
ON A NORMAL FORM OF THE 

ORTHOGONAL TRANSFORMATION III 

Hans Zassenhaus 

J 4 . Equivalence invariants of matr ix p a i r s . 

Under the assumptions of c a s e b) of theorem 1 we der ive 
from (3 .32) the matr ix equation 

(P(X)(XDP(X)) -*r* = (siju,84llh) 
so that there corresponds the matr ix B to the bi l inear form 

( 4 . 1 ) f p J £ ' , A ) (u f v) - f p ^ ( u f v ) - ( - l ) C * 3 f ( u l ( I V ) ^ D P M ) - 1 / " J V ) 

on the l inear space 

( 4 . 2 ) M g y ) = M p ^ . M p „ / ( M p / t - i 4(P(rf)MAMp^ ) 

and fp p, is s y m m e t r i c if £ - ( - l ) ^ * 1 " , a n t i - s y m m e t r i c if 

The las t s tatement remains true in the c a s e a) if P is s y m 
m e t r i c irreducible because in that c a s e fp ^ i s 0 . 

If (X, A) is any matr ix pair with regular second constituent 
sat isfying ( 3 . 1 ) and with representat ion space M then we d e c o m 
pose M into the direct sum of mutually orthogonal and orthogonally 
indecomposable invariant subspaces for each of which the p r e 
v ious observat ions hold. Hence a l so on M the bi l inear form de
fined by (4 . 1) on the l inear space (4 .2 ) is s y m m e t r i c if 
£ -(•-1)/4-**1 and a n t i - s y m m e t r i c if £ s ( - l )*" . Moreover the 
number a p ^ of orthogonally indecomposable components of M 
of the type a) of theorem 1, the number b p ^ of orthogonally 
indecomposable components of M of the type b) of theorem 1, 
the degree dim M p A of fp ^ and the rank P(fp /*,) of 
fp j*. are connected by the re lat ions 

( 4 . 3 ) />( fp , /^) * [ P ] b P j / * 
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(4.4) d i m M p ^ - />(fP,/*- ) + 2 C p 3 a P , ^ 

(4.5) ap-fAu » 0 if P (x)+ x - 4 

where S satisfies (3.2) and {.P} is the degree of the symmetr ic 
i r reducible separable polynomial P . 

The l inear t ransformation <** of M induces a l inear t r a n s 
formation <T*p^ of Mp J*, under which f p ^ i s invariant 
such that P(<^p juu) - 0. Therefore M p ^ is a l inear space over 
the finite extension Ep = F [ Y p l according to 

(4.6) Q(YP) ( u / M p ^ ) = (Q(<r )u)/MpfAu 

for Q(x) of F [ X ] and u of M p ^ , 

We study the case LP3 > 1. in which E p has the involutoric 
automorphism *Cp over F that maps Yp onto Y p . According 
to (3.4) one finds 

(4.7) fP)/c ( | u , v ) - fPf/L (u,o<p (\)v) 

for \ of E p , u , v of Mp LU . This rule suggests the in te rpre ta 
tion of fp,/*. as t r ace of an hermit ian or ant i -hermit ian bil inear 
form hp ^ on the E p -module M p ^ such that 

(4.&) fpf>uu (u,v) - t r h p , ^ (u,v) 

for any two elements u ,v of Mp ^ where we make use of the 
t r ace function of E p ^ re la t ive to F . 

In order to solve (4.8) we observe that for any ma t r ix Y 
the t r aces of Y , Y , Y , . . . vanish identically if and only if the 
multiplici ty of each separable i r reducible divisor of the cha rac 
te r i s t ic polynomial of Y is divisible by the charac te r i s t i c of F . 
Hence there is a power of the mat r ix Yp that has non vanishing 
t race and hence the l inear homogeneous sys tem of equations 

(4.9) 0 - t r (( X I k Y p ^ Y p 1 - 1 ) ( i - 1 , 2 , . . . , P ) 

for the coefficients \ , \^ , . . . . , £ rp\ in F has only the 
t r ivia l solution. It follows that for any pair of elements u ,v of 
M p î  the system of l inear equations 

P 
f p , / ^ ( ( T ^ u , v ) = t r u I ^ ^ Y p ^ Y p 1 " 1 ) ( i - 1 , 2 , . . [ P ] ) 
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has precisely one solution set of elements ??1>'"Z0. ' t p of F . 
Setting 

(X A) < r ^ k-1 
(4.10) HF;£' (u,v) - hp f / f c ( u , v ) = I _ ^ K Y P 

K.— x 

it follows that (4.8) is satisfied and that each of the elements 

h P , / ^ ( u i + u 2 > v ) " hPj"~ ( u l , v ) - hP,y"- ( u 2 ' v )» 

h p ^ ( u , v ) - ( - l ^ ^ e h P > r (v,u) 

hP,y* (^u,v) - ! h p ^ ( u , v ) 

hP,A <u' I v) - ^pt £ ) hP,/t- <u'v) 

satisfies (4.9) if it is substituted in place of 2 . > k ^ p so that 
h p y^ is indeed an hermitian or ant i -hermit ian bil inear form 
On Mp^yLU. 

