > 0} is uniformly integrable. It follows
from Theorem 6.5 that

11mEWn_E(11mW)—EW<oo

n—o0

Below we prove P(W > 0) > 0. By the fact that rz, (&,) is nondecreasing and Lemma 6.7, it suffices to
show that there exists a nondecreasing function ¢ ¢, (-) and a convex function 'ﬁ*g,, (x) =x g (x)onR*

such that
EWpi | €) = S EIEZu | )] E] = S, L E(Zurg, (€) 18)
> S,,HE[znwgn(zn)] = S;LEWS (Z) | €]
> S WL EZ 1 )] = S;MEZ | Ee [EZ, | E)]
= rUEVEW, | EWe lEZ, | €)1,
namely,
E(Wpt | €) 2 r " ENEW, | E)e, [E(Zy | E)]. (6.3)

The recursion of (6.3) implies

n

E(Wot | €) 2 [ | @we E@ | E)lneN.

k=0
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Combining Y E[1 —r~! (Y& (E(Z | —.f)))] < oo with Lemma 6.7, one derives that
k=0

zim E(W, 1 9) = [ | (60valE@ 1) > 0.
k=0

By the Dominated convergence theorem, we have

EW = lim EW, = E[ lim E(W, | €)] > 0,

n—oo

which completes the proof. O

Let ex (&) = r(&y) — r(éy) > 0,k € N. By Lemma 6.7 (i) and the fact that r;(&,),k € N is
nondecreasing, there exists a nonincreasing function V¢, (-) satisfying Lemma 6.7 (i) such that V¢, (k) >

ex(&n),k € N*and Vi (x) = xVén (x?),x > 1 are convex.

Theorem 6.9. If f E[r 2(&)o(&,)] < oo and f{E[ﬂ(gn)V;n(ln)]}% < oo, then {Wy,n € N}

n=0 n=0
converges in L* to a nonnegative random variable W.

Proof. By Theorem 6.8, if Y E[r 2(&,)0(£,)] < oo, then {Wn,n € N} is bounded in L2, that is,

n=0
there exists a constant C > 0 such that EVT/,% < C,n € N. Since {W,,, ‘{sn(?),n € N} is a nonnegative
supermartingale, it follows from the Doob martingale decomposition theorem that W,, = Y,,—T,,,n € N,
where {Y, if;n(_f)), n € N} is a martingale with Ty = 0 and

n—

n—1
Ty= Y (W= E(Weat | () = D Wir™ (e, (&0). as.
k=0 T

1l
(=]

Below we show that {7},,n € N} is bounded in L?

I 7 ll2

n—-1 __
I Y Wer ' (&)ez, (&) 12
=0

n—1 e
< k;o | Wir™' (éx)ez, (&) Il
n—1 e 1
= ZEWr(Eeg, (o)
<

SELEWr2(60e3, (60 | O
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Lemma 6.7 implies that xVé (x%) is convex, and we deduce from Jensens inequality and Corollary 6.4

that
1Tl < SEISZEEZ @0 1 DN < SESAEGVE @) | D
< X (EISA (B )PV EE I E))
A G AV CEA IS
< I VELEr VA G,
An immediate consequence of the assumptions of Theorem 6.9 is that || 7T, [}2<

r (& i I < oo, namely {7,,,n € N} is bounded in L2, and therefore {T,,n € N}
3 VE{E[ 20 V2 ()]}
k=0 :

converges in L? . Since Y, = Wn + T}, then {Y,,n € N} is a martingale bounded in L. 1t follows that
from the martingale convergence theorem that {Y,,n € N} converges in L?. In summary, we get that
{W,,n € N} converges to W in L. O

Theorem 6.10. If 3. [E(r(&)R™ (&) —1] < oo, then there exists a nonnegative finite random variable
k=0
W such that

lim Wn =W as.

n—0o0

Proof. By Definition 2.2, we have

EWoii | §u(€))

ﬁ
I,;.l]E(ZnH | §u(€)) = I,;_I]E(Znﬂ | Zu, &n)
I‘IZ,,an(f,,) > W, a.s.

n+1

Namely {W,..1, &» (?) n > 0} is a nonnegative submartingale. Corollary 6.4 implies

n—1

EW, | €) =1;"EZ,1 E) < | | &R &)

k=0

—
Since ¢ is an i.i.d. random environment and R(&,) < r(&,), we have
n—1

E(W,) = E[EW, | )] < | | Elr@r (€] < [ | Elr@r™ @)].

k=0 k=0

From Y [E(r(&)R™"(&)) — 1] < oo, we have supE(W,) < oo. Thus, by the Doob con-
k=0

n>0
vergence theorem, it follows that there exists a nonnegative finite random variable W such that
lim W, =W a.s. O
n—o0

7. Conclusion

So far, there are few results on the the model of bisexual branching processes affected by viral infectivity
and with random control functions in i.i.d. random environments. In this paper, based on the model, we
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discussed the Markov property, the relations of the probability generating functions of this model, and
some sufficient conditions for process extinction under common mating functions as well as the limiting
behaviors. The results of classical bisexual branching process are generalized and its application scope
is broadened.
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