
PARTITIONS OF THE NATURAL NUMBERS 

1) 
Myer Angel 

(received September 23, 1963) 

1. We obtain in this art icle some resul ts concerning 
partit ions of the natural numbers , the most important of which 
is a generalization of that quoted immediately below. Some 
intuitive mater ia l is included. 

In 1954, J. Lambek and L. Moser [ l ] showed that "Two 
non-decreasing sequences f and g (of non-negative integers) 
a re inverses if and only if the corresponding sets F and G of 
positive in tegers , defined by F(m) = the mth element of 
F = f(m) + m and G(n) = g(n) + n are complementary. " The 
inverse of f was defined so that it coincided with f , where 
r~(n) = the number of m such that f(m)< n. Thus the comple
mentary sets F = { 2, 6, 12, 20, 30, . . . } and G = { 1, 3, 4, 

2 
5, 7, . - . } defined by F ( m ) = m + m and G(n) = [ v n - 1 ] + n 

2 
correspond to the inverse sequences m and [\fn - 1]. 

Using this example, a possible geometric "map" of the 
concepts involved in the theorem is given in Figs . 1 and 2. 
Thus, in Fig. 1, {n + f(n)jn = 1, 2, 3, . . . } is represented 
by two ver t ical (number) l ines, each containing an infinity of 
(natural) points, spaced at equal distances, the analogue of + 
being a rising bar which straddles the lines. Understanding 
the theorem may be largely equivalent to tracing out this , or 
the reader ' s own, diagram mentally, until any part suggests 
the whole. 

Editor1 s comment. Mr. Angel is an undergraduate student 
at McGill University. This paper was written when he was 
a second year student. 
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In Fig. 2, the mth natural number is entered in an nth 
position in Column 1 (representing the set F), if there have 
been f(n) entr ies in Column 2 (representing the set G). It 
is then of the form n + f(n). It is entered in an nth position 
in Column 2 if there have been f (n) entr ies in Column 1. 
It is then of the form x (n) + n. One and only one of these 
conditions holds for each m. 

1 1 
2 1 2 2 2 1 2 2 2 
t t t t t t f t t 
1 2 3 4 5 6 7 8 9 

2 
t 

10 

2 
t 

11 

1 
1 
t 

12 

Fig. 3 

In Fig. 3, a sequence of 1' s is formed. 2T s are inter
polated so that before the nth 1, there are f(n) 21 s. If the 
mth t e rm in the sequence is an nth 1, let m be in F. Then 
F(n) =m = number of 1' s + number of 2' s = n + f(n). If the 
mth t e rm of the sequence is an nth 2, let m be in G. Then 
G(n) = m = number of 2! s + number of 1 ' s = n + JT (n), as is 
easily verified. 

The assignment of natural numbers to complementary 
sets , given f, may be considered as being made either 
inductively as in Fig. 2, or after an interpolation as in Fig. 3; 
this latter method proves to be the more useful in the general 
case we shall be discussing. Sequences of numerals represent
ing sets (such as in Fig. 3) a re linguistically more amenable 
to t reatment by interpolation than are sets of numbers (such 
as in Fig. 2), and will hence be introduced when needed. 

We observe that the "complementary11 sets a re M2,f se ts , 
and that dichotomy is a special case of partit ion. This is 
amplified in Fig. 4, although such part icular imagery as is 
there presented should serve only as the stepping-stone to an 
understanding which dispenses with it. The intuitive approach 
will therefore be exchanged afterwards for a se t - theoret ical 
formulation in which the temporal and kinetic elements a re 
camouflaged in stat ic, symbolic representat ion. 
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F , ( 2 ) = F F*(2) + F , F * ( 2 ) + F F*(2) + F F*(2) + F , F * ( 2 ) + F F*(2) 
1 1 1 1 2 1 3 1 4 1 5 1 6 

F i g . 4 

F i g . 4 i s i n t e r p r e t e d a s fo l lows. As the n a t u r a l n u m b e r s 
a r e counted off, they a r e e n t e r e d in v a r i o u s c o l u m n s which g row. 
The n a t u r a l n u m b e r s m a y be c l a s s i f i e d a c c o r d i n g to the c o l u m n s 
to wh ich they a r e a s s i g n e d . E a c h e n t r y m a y be e x p r e s s e d a s the 
n u m b e r tha t have so far been e n t e r e d in i t s c o l u m n , p lus the 
c o r r e s p o n d i n g (funct ional ly d e t e r m i n e d ) n u m b e r of p r e v i o u s 
e n t r i e s in the o t h e r c o l u m n s (cf. § 5 , E x . 1, and F i g . 6). 

2. In the fol lowing, N d e n o t e s the n a t u r a l n u m b e r s 
1, 2, 3 , . . . and S the f i r s t n n a t u r a l n u m b e r s 1, 2, 3 , 

n 
. . . , n . P a r t i t i o n s of N into a f ini te n u m b e r of s u b s e t s a r e 
deno ted by { F , F . F , . . . , F } or { F . li e S } . 