Observing that the normal form of theorem 1 case b) is 
uniquely determined by/*- and by B i . e . the equivalence c lass 
of hp », we derive from theorem 1 and the previous observa
tions the following. 

THEOREM 2. Let F be a field of reference of charac ter is-
tic different from 2. Let (X, A) be a ma t r ix pair over F with 
regular second constituent satisfying (3.1) such that every sym
m e t r i c i r reducible divisor P of the charac te r i s t ic polynomial of 
X is separab le . The mat r ix pa i r s (X,A) and (Y,B) a re equiva
lent if and only if 

1) X is s imi lar to Y, 

2) B is regular satisfying the condition B ^ » £ B, 

3) the bil inear forms r -p /J and r ' ' a r e equivalent for 
P(x)»x-S subject to (3 .2) , 

4) for each symmetr ic i r reducible divisor P of X x of de
gree greater than 1 the hermit ian or ant i -hermit ian 
bil inear forms h ' ^ ^ ' , h ' ^ - j ^ / a r e equivalent for 
/** = 1 , 2 , , . . . ,/^p where / 4 ^ denotes the multiplicity of 

P in the minimal polynomial of X. 
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5. Application to the real field and to Galois f ields. 

If £ «(-l/*' and if P(x) is a symmetr ic i r reducible separ 
able polynomial of degree grea te r than 1, then h p ^ is an anti-
hermit ian bil inear form on M-o JJU over E-p. Hence the bil inear 

1 Jr,/"~ XT ,y- pK 

form (Yp-Yp" )hp ^ i s hermi t ian . The equivalence of hp y£' ', 
h p ^ ^ implies the equivalence of ( Y p - Y p " ^ h p ^ A ) , 
( Y p - Y p " l )hp '^ j ' and conversely. By forming the t race bil inear 
form we obtain the symmetr ic bil inear form 

(5.1) g p ^ ( u , v ) = t r d Y p . Y p - ^ h p ^ i u ^ ) ) = t r (h p ^ ( <f- <f 'l)ufv) ) 

so that the equivalence of the hermit ian bil inear forms 
( Y p - Y p - ^ / h p t ^ A ) , ( Y p - Y p - 1 ) h p { Z ' B ) o n M p ^ o v e r E p implies 
the equivalence of gp(j£»A.)t gp (Y, B) o n M p ^ over F 

If F is the rea l field then hp ^ is obtained by solving the 
equations : fp ^ (<f *u,v)»h(tf *-u,v)+ hftf iu,v)- Ypl h(u,v)+Yp lh(u, v) 
where £ is the complex conjugate of \ such that Y p - Yp"^- . 
Hence, 

h p , / t ( u , v ) = fp t / 4 , ( d ' u > v) -Yp"1fp>/JU ,(u,v) 
~ Yp - Y p - i 

(5.2) g P f / * ( u f v ) = 2f P f / u (<fu,v) - (Yp +YP*1) fp ^ ( u , v ) 

Note that two hermit ian bil inear forms over the complex 
field a r e equivalent if and only if the corresponding symmet r ic 
t r ace bi l inear forms a r e equivalent over the rea l field. 

A symmetr ic bi l inear form on a l inear space M is called 
a splitting bil inear form if M is the d i rec t sum of two isotropic 
l inear subspaces . 

In case a) of theorem 1 for £ » 1 the bil inear form f is a 
splitting symmetr ic bilinear form. Similar ly in case b) for 
£ = 1 the bil inear form f is splitting if /** is even whereas f is 

the sum of a splitting bil inear form and another bi l inear form 
equivalent to fp,/** with disjoint var iables if juu is odd. 

We note that because of (3 . 11) the number JLK, must be odd 
if I - 1 and P(x) - x- S . 

