ON THE NONEXISTENCE OF L? SOLUTIONS
OF CERTAIN NONLINEAR DIFFERENTIAL EQUATIONS
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(Received 9 December, 1966)

The asymptotic behavior of the solutions of ordinary nonlinear differential equations
will be considered here. The growth of the solutions of a differential equation will be discussed
by establishing criteria to determine when the differential equation does not possess a solution
that is an element of the space L?(0, o) (p = 1).

The first theorem below gives a sufficient condition which guarantees that the solutions
of a certain differential equation are not in L?(0, c0). This theorem is an extension of a
result originally due to Wintner [8], where a second-order linear differential equation was
considered. This result was successfuly extended to nonlinear second-order differential
equations by Suyemoto and Waltman [6] and Burlak [2]. Our extension is to an nth order
nonlinear differential equation, namely,

Y +g(t,y) =0, y»=— (1)
where
EI]ESIO)RY 2

with n = 1, r 2 1, and f(¢) continuous on [0, c0).

We shall assume throughout that g(¢, y) is sufficiently smooth to guarantee the existence
of solutions of (1). The word * solution ”, for the remainder of this note, will mean a non-
trivial (i.e., not identically zero) solution that exists on the interval [0, o0).

THEOREM 1. Let y(t) be any solution of equation (1) with condition (2) imposed; then
¥(t) is not in L*(0, c0) provided that

Im 2" f3(Hdt < oo. 3

0

Proof. The proofis similar to that given in the above references and requires the following
propositions.

(D) If equation (1) has a solution y(t) in L?"(0, ) and (3) is satisfied, then y™~1)(¢),
YD), ..., YO, y(¢) approach zero as t approaches infinity.

(I) If equation (1) has a solution p(t) in L*"(0, o) and (3) is satisfied, then y(t) is in

L*0, o).
Proposition (I) will now be established. From equation (1), we obtain

YO I(f) = Y= 1(0) = — L g(s, y(s)) ds. 4)
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Considering the integral in equation (4), using inequality (2) and the Schwarz Inequality,
we obtain

] f ;g(s, ¥())ds

< f 196,50 ds

< J SO ds

t + t +
< [ f JE0 ds] [ f 1O Iz'ds] .

If y(¢) is a solution of (1) in L?(0, c0), then, from (4), it follows that lim y~1)(z) exists,
since the integral is majorized by i

[ f o ds]*[ f “1509 |2'ds]*.

If lim y®*~Y(t)=A4,_, 0, then f | »(¢) |*" dt diverges, which contradicts the hypothesis
0

t— o
of proposition (I); thus 4,_; =0.
Suppose that it has been established that lim y®~/(¢) = 0, where j is some fixed integer

t—

such that 1 £ j £ n—1. From equation (1), we obtain

YD) = (~ 1y J

t

J J gt y(ty))de;de;_, ... de,.
t t

1 J=1

Integration of the above equation, inequality (2) and the Schwarz Inequality lead to the

inequality
I |y(n-j)(,)|dtéj jj f |g(t;, y(t)) | dt;dt;_y ... dty dt
0 o Jt t tj-1

< j gt 1)) | i,
0

gf: 19| ¥o) | ds

w 3 [ +
gl:fo sHf 2(s)ds] I:L | y(s)|2’ds] . Q)

-]

The last integrals in (5) are finite by hypothesis. Therefore, since J | y"=9)(s) | ds converges,
V]

lim y"/=1(r) exists; let this limit be A,—;—;. Again, under the hypothesis of (I), it is

t— o

necessary that 4,_;_, = 0. This establishes proposition (I).
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To show that (II) holds, let y(¢) be a solution of (1) in L*"(0, c0). Using (I), we may write

foo (o © ©
y(t)=(—1)"_l J‘ J j g(tmy(tn))dtndtn—l"'dtl'
Jit ty th-24In-1

Proceeding as in (5) above, we obtain the inequality

FOE f o j S| dtydt, .. di,.

t Jt n-2Jtn-1

Therefore

jwly(t)lzdtgjw[fwfm...fw ? f(t,,)|y(t,,)|’dt,,dt,,_1...dtl:lzdt
0 0 t tt th-2J th-1
gruw r:<"'“f2(tn)drn][ [ y(t..)lz’dt.,] at
gl:fw | y(s)lz'ds] I:j‘wsz""fz(s)ds] < 0. (6)
(1] 0

The above inequality shows that the existence of a solution y(¢) in L2"(0, co) implies that y(¢)
is in L2(0, 00); that is, proposition (II) is verified.

To complete the proof of Theorem 1, suppose that there exists a solution y(f) of (1)
which is in L*(0, ). By virtue of (I), lim y(f) = 0; therefore there exists a ¢ = T such

t= o0

that, for all t2 T, |y(f)| <1, and y(t)+ 0 on [T, ). For r=1 and r2 T, we have
| () |* < |¥(2)|* and

[“oras]"opa

An argument similar to that used in (6) with ¢ = T leads to

Jw|y(s)|2ds g[ m|y(s)|2’dsj|[stz""f2(s)ds]
[ mly(s)Ist}[ j i sz"“fz(s)ds]. @

{* 0

| ¥(s) |? ds>0,
t

IA

Since

o

from (7) we have

1 §J s~ f2(s) ds.
t

However, this contradicts (3) and concludes the proof of the theorem.
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Remark 1. 1t is clear that the above theorem can be extended to a differential equation
of the type

y(")+g(t’ Vs y(l), y(Z)a seey y("—l)) = 0’
|g(t, y, y O,y 3, .,y D) S F(O | YOI

that is, g is a bounded function of yV, @, ..., y®~ 1, The condition (3) is, in a sense, the
best possible, as it cannot be replaced by

where g satisfies

0 [+ o]
'[ 21+ f 2 dt < o0 and f 1201 £2+¢(f) df < o0
o 0

with & > 0 (see [8]).