1 2 3 n î n 
The union, FtKJ F U F , 

1 2 3 
U F , of the s e t s F . i s N, 

n i 
and the i n t e r s e c t i o n F.f^F of F and F (i 4 j) i s e m p t y . 

• i j i j J P y 

The n th s m a l l e s t e l e m e n t of a se t i s denoted by F(n) . Since 
the s e t s F . a r e a l s o the r a n g e s of s t r i c t l y m o n o t o n i e i n c r e a s i n g 

func t ions on N, they a r e often t r e a t e d a s such func t ions , which 
f o r m a s u b c l a s s of a l l s e q u e n c e s . S t r i c t l y m o n o t o n i e i n c r e a s i n g 
s e q u e n c e s a r e denoted by F , G, . . . , and m o r e g e n e r a l l y non-
d e c r e a s i n g s e q u e n c e s by f, g, . . . . Some n o n - d e c r e a s i n g 
s e q u e n c e s wh ich wi l l a p p e a r be low a r e p , the n th p r i m e ; 

n 
7r(n), the n u m b e r of p r i m e s not exceed ing n; and [ r (n ) ] , the 
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g r e a t e s t i n t ege r in r(n) w h e r e r i s a n o n - d e c r e a s i n g r e a l -
va lued function on N. We wil l say f = g, f < g, and f < g 
if and only if f(n) = g(n), f(n) < g(n), and f(n) < g(n), 
r e s p e c t i v e l y , for a l l n * N. 

The compos i t i on p r o d u c t of func t ions , which i s the only 
p roduc t we sha l l u s e , is w r i t t e n fgh . . . , fgh(n) be ing equ iva
lent to h(g(f(n))). (Those r e a d e r s who p r e f e r the u sua l c o m 
pos i t ion no ta t ion , s l ight ly inconvenien t h e r e , in which t h e r e i s 
a p sycho log ica l MsetM p rov ided by r e a d i n g the funct ions in an 
o r d e r oppos i te to that in which they a r e c a l c u l a t e d , wi l l r e a d 
the function p r o d u c t s f rom r igh t to left. ) f + g r e p r e s e n t s 
the sum of func t ions , not s e t s . I is the ident i ty funct ion, 
S the s u c c e s s o r ( n -> n + 1) function and P the p r e d e c e s s o r 
(n ->• n - 1) function. 

f i s the function d e t e r m i n e d by f f < 1 and f Sf > Ï; 
i . e . , f^(n} i s the n u m b e r of m e m b e r s of { x j f ( x ) < n } = 
{ x | f (x) < n + 1} , so tha t S f+ = f* and f+ = Pf*. 

We wi l l adjoin 0 and oo to N ( m o r e spec i f i ca l ly , to 
the r a n g e s of funct ions f) for c e r t a i n p u r p o s e s . 0 i s useful 
s ince it g ives m e a n i n g to the P function at 1, and, in i t s 
capac i ty a s addi t ive iden t i ty , it s igni f ies "no th ing" or "no 
con t r i bu t ion to the s u m " . All nega t ive i n t e g e r s a r e t r e a t e d 
a s 0, and the va lue of any function at 0 is 0. oo i s useful , 
s ince if any function b e c o m e s cons tan t at k, i. e. beyond some 
point of i t s d o m a i n , then v/e m a y say f (k) = oo. R a t h e r than 
r u n a p a r a l l e l r e w o r d i n g of the p roofs below to c o v e r the infinite 
c a s e , we wi l l a l low the r e a d e r to check tha t t h i s c a s e h a s no 
e s s e n t i a l d i s t i nc t ion . 

Some r e m a r k s on the behav iou r of the funct ions we have 
def ined, supp lemen t ing the s t a n d a r d a l g e b r a of func t ions , wi l l 
f ac i l i t a t e the d i s c u s s i o n be low. 

* 
1) F F = I, s ince t h e r e a r e n e l e m e n t s of F which 

do not exceed F(n) , the nth e l e m e n t of F . On the o t h e r hand 
F * F = I only on F . T h e r e F ( F * F ) = ( F F * ) F = I F = F . 
O t h e r w i s e F * F < I. 

2) F P F = P , s ince n - 1 e l e m e n t s of F do not exceed 
F(n) - 1. Howeve r , if F and G a r e c o m p l e m e n t a r y s e t s , 
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FPG = FG since all e lements of G < F(n) a re < F(n) - 1. 

3) g V f g < g"g < I, and g'"f ~Sfg > g Sg > I. Hence 
(fg)* = g*f*. 

+ + 
4) It is shown in [1] that (f ) =f which is the same as 

( P( Pf ) *) * = f. Then (f *) * = PS(f *) * = P(f *P) * = P( PSf *P) * 
= P(P(SfP)*)* = SfP. This result may be obtained directly by 
observing that (SfP)f* = SP < I and (SfP)Sf* = Sff* = S > I. 

5) (fg*)+ = P(fg*)* = P g * V = P(SgP)f¥ = gf* . 