We denote the degree of a quadratic ma t r ix by d(A) and its 
rank by r(A). If A is symmetr ic over the rea l field then the 
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number p(A) of positive characteristic roots and the number 
q(A) of negative characteristic roots are equivalence invariants 
so that p(A) + q(A) » r(A). For a bilinear form f on a d-dimen-
sional linear space with corresponding quadratic matrix A we 
set d(f) = d(A) - d, r(f) - r(A) and if the field of reference is real 
and if f is symmetric then we set p(f) - p(A), q(f) • q(A). It is 
well known that two symmetric bilinear forms f, g are equivalent 
if and only if d(f) = d(g), p(f) - p(g), q(f) » q(g). The symmetric 
bilinear form f splits if and only if p(f) - q(f). Two anti-symme
tric bilinear forms f,g are equivalent if d(f) • d(g) and r(f)«r(g). 

After these preparations we can answer the following ques
tions: 

A) E . Wigner!s question: What are the characteristic roots of 
a matrix X over the real field satisfying (0.1) for a given 
regular symmetric matrix A over the real field? 

Answer: 

(5.3) det ( I d -xX) - (x-l)V* (x*l)V«- JT *.3( (x-e l*)(x-e-tf j ) )* 

TT j= s+1 ( ( x - r ^ x - r j - ^ l ^ ^ ^ x + r j - 1 ) ) ^ 

TTJL^ ! ( ( x - r j e % Xx-rje - i* ) ( x - r f V ^ x - r ; " V f y f 

subject to the conditions 

(5.4) 2 < s ^ t ^ u ^ v 

(5.5) V£ ^ 0, v t integral 

(5.6) 1 > rj if s ^ j t. v 

(5.7) rj > r . ^ if s ^ j < t or t<. j 4 u , 

(5.8) r ^ r j ^ i f u < j < v , and 4>j > 4>^l if r j = r j + 1 

or if 3 ^ j ^ s, 0 < 4 ^ " * if 3^j£:S o r u ^ j < . v 

(5.9) V 1 + V 2 + 2 i ; 3 V j * ^ * ^ =d(A) 

(5.10) Z j = s + 1 V j *2 Z ^ - u + i ^j*Min(p(A) ,q(A)) 

(5.11) if Vj = V 2 a o t h e n p ( A ) s I j * B + 1 ^ j =. q(A) (mod 2). 
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B) What a r e the c h a r a c t e r i s t i c r o o t s of a m a t r i x X sa t i s fy ing 
( 0 . 1 ) for a r e g u l a r skew s y m m e t r i c m a t r i x A ? 

A n s w e r : 

( 5 . 3 ) s u b j e c t to the cond i t ions ( 5 . 4 ) , ( 5 . 5 ) , ( 5 . 6 ) , ( 5 . 7 ) , ( 5 . 8 ) , 
( 5 . 9 ) and the condi t ion 

( 5 . 1 2 ) V>! S V 2 - d(A) 3 0(2) 

C) What a r e the condi t ion tha t two m a t r i x p a i r s (X, A) , ( Y , B ) 
a r e equ iva l en t o v e r the r e a l field if A , B a r e r e g u l a r m a t r i c e s 
sa t i s fy ing A = £ A , B = £ B ( £ - +1 , 8 • +1) ? 

A n s w e r : 

6. * £. , d i m M p ^ - d i m Mp^^c = v dim M p ^ = d i m Mp*/*. 

w h e r e M is a r e p r e s e n t a t i o n s p a c e of (X ,A) and M is a r e p r e s e n 
t a t ion s p a c e of ( Y , B ) and P(x) is any a s y m m e t r i c i r r e d u c i b l e 
p o l y n o m i a l d ividing the m i n i m a l p o l y n o m i a l of X in a m u l t i p l i 
c i t y V (P) tha t i s not s m a l l e r thanyu* . F u r t h e r m o r e for any 
s y m m e t r i c i r r e d u c i b l e p o l y n o m i a l P(x) d ividing the m i n i m a l 
p o l y n o m i a l of X with a p o s i t i v e m u l t i p l i c i t y V(P) t h e b i l i n e a r 
f o r m s f p ( j £ , A ' , f F ^ ' B ) a r e equ iva l en t if 0 ^ ^ V (P) and 
if £ = (- l)^"*"1 , and the b i l i n e a r f o r m s g p ( ^ A ) , gp^X^"^ a r e 

equ iva l en t if 0 <>u. 4. \> (P) and if £ - ( - 1 ) ^ . 

D) To give a c o m p l e t e s y s t e m of independen t n u m e r i c a l e q u i v a 
l e n c e i n v a r i a n t s for m a t r i x p a i r s (X ,A) wi th r e p r e s e n t a t i o n 
s p a c e M o v e r the r e a l field in the event tha t A is r e g u l a r and 
s y m m e t r i c o r skew s y m m e t r i c ? 