For the remainder of this note we shall be primarily concerned with obtaining a sufficient
condition for some of the solutions of a nonoscillatory differential equation not to be in
LP(0, ©)(p 2 1). In [4] Kurss used the Sturm Comparison Theorems in an eigenvalue

problem to determine the nonexistence of solutions of a linear differential equation in the
Hilbert space L%(0, o0). In what follows we shall use a nonlincar analogue of the Sturm

Comparison Theorem due to Sevelo and Stelik [5] to establish the nonexistence of (L?)-
solutions of a nonlinear second-order differential equation (cf. Theorem 4 below). Also, we
shall give a numerical comparison theorem for a pair of nonlinear differential equations (cf.
Theorem 3 below).

Consider the differential equations

[p(t)u'], +fl(ts u, u’) =0, 8)
[p(t)v,], +f2(t3 v, U') =0, (9)

where p’(z) is continuous on [0, o), p(t) Z po > 0, p, is constant, and the fi(1, z, 2') (i = 1, 2)
are continuous and satisfy conditions sufficient to guarantee the existence and uniqueness of
solutions of (8) and (9) for te[0, o).

The following result can be found in [5].

THEOREM 2. If fo(t, v, V)fo—fi(t, u, W )ju 20 for all v,V te[0, ©), uelU = (-, a),
veV =(—1,0)(0 <ii < 00,0 <v S ), then between any two consecutive zeros of an arbitrary
solution u(t)e U of equation (8) there is situated at least one zero of each solution v(t)eV of
equation (9).

Remark 2. Subject to the hypotheses of the above theorem, we observe that, if equation (9)
has a nonoscillatory solution v(z) in V, then all solutions u(¢) in U of equation (8) are non-

oscillatory. This is true because, if some solution of (8) is oscillatory, then, by Theorem 2,
all solutions of (9) are oscillatory.

THEOREM 3. Let u(t) and v(t) be solutions of (7) and (8), respectively, such that
u(te) =v(te) £ 0, u'(fo) = v'(to).
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If
fz(t» v, vl)/v >fl(t’ u:u’)/u (10)

Sor all te[ty, 0),u',v",u,v,where 0 < |v| < |u/, then |u(t)| > | v(t) | provided that v(¢) is not zero.
Proof. The proof follows that given by Tricomi [7, p. 103] and is a consequence of the

identity
[fz(s V(D) _ (s, u(s) (s»] .

PO = w10 = | uopis| Z22E 5

to

THEOREM 4. Let inequality (10) hold for all te[0, ), #', v', u, and v; furthermore, suppose
that equation (9) is nonoscillatory. If some solution of (9) is not in L?(0, o) (p = 1), then some
solution of (8) is not in L?(0, o).

Proof. If v(t) is a solution of the nonoscillatory equation (9) which is not in L?(0, o),
then, by Remark 2 with f; = f5, v(¢) is nonoscillatory. Hence there exists a ¢ = t, such that
| v(t) | > O for t = #,. By virtue of Theorem 3, it follows that the solution u(¢) of equation (8)
that satisfies the initial conditions

u(to) = vto), u'(to) =v'(to)

]u(t)l > | o).

Therefore u(t) is not in LP(t,, c0) and consequently not in L?(0, o).

also satisfies the inequality

Remark 3. The above theorem can be used as an (L?)-existence theorem for equation (9).
We illustrate this by the following result of Bellman [1].
If all the solutions of
u’'+a(u =0 11)

belong to L%(0, o), then all the solutions of
v"+{a()+b(t)}v=0 (12)

belong to L*(0, co) provided that | &(¢) | £ ¢, (¢> 0).

It follows from Theorem 4 that the same conclusion is now obtained without the boun-
dedness condition |b(t)| < ¢, (t>0), but under the different condition that (12) is non-
oscillatory. Actually, the equation (12) may be generalized to a nonlinear equation; for
example,

n
v’ +a(to+ Y bt =0, (129
j=1
where b(t)20forallj=1,2,...,n, and b(t) > 0 for some k = 1,2, ...,n

However, even for the linear case, the above result is not easy to apply. To observe this,
we consider the following question: When does the nonoscillatory linear equation (11)
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possess all solutions in L*(0, c0)? (The fact that (11)—and not merely (12)—must be non-
oscillatory results from Remark 2 above.)

As a partial answer, we observe that a(t) cannot be bounded [1, p. 138, Problem 8].
Also, a(t) cannot be of constant sign; for if a() < 0 on [0, o), consider the equations v”’ =0
and u”’ +a(t)u = 0. The hypotheses of Theorem 4 are satisfied and, consequently, all solutions

of u'’ +a(t)u = 0 cannot be in L*0, c0). On the other hand, if a(t) > 0 on [0, oo),j a(t)dt < o

is necessary for nonoscillation [3, p. 367]; and, as remarked above, a(r) cannot be bounded.
However, if a(f) > 0, then all solutions of (11) are either oscillatory or monotone; hence,

]

in the case under consideration, all solutions must be monotone. But, if | a(t)df< o0, then

all solutions cannot be bounded [1, p. 121, Problem 2]; therefore all solutions cannot be in
L0, ).
Thus, if equation (11) is to be nonoscillatory and have all solutions in L2(0, o), then it is
necessary that a(t) be oscillatory and lim sup | a(t) | = co0. In this situation it is an open
t— oo

question if the hypotheses are compatible with those on f; and f, in Theorems 2, 3 and 4.
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