6) *g g < f < fg Sg; therefore fg gh < f < f g Sgh . 

3. If { F , F } is a partition of N, then F + F = I, 

since the n natural numbers not exceeding n are all ei ther in 
F or in F . More generally, if { F . j i * S } is a parti t ion 

of N, then 2 F. = I. This equation r ep re sen t s an equality 
i € S 

n 
of functional values for all n € N, and hence for any subset of 
N; thus F-F 2 F . * = 2 FF .* . (The observation that 

i e S i c S 
n n 

the nth natural number is equal to n is central to many of 
the r emarks thus far. This equation of cardinal and ordinal 
values is charac te r i s t ic of the natural numbers , so that a 
straightforward extension of the resu l t s below to other sys tems 
is unlikely, although analogous developments involving a sub
stantial change in charac ter might be attempted. ) 

If { F , F } and { F , F } a re part i t ions of N, then 

{ F F , F F , F F , F F } is a partit ion of N, since every 
J. -J J. i ù O Cd Tt 

n in N, the domain of F„ and F . is either in F , or in F^. 
3 4 1 2 

More generally if { F . | i c S } , { F . j j € S } , { F jk€ S } , . . . 
a re parti t ions of N, then so is { F . F F„ . . . I (i, j , k, . . . ) 

l j k 
€ S XS XS X . . . } where S X S is a Cartesian product, 

n n n n n 
and some of the F1 s may be empty. Each F may be expressed 

as S F F . so that we now have a wide c lass of par t i t ions . 
i c S

 l 

n 
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2 
Examples: Let Ft be the set of squares , F (n) = n 

1 1 

F , the set of non-squares F (n) = n + { *Jn} ; F , the set 

of tr iangular numbers , F (n) = n(n + l ) / 2 ; and F , the set 

of non-tr iangular numbers , F (n) = n -f { ^/2n} . ({ } is the 

"closest integer" function. ) 

Two of the possible partitions obtainable from { F , F } 

and { F F4> are { F ^ . F ^ . F ^ . F ^ } 

= { { n ( n + i ) / 2 } , {n + W(2^j} } , { (n + { ̂ } )(n + { N/^} + l ) /2} , 

{ n + {N/^} + {\/(2(n+ W n } ) ) } } } and { F ^ F , F F F ^ 

F 1 F 2 F 1 ' F 2 F 1 F 1 ' F 1 F 2 F 2 > F 2 F 1 F 2 ' F 2 F 2 F 1 ' F
2

F
2

F 2 > 
= { { n 8 } , { n 4 + n 2 } > { ( n 2 + n ) 2 > , { (n + { ^ } )*} , 

2 / 2 2 
{n + n+{ ' s / (n + n)} } , { (n + { 4n} ) + n + { \fn} } , 
{ (n + { ^ } + { NT(n+ ( N ^ ) } ) 2 } , 

{ n + {N/^ } + W ( n + {\/n})} + { n + { <v/"̂ } + {*7(n + { N/^} ) } 

+ {^(n + {N/^} + {*V(n + { ^ } )})}} . 

It is understood that {f(n)} = {f(n)|n € N} when the braces 
clearly do not denote the "closest integer to" function. 

The descriptions of F^ and F in t e rms of familiar 
2 4 

functions were found in [ l ] by a method which may be generalized 
as follows: Let { F. li e S } be a partition of which F . is a 

i v, n , , 1 

subset. Then F = S F F . = S (F.F,'*) = F F " 
1 . , 1 i . , i .1 1 1 

i= l i= l 
n n 

-f S (F. - 2 F . F . ) . In this way F is eliminated from 
. 0 i . 9 i J 1 
i=2 j=2 

an expression for it. 

For example, if we have the partition { F , F , F } , 

then F 4 = F l F l % F ^ * + F ^ * = F ^ * + ( F ^ *)+ + ( F 3 F 1 V 

= I + ( F 2 - F 2 F 2 - F 2 F 3 ) + ( F 3 - F 3 F 2 - F 3 F 3 ) . 
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If F is the set of squares, and F the set of primes, then 

the nth number which is neither prime nor square is equal to 

2 2 + 
the nth element of F = n + (m - m - Tr(m )) (n) 

+ 2 2 + 
+ (p - m - Wp ]) (n). (n - n - Tr(n )) (1) =2, since 

2 m 2 m 2 2 
2 - 2 - TT(2 ) < 1 < 3 - 3 - TT(3 ), and we find that the first 
such number = 1 + 2 + 3 = 6 . 