A n s w e r : 

T E. = £.1 d e t e r m i n e d by A « £, A ; m o r e o v e r for i r r e d u c i b l e 
p o l y n o m i a l s P(x) with h i g h e s t coef f ic ient 1 the n u m b e r s ey^(P) 
denot ing the d i m e n s i o n of the f a c t o r s p a c e of M p ^ o v e r 
P(<f )M s~\ Mp/* + M p ^ ' L and for s y m m e t r i c i r r e d u c i b l e 
p o l y n o m i a l s P(x) the n u m b e r s 
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p<fP j /J if £ - (-1) M-+1 

{ P( g p / v) if. e - ( - i r 

r q(fp,^) if £ " ( - 1 ) ^ 

<lP,/*- = i 

subject to the conditions 

(5.13) ep.f/A, >/ 0, e p A 2 0 ( L P 3 ) , l ^ e P ) / l v = d{X) - d(A) 

(5.14) P p > / ^ 0 , qp > / l?0, P P ) A S q p ^ O C t P l j . p p ^ p ^ ç e p ^ 

(5.15) p(A) - i(d(A) - I ( P p A - q p A ) ) , q(A) = i(d(A)*I(qp^-Ppr); 

(5.1.6) If P(x)=x-S and 0 then p p ^ " ^ p , ^ " eP,/^ • 

E) To give a normal form of the equivalence class of matrix 
pairs with invariants as delimited under D. 

Answer: 

irreducible 

+ p̂ p* ^ V <XPJ»»AP^> * W (xp,r - A p ^ } J 
irreducible 

where [p]Cp>ft = ePj/* if P^P*. [p] Cp^=e p ^ - p p ^ - q p ^ 

i f P - P * , X p r - ((Sik + 5 i . ^ * l ) Y p ) ( i , k - l , 2 , . . . , fL), 

A ^ d j - p j ) if £ =(-1) /*•'•••X 

A p '" 1 ,.„tf/23 (U > ( . 1 ) L r / ^ A
 AJif£=H) \ / * 

F) Another question of E. Wigner: Let A be a regular sym
metric matrix over the real field. What are the connected 
components of the multiplicative group G(A) formed by all 
matrices X satisfying (0. 1) after all elements of G(A) with 
multiple characteristic roots i .e. the elements X of G(A) that 
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satisfy R ^ X ^ D ^ ) * 0 (R the resul tant polynomial), have been 
removed? 

Answer: 

The connected components of the residual space a r e in 1-1-cor-
respondence to the sys tem of all sequences 

^ 1 » ^ 2 * •• • > °*s> t» u* v 

subject to the conditions (5.4) and 

(5 .17)°^ L 0,±1 if i - 1 , 2 ; ^ . 4,1 if 2 ^ i ^ s 

( 5 . 1 8 ) ^ 1 U i ) + 2 ^ 3 1 ^ 1 + 2(2v-u-S ) = d(A) 

(5.19) i J i - i ( * i - I « i » ) + I i = 3 ( ^ i + I ^ i l ) + 2v-u-s = p(A) 

and they a re formed by all ma t r i x pa i r s (X,A) subject to (5.3) 
where 

( 5 . 2 0 ) ^ = |<rf t | i f l ^ i ^ s , V i « l i f s ^ i ^ v 

G) To give a complete sys tem of independent numerical equiva
lence invariants for ma t r ix pa i r s (X,A) with representa t ion 
space M over a Galois field of charac te r i s t i c ^ 2 in the case 
that A is regular and either symmetr ic or skew s y m m e t r i c . 

Answer: g. = -v 1 determined by A^ = £^A, moreover for i r 
reducible polynomials P(x) with highest coefficient 1 the numbers 
e j^ (P) denoting the dimension of the factor space of MpM- over 
Pto'JM^Mpjuc + M p ^ i and for symmetr ic i r reducible poly
nomials P(x) the numbers 

fr(fp ^ ) if £ = ( - 1 ) ^ + 1 

r P ,« . " ) 
C r ( g p ^ ) if t - ( - I ) ' * ' 

and the numbers 

P'l"~(£( ( Y p - Y p - ^ h p ^ ) if £ , - ( - 1 ) ^ 
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where for any hermitian form h over a Galois field of q^ elements 
( q o d d ) ^ fe ^ q 

- i i f h ~ ? i B l S ^ * 

O i f h s o 

and V is a non square of GF(q). 

Conclusion: Our methods fail in the case of inseparable irredu
cible divisors of the characteristic polynomial of X. The case 
of characteristic 2 leads to more complicated equations the solu
tion of which is not given here. Due to the results of this paper 
the problem of the classification of the hermitian forms over 
arbitrary fields with an involutoric automorphism has taken on 
still another aspect. 
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