4. We select for special attention the partition 

n 

{ F l i c S } expressed in the form { F. 2 F. ' li « S } . 
1 ' n l . . i n 

i = l 
From the n subsets of any partition { F.Ii * S } the monotonie 

1 n 

increasing functions F.F. for all (i,j) in S XS maybe 
1 J , n n o 

calculated. We have shown above that F.F. = (F.F, ) and 
* * * * * J J l 

that F.F. F F < F.F, < F.F. SF F . If, conversely, the 
l j j k - l k - l j j k 

extensions of the n functions (F.F. '**) are given, then the 

redundancy of information in the case just dealt with is now 

reflected in a demand for the consistency of the specified 
* * + 

functions; F.F. must coincide with (F.F. ) and 

F.F. 'F .F " < F.F, ' < F . F . " S F F ' \ for all i, j and k in S . 
i j j k - i k - i j j k n 

* 2 * 
Thus, if we are given F F =n , and F F =p , there is 

no partition { F. |i * S } which is a solution of the given 
1 * 2 * 

equations. On the other hand, if F F^ =n , and F^F, =p , 
1 2 3 1 n 

it seems plausible that there is a partition { F , F , F } , 
1 2 3 

which is a solution of these equations. In fact, such a partition 
2 

is given by F = { n + n + Tr(n - 1) |n € N} 

F = { [<s/n - 1] + n + Tr([N/rTn1]) |n € N} 
2 2 

* \ = (P + (p ) + n |ne N} . 
3 n n ' 

We make the following definitions: Any subset S of 

S X S will be called independent, if for any function 6 fro n n / T 

the elements of S to non-decreasing sequences, a partition 
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{ F . ji € S } m a y be found such that F.F. = cj)(i, j) for a l l ( i , j) 

in S. Any m a x i m a l independent subse t (of S X S ) wi l l be 
n n 

ca l l ed a p a r t i t i o n b a s i s (of S X S ). 
n n 

The t r a n s i t i v e c l o s u r e of R (the union of a l l pos i t ive 
p o w e r s of R) i s denoted by C(R) , w h e r e R i s any r e l a t i o n 
(se t of o r d e r e d p a i r s ) . If the t r a n s i t i v e c l o s u r e of any p r o p e r 
subse t of R V J R " (the union of R and i t s c o n v e r s e ) i s a p r o p e r 
subse t of C ( R U R " ) and R con ta ins no r e f l ex ive p a i r s , then 
we sha l l say tha t R is c i r c u i t - f r e e . Any m a x i m a l c i r c u i t - f r e e 
subse t (of S X S ) wi l l be ca l l ed a t r e e (of S X S ). Note 

n n n n 
tha t a t r e e i s an i r r e f l e x i v e , a s y m m e t r i c r e l a t i o n whose field 
i s S , and migh t be ca l led an o r i e n t e d t r e e wi thout loops on 

n 
n n o d e s . 

If S i s independen t , then for e a c h <j> on S, we define 
$ on S~ by <{>(j,i) = («M*» j ) ) + f ° r a l l (i*j) *n S. (It i s e a s i l y 
seen tha t S and S" have no c o m m o n e l e m e n t s . ) Since 
F.F * = ( F . F . * ) + for the F . of any p a r t i t i o n , it fol lows tha t if 

S = V U W i s independent , s o i s V ~ V j W . 

If S i s independent and con ta ins ( i , j ) , then i / j , S 
does not conta in ( j , i ) , and if S con ta ins ( j ,k ) o r (k , j ) then 
it does not conta in ( i ,k ) or (k, i ) . We know that t h i s i s so 
b e c a u s e we have ob ta ined r e s u l t s about the s u b s e t s of any 
p a r t i t i o n which imply tha t § cannot be defined a r b i t r a r i l y on 
S ( e . g . , F - F . * = I. If an independent se t S con t a in s the p a i r 
( i , i ) , then we m a y deduce c{>(i, i) = I). If t h e r e i s any subse t 
{ ( i , j ) , ( i , i ), ( i ^ i J » • • . (i , j )} (a l l i ! s and j d i s t inc t ) 

of S ^ J S " , then S is not independen t , s ince if i t w e r e , 4> 
m i g h t be c h o s e n so tha t <|>(i, j) < <j>(i, i ) 4>(i , i ) . . . <(>(i , j ) . 

Then , for the s e t s F . of s o m e p a r t i t i o n , F.F.* < F . F * F # J F * 
i l j l i l i l i2 

. . . F . F . * , which is i m p o s s i b l e . (Reca l l tha t F . . * F . . < I. ) 

The p r e c e d i n g r e m a r k s a r e s u m m a r i z e d in the s t a t e m e n t tha t 
a n e c e s s a r y condi t ion for the independence of a se t i s t ha t i t be 
c i r c u i t - f r e e . The suff iciency of the condi t ion m a y be shown by 
embedd ing S in a m a x i m a l t r e e , applying the second p a r t of 
T h e o r e m 1, and o b s e r v i n g tha t any subse t of a p a r t i t i o n b a s i s , 
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or of any independen t s e t , i s independen t . It fol lows tha t e v e r y 
m a x i m a l independen t subse t of S X S i s a m a x i m a l c i r c u i t -

n n 
f r ee subse t of S X S , so that we have p r o v e d the f i r s t p a r t 01 

n n 

T H E O R E M 1. E v e r y p a r t i t i o n b a s i s i s a t r e e . E v e r y 
t r e e i s a p a r t i t i o n b a s i s . 

Proof . It r e m a i n s to p r o v e the second s t a t e m e n t . 
Suppose tha t T i s a t r e e of S X S . By c o m m u t i n g a finite 

n n 
n u m b e r of o r d e r e d p a i r s of T, we m a y obta in a t r e e T , 

such tha t 1 does not o c c u r a s the second m e m b e r of an o r d e r e d 
p a i r of T , and such tha t T con t a in s ( j , i ) and (k, i) only 

if j = k. E x p r e s s e d in the language of g r a p h t h e o r y , T is a 

t r e e a l l of w h o s e b r a n c h e s a r e d i r e c t e d away f r o m the roo t 1. 
If T c o n t a i n s ( i , j ) we sha l l say tha t j i s a s u c c e s s o r of i, 

of and if C(T ) c o n t a i n s ( i , j ) , j wi l l be ca l l ed a d e s c e n d a n t 

i t s a n c e s t o r i. It wi l l be suff icient to show tha t T i s a 
1 

p a r t i t i o n b a s i s . S ince T i s a m a x i m a l c i r c u i t - f r e e s e t , it 
1 

i s not a p r o p e r s u b s e t of an independen t se t , so tha t i t w i l l be 
suff ic ient to show tha t T i s i ndependen t . 

1 
We w i s h to find a p a r t i t i o n { F . li € S } , given 4> and 

* i n 
T , such tha t F . F / =c(>(i,j) for a l l ( i , j ) in T . It i s f u r t h e r 

d e s i r a b l e tha t { F li e S } be such tha t if ( i , k ) i s not in T , 
* i n 1 

then F . F m a y be found by a g e n e r a l r u l e r a t h e r than an 

e x t e n s i v e d e s c r i p t i o n . Two e s p e c i a l l y conven ien t t y p e s of r u l e 
a r e : 

F i F k * = F i F j * F j F k * = W ' - N W j . k ) 

and 

F . F k " = F . F ^ S F F k * = 4>(i,j) S cj>(j,k) . 

Note tha t if e i t h e r type of r u l e a p p e a r s , so wi l l the o t h e r , s ince 
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F.F, ' = F.F. F F " is equivalent to Fn F. = F, F. 'SF.F. * 
1 k l j j k * k x k J J x 

(F F * = F.F.*F F * implies F F , = P(F.F *)* = P(F.F.*F.F *)* 
i k l j j k k i l k l j j k 

= p F * * F > * F > * * F * = P S F PF.*SF.PF.* = F, F.*SF.F *, and 
k j j . i k j j i k j j i 

F F.* = F F . "SF.F.* implies F.F * = (F F*)+ = ((F.F *F.F *)+)+ 
k i k j j i i k k i l j j k 

= F.F, T.F, '). If we have such a rule then we can express 
i j J k 

n 
each F. as 2 F.F. , i. e. in terms of the functions in the 

1 j = i x J 

range of <(> (which we will call basis functions). 

Before obtaining such a partition, we will find a serial 
order of S which contains T . Let the successors of every 

n 1 
i with more than one successor be serially ordered, and let 
K be the union of the chosen serial orders. Then 
L = C ( T J U K U K C ( T J U C ( T / ) K U C ( T / ) K C ( T J is a serial 

1 1 1 1 1 
order of S containing C(T ). 

n 1 

This last may be put in a more comprehensible, although 
more prolix form by using more phrases, and focussing on a 
familiar serial order. Let K and L be represented by 
"less than". Then i < j (in L) if i is an ancestor of j , or 
i < j (in L) if the successor of the greatest common ancestor 
of i and j which is an ancestor of i is less than (in K) the 
successor which is an ancestor of j . 

We will now find a partition { F. li e S } which has the 
l n 

desired properties. Form an infinite sequence of • 1! s, and 
for each j which is a successor of 1, interpolate j ! s so 
that if K contains (k,j) then j precedes k in the sequence, 
and so that the value of the function cj>(l, j) at m is equal to 
the number of j ! s which precede the mth 1 (m > 1). This is 
accomplished by interpolating a number of j ' s equal to 
cj)(l,j)(m) - <|>(1, j)(m - 1) between the mth and (m-l)th 1. 
The key steps of an easy induction which justifies that construc
tion are 4>(l,j)(l) =4>(l,j)(l) - 4>(l,j)(0) and 4>(lfj)(m) 
= <j>(l, j)(m - 1) +(4>(1, j)(m) - C}>(1, j)(m - 1)). The successors 
of the mth term in the sequence thus obtained are similarly 
interpolated between the mth and (m-l)th term, and so on. 
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Since the field of T is finite, the process te rminates 

with some sequence s. The partition { F . | i € S } is de ter 

mined by taking m to be in the set F . if i is the mth t e rm 

of s. Then F F (n) = the number of j ' s before the 

nth i = <(>(i, j)(n) for all n and for all (i , j) in T . This 

completes the proof of the Theorem. 

5. Having given a constructive proof of the second part 
of Theorem 1, using the auxiliary sequence s, we will shortly 
be in a position to justify the following statement of what is 
probably our main resul t : 

Let there be given any oriented t r ee and let i ts nodes be 
labelled 1, 2, . . . , n. To the branch (i, j) let there be 
assigned an a rb i t r a ry function <|>(i,j) (non-decreasing from 
N to N \J { 0} ). If (i, j) is not a branch of the t r e e , define 
cf>(i,j) by the following ru les : 

4>(i, i) = the identity function I 

<|>(i» j) = (<Mjfi)) if (j»i) is a branch 

4>(i,k) = «>(i,j )(S) «>(j , j )(S) . . . (S)c|>(j,k) 
1 1 2 

if ( i , i ), (j ,> , ] - ) • • • (j » k) a re branches or inverse branches 1 1 2 n 
of the t r e e . The successor function S is put in parentheses 
to indicate that it somet imes appears and sometimes does not, 

n 
as explained below. If we set F. = S <|>(i,j), then the ranges 

1 j = i 
of F . , F , . . . , F form a parti t ion of the natura l numbers , 

1 2 n 
and F . F . * = <|>(ifj). 

We now continue from the end of S 4 to show how F F 
* i k 

is found when (i, k) is not in T U T ", and i 4 k. By the 
1 1 

method of formation of the sequence, if (i , j) and (j,k) a re 
in T , then any k will precede i in s only if it preceded 

>•« 

a j between k and i; therefore F . F = cf>(i, j) <f>(j, k), and 
1 xC 
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F F. = 4>(k, j) S <|>(j,i). In general, if T has the subset 
k i 1 

{(i , i ), < i 9 , i j , • • • , (i A,i )} then 1 2 2 3 m-1 m 

(1) F F . * = 4>(i , i ) <Ki 9 , i J . . . 4>(i 4,i ) , 
i l îm 1 2 2 3 m-1 m 

since every i precedes an i , . . . preceding an i , 
m m-1 3 

preceding an i , preceding an i in s. To exhibit the 
s tructure of the formula, subscripts 1, 2, 3, . . . have been 
used, but formulas 1, 2, 3, 4 are in fact valid, when suitably-
interpreted, for p^> 1, m > 1, and < the number of elements 
in the field of T. 

F rom (1) we find 

F. F = P(F F ) 
îm i l i l îm 

= P(F F F F . . . F . . . . F . ) 
i l i2 i2 i3 i (m- l ) îm 

= P F F . . . F F F F 
im i (m- l ) i3 i2 i l i l 

= PSF. PF. # " . . . S F . , P F . / S F . ^ P F . / 
im i (m- l ) i3 i2 i2 i l 

= F. F . , * . . . S F . . F *SF F * 
im i (m- l ) i3 i2 i2 i l 

( 2 ) F i m F i i * s « I » ' i i n . l , - S « i 3 ' i 2 , S * ( W " 

If (k,j) is in K and ( i ,k) , (i , j) a re in T , then 

F .F = <|>(j, i)c|)(i, k), since no k precedes a j unless it also 

precedes an i previous to that which j precedes . This is 
likewise true if ( i ,k) , (i , j) a r e in C(T ) and (k, j) is in L. 

Suppose T contains ( i ,k . ), (k , k ), . . . , (k , k ) 
1 1 1 2 m - 1 m 

and ( i , j . ) , ( j . J J , . . . , (j , J ), and (k,j) is in L». Then 1 1 Ù p-1 p 
we have 
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>*î Î"N 5*Î 

F . F * = F . F . " > . F "' = 4>(j , j ) . . . S4>(j , j )S<tKj.,i) 
j p k m j p î î k m p p - 1 2 1 1 

(3) <|>(i,k )4>(k , k ) . . . cf.(k , k ) . 
1 1 L m - 1 m 

Now, 

F F . " = F n F . ' S F . F . " = 4>(k , k ) . . . S<|)(k_, k )4>(k , i)S 
k m j p k m 1 1 j p m m - 1 2 1 1 

(4) +(i.j1)+(j1.j2) . -• ^ J p . ^ J p ) ' 

T h u s , any F . F m a y be e x p r e s s e d in t e r m s of b a s i s 
l le 

func t ions , (1) o r (2) be ing used if ( i , k) or (k, i) i s in C(T ) 

r e s p e c t i v e l y , and (4) or (3) if (i , k) or (k, i) i s in 
K U K C ( T ) U C ( T \ 1 K U C ( T / ) K C ( T J r e s p e c t i v e l y . 

1 1 . 1 1 

E x a m p l e 1 i l l u s t r a t e s the d e r i v a t i o n of a p a r t i t i o n f r o m a 
p a r t i t i o n b a s i s . An a r b i t r a r y s e l ec t i on of b a s i s funct ions w a s 
m a d e , e x c e p t i n s o f a r a s the r a n d o m n e s s w a s c a l c u l a t e d , and 
t h a t , of a l l p o s s i b l e r e l a t i o n s T , e c o n o m y of s p a c e i m p o s e d 
the cho ice of a s h o r t one . 

The b a s i s funct ions w e r e c h o s e n to be w e l l - k n o w n func t ions ; 
the i n v e r s e s of t h e s e funct ions a r e l i k e w i s e w e l l - k n o w n . Such 
i s not the c a s e for funct ions e a s i l y enough c o m p o u n d e d f r o m t h e m ; 
an i n s t a n c e of t h i s h a s b e e n e n c o u n t e r e d in § 2. 

T h i s i s a s igni f icant p s y c h o l o g i c a l poin t , s ince a fo rced 
r e f e r e n c e , when exh ib i t ing a p a r t i t i o n , to " the i n v e r s e of a 
function11 r a t h e r than to a function which h a p p e n s to be an 
i n v e r s e , i s a f i r s t s t e p in expos ing the u l t i m a t e l y t au to logous 
n a t u r e of the r e s u l t . 

E x a m p l e 1. The p a r t i t i o n b a s i s in S X S i s 
6 6 

{ ( 1 , 4 ) , ( 4 , 3 ) , ( 2 , 1 ) , ( 2 , 5 ) , ( 2 , 6 ) } . The b a s i s func t ions a r e 

g iven by c}>(l ,4)=n 2 , <|>(4S 3) = [(n- l ) / 2 ] <|>(2f 1) = ir(n- 1), 

4)(2, 5) = 2 n , 4>(Z, 6) = n + 2 ( s ee fig. 5). 
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- 1 / 2 ] 

Fig . 5 

Now, 4>(4,1) = [*JZT~l], 4>(3,4)=2n, 4 > ( l , 2 ) = p , 
n 

4>(5,2) = l o g 2 ( n - 1), <M6,2)=n - 3. 

T = { ( 1 , 2 ) , ( 2 , 5 ) , ( 2 , 6 ) , ( 1 , 4 ) , (4 ,3 ) } ; K = { ( 4 , 2 ) , ( 5 , 6 ) } , 
1 

L = the se t of o r d e r e d p a i r s that c o r r e s p o n d s to the s e r i a l o r d e r 
1 < 4 < 3 < 2 < 5 < 6 . 

The p r o c e s s , of f o r m i n g a s equence which wi l l give us 
{ F . | i € S } is shown in F i g . 6. 

l 6 

1 1 
2 2 4 1 2 4 4 4 1 

6 6 6 5 5 2 6 5 5 2 4 1 6 5 5 5 5 2 4 3 4 4 1 
t t t t t t t t t t t t t t t t t t t t t t t 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 

Fig. 6 

The i r r e g u l a r spac ing of the upper s e q u e n c e s an t i c ipa t ing the 
subsequen t i n t e r p o l a t i o n s i s , of c o u r s e , an i r r e l e v a n t m e t r i c 
p r o p e r t y of the v i s u a l a id . Some s a m p l e c a l c u l a t i o n s a r e 

2 
c()(l,4) = 1 = 1 at 1 so tha t one 4 p r e c e d e s the f i r s t 1. 

2 
$ (1 ,4 ) =2 = 4 at 2 so tha t four 4 ' s p r e c e d e the second 1. 
F r o m the sequence 
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s = { ( l , 6 ) , ( 2 , 6 ) , ( 3 , 6 ) , ( 4 , 5 ) , ( 5 , 5 ) , . . . } 

we find tha t F = { 1, 2, 3 , 7, 13 , . . . } . 
6 

f 

An e x a m p l e of the way in which F F is found in t e r m s 
l k 

of the b a s i s funct ions fol lows for F_F_ * 3 5 

F 3 F 4 = 2 n . 

F F * = <t.(3, 4)S4»(4, 1) = [ ^ ( 2 n + 1) - 1] = |V2n] , 
3 1 

F 3 F 2 * = * ( 3 , 4 ) S 4 > ( 4 , 1 ) S < M 1 ' 2 ) = P < [ ^ i ] + *> ' 

* p(f*/2nl + 1) 
F 3 F 5 *=<t>(3,4)Sct) (4 , l )S ( j ) ( l ,2)< | 3 (2 ) 5)=2 P U W J ' . 

( F o r the p r i n t e r ' s c o n v e n i e n c e we have w r i t t e n p a s p(n). ) 
n 

The p a r t i t i o n f inal ly ob ta ined i s { F . | i « S } , w h e r e 

F = { n + p + [fri2-l)/2] + n 2 + 2 P ( n ) + (p + 2 ) | n e N} , 

F = { i r ( n - l ) + n + [((Tr(n-l))2 - l ) / 2 ] + {ir(n-l)? + 2* + ( n + 2 ) | n € N> , 

F ={[*JZn] + p([N/2n] + 1) + n + 2n + 2 P ( ^ 2 n ] + 1 ) + ( p ( [ . ^ ] + l ) + 2 ) | n « 

F 4 = { [ \ f T l ] + p ( [ \ fn"Tl ]+ l )+ [ ( n - l ) / 2 ] + n + 2 P ( [ N / ^ ] + 4 ) 

+ ( P ( [ N / ^ " 1 ] + 1) + 2 ) | n e N } , 

F 5 = { T r ( [ l o g 2 ( n - l ) ] ) + [ l o g 2 ( n - l ) ] + [ ( ( u ( [ l o g 2 ( n - l ) ] ) ) 2 - l ) / 2 ] 

+ ( ^ ( [ l o g 2 ( n - l ) ] ) ) 2 + n + ( [ l o g 2 ( n - l ) ] + 3 ) | n e N} , 

F 6 = { i r ( n - 3 ) + (n-3) + [(( i r(n-3))2 - l ) / 2 ] + ( u ( n - 3 ) ) 2 + 2 n _ 3 + n | n « N } . 

If the s igns ind ica t ing row s u m m a t i o n e t c . a r e i g n o r e d , the above 
i s a s q u a r e m a t r i x whose ( i , j ) th e n t r y if F . F . * . It should be 

r e m e m b e r e d tha t the c u s t o m a r y eva lua t i on of n o n - n a t u r a l po in t s 
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of funct ions usual ly defined on a field w ide r than N i s waived 
n - 3 

by a p r e v i o u s convent ion . T h u s , 2 = 0 for n < 3. 

We have so far c o n s i d e r e d a " t y p i c a l " p a r t i t i o n whose 
i m p o r t a n c e l i e s m o r e in the g e n e r a l i t y which i t s a r b i t r a r i n e s s 
s u g g e s t s than in i t s p a r t i c u l a r s t r u c t u r e . In the following 
e x a m p l e s , e l e m e n t s of the pa r t i t i on b a s e s and the b a s i s 
funct ions w e r e chosen with r e g a r d to one ano the r to p rov ide 
m o r e e legan t p a r t i t i o n s . 

E x a m p l e 2. The p a r t i t i o n b a s i s in S X S = { ( 1 , 2), (2, 3)} . 

The b a s i s funct ions a r e given by cf>(l, 2) = p , <(>(2, 3) = p . 
n n 

<j>(2, 1) = <M3,2) = Tr(n - 1). We obtain the p a r t i t i o n F , F , F , 

w h e r e 

F = { n + p + p |n € N} , 
1 n p 

^ n 

F 0 = { Tr(n - 1) + n + p | n € N } , 
2 n 

F - = { ir(Tr(n - 1)) + TT(n - 1) + n |n € Nj . 

E x a m p l e 3. The p a r t i t i o n b a s i s in S X S = { ( 1 , 2 ) , 
m m 

( 1 , 3 ) , . . . , ( l , m ) } . The b a s i s funct ions a r e given by <|>(1,2) 
= a n , <|>(1, 3) = a n , . . . <|>(l,m) = a n, w h e r e a4 = 1 , and the 

2 3 m l 
a. a r e pos i t ive i n t e g e r s . After a s impl i f i ca t ion we obta in the 

p a r t i t i o n { F . li € S } , w h e r e , for 1 < j < m , 
i m — — 

n n 
F . = { n + S a + S a [(n - l ) / a ] | n € N} . F o r e x a m p l e , 

i= j + 
i = l 

J — i x i/j 1 J 

if a = 2 , a = 3 , a = 4, then the F . a r e { 10n} , 

{ n + 7 + 8 [ ( n - l ) / 2 ] } , { n + 4 + 7 [(n - l ) / 3 ] } , { n + 6 [(n - l ) / 4 ] } . 

E x a m p l e 4. The pa r t i t i on b a s i s in SXSA i s £ *- 4 4 

{ ( 1 , 2 ) , ( 1 , 3 ) , ( 1 , 4 ) } . The b a s i s funct ions a r e given by 
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<j)(l,2)=a n, <|>(l,3)=a n, 4>(l,4)=a n, where the a. are 

positive irrationals, and we set a = 1. We obtain the 

partition { F . F . F , F ) , where r 1 2 3 4 

F 1 = { n + [a2n] + [ a ^ ] + [ a ^ ] |n € N} , 

F2 = { [ n / a 2 ] + n + [ a
3

( [ n / a 2 ] + 1 ) ] + f a
4

( f n / a2 ] + 1 ) ] | n ' N } ' 

F 3 = { [n/a3] + [a2[n/a3]] + n + [a4([n/a3] + 1)] |n c N} , 

F
4
 = Un/a4] + [a2[n/a4]] + [ a ^ n / a j ] + n|n € N} . 

As in Example 3, we may obtain a similar partition 

{ F li € S } . It is not hard to show that m may be infinite 
i • m 

provided that only finitely many basis functions have non-zero 

values at any natural point. Thus, the condition here is 

lim a = 0 . 
n 

n->oo 

Example 5. If the basis functions, for any partition basis 

in S X S , are ail of the form <()(i, j)(n) =n + a, where a 
m m 

is a variable non-negative integer, then the subsets of the 

partition obtained are the congruence classes mod m (in N). 

I would like to thank Prof. J. Lambek for his very helpful 

interest and advice. 
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