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Abstract

In this paper we give explicit formulas for differential characteristic classes of principal G-bundles with
connections and prove their expected properties. In particular, we obtain explicit formulas for differential
Chern classes, differential Pontryagin classes and the differential Euler class. Furthermore, we show
that the differential Chern class is the unique natural transformation from (Simons—Sullivan) differential
K-theory to (Cheeger—Simons) differential characters that is compatible with curvature and characteristic
class. We also give the explicit formula for the differential Chern class on Freed-Lott differential
K-theory. Finally, we discuss the odd differential Chern classes.

2010 Mathematics subject classification: primary 53C08; secondary 57R20, 19L50.

Keywords and phrases: characteristic classes, differential characters, differential K-theory.

1. Introduction

Differential characteristic classes of principal G-bundles with connections are
secondary characteristic classes which refine primary characteristic classes. A famous
example is given in [8], where the transgression form lives in the total space. In
[7] differential characters are defined with the motivation of defining secondary
characteristic classes living in the base space. The differential characteristic classes
constructed in [7] involve universal bundles and universal connections. In particular,
we have differential Chern classes, differential Pontryagin classes and the differential
Euler class (see also [9] for the use of a simplicial method to construct differential
Chern classes). Since a refinement of topological K-theory was not available at
that time, differential Chern classes were not considered as natural transformations
between refinements of the corresponding cohomology theories.

In recent years differential K-theory—the differential extension of topological
K-theory—has received extensive study because of its motivation in geometry,
topology and theoretical physics. In [2] the differential Chern classes are defined on
a model of differential K-theory which consists of vector bundles with connections
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and odd forms, where the form part has a slightly different additive structure when
compared to [10]. The total differential Chern class defined in [2] respects the direct
sum, but the ring structure of this K-theory is lost. In [4] the differential Chern class is
defined as a natural transformation between the differential extensions of topological
K-theory and ordinary cohomology (regarded as functors) which are only assumed to
satisfy the axioms of differential cohomology given in [6]. One of the advantages of
this approach is the independence of the construction of the differential Chern classes
on a particular model of differential extension of K-theory [5, 10, 14, 19] and of
ordinary cohomology [3, 7]. Roughly speaking, the differential Chern classes in [4]
are defined by approximating the classifying space of K° by a sequence of compact
manifolds satisfying some nice properties and pulling back some universal classes.
When working with a particular model of differential K-theory, it would be nice to
have explicit formulas for the differential Chern classes.

In [1] differential characters are extended to smooth spaces, and the group of smooth
singular cycles is replaced by the group of diffeomorphism classes of smooth maps
from stratifolds to smooth spaces, which is much more geometric in nature. Inspired
by [1], we give explicit formulas for differential characteristic classes for principal
G-bundle with connections, where G is a Lie group with finitely many components.
The construction and the proofs of the expected properties do not appeal to universal
bundles and universal connections. Moreover, we give an ‘absolute’ interpretation of
the necessarily closed (2k — 1)-form « in the formula, which is the pullback of the
transgression form constructed in [8]. Such an interpretation of « is not available for
differential characters in general.

Since all the existing models of differential K-theory are isomorphic by unique
isomorphisms [6, Theorem 3.10] and the explicit isomorphisms between different
models of even differential K-theory are known [12, 13, 15], it suffices to define
differential Chern classes in any one of these models. We prove that the explicit
differential Chern class formula induces a natural transformation from Simons—
Sullivan differential K-theory to differential characters. We also give the explicit
formula for the differential Chern class defined on Freed—Lott differential K-theory,
where we do not make use of the explicit isomorphisms. Finally, we discuss the odd
differential Chern classes on the odd counterpart of Simons—Sullivan differential K-
theory.

This paper is organized as follows. Section 2 contains all the necessary background
materials, and the main results are proved in Section 3.

2. Background materials

Throughout this paper, A is a proper subring of R, G is a Lie group with finitely
many components, and X is a smooth space [1, Definition 2.2].

2.1. Geometric chains. In this subsection we recall some notions in [1]. For
n € Ny, let (C(X), d) be the complex of smooth singular n-chains on X with integral
coeflicients. Denote by Z,(X) and B,(X) the subgroups of n-cycles and n-boundaries,
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respectively. The space of smooth n-forms on X is denoted by Q*(X). A smooth
singular chain y € C,,(X) is said to be thin [1, Definition 3.1] if for all w € Q"(X), we
have fv w = 0. Denote by S ,,(X) C C,(X) the subgroup of thin n-chains on X. Denote by
[cls, the equivalence class of ¢ € C,,(X) in C,(X)/S ,(X). Note that S ,,+1(X) C S,,(X),
so we have a homomorphism

2 )
08 w1(X)  Su(X)
Denote by [z]ss,,, the equivalence class of z € Z,(X) in Z,(X)/(0S p+1(X)).
We recall the definition and basic properties of geometric chains [1, Ch. 4]. Let

C.X)={lf: M" > X]| f: M"— X is a smooth map}

be the abelian semigroup of diffeomorphism classes of smooth maps f: M" — X,
where M" is an oriented compact n-dimensional regular p-stratifold with boundary
[16]. Elements in C,(X) are called geometric chains. The boundary operator 9 :
C,(X) = C,-1(X) is given by restriction to the geometric boundary. Define

L(X) ={£ € Cu(X) | 06 = 0},
B,(X) ={£ € Cy(X) | IB € Cpy1(X) such that 98 = £}.
Elements in £,(X) are called geometric cycles and elements in $B,(X) are
called geometric boundaries. Denote by H(X) := L,(X)/B,(X) the corresponding
cohomology group. Define a homomorphism ¢, : L,(X) — Z,(X)/(0S 1+1(X)) by
Yn(lf + M — X]) = [fu(O)]ss,,..» (2.1)

where ¢ € Z,(M) is an n-cycle representing the fundamental class of M. 1, is
independent of the choices of ¢ by [1, Remark 3.2].

Note that H(X) = H(X) via the map ¢, [16, Theorem 20.1]. Henceforth we
write [{]ss,,, for ¥,(0) for { =[f: M — X] € L,(X). A similar convention applies
to elements in C,(X).

Lemma 2.1 [1, Lemma 4.2]. There exist homomorphisms { : C,1(X) = Cpi1(X), a:
C,(X) > Crri(X)andy : Cpy1(X) — Zy1(X) such that

(90)(c) = {(dc),
[£(O)]s,,, = [c—a(dc) - dalc + y(O)]g,,,» (22
[{@]ps,., = [z—da(D]ss,,,»
forall c € C,y1(X)and all 7 € Z,,11(X).
2.2. Cheeger-Simons differential characters. In this subsection we recall
Cheeger—Simons differential characters [7] (see also [1, Ch. 5]).
Let k> 1. A degree k differential character f with coefficients in A is a group

homomorphism f : Z;_;(X) — R/A such that there exists a fixed w € QK(X) such that
for all ¢; € Cr(X),

f(oc) = fa)f mod A.
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The abelian group of degree k differential characters is denoted by ﬁk(X ;R/A). Ttis
easy to see that wy is a closed k-form with periods in A and is uniquely determined by

f e H*(X;R/A).
In the diagram

0 0

/
\

HY(X; R/A) H*(X; A)

\/

H'(X; R) H"(X R/A) H(X; R) (2.3)

TN

ok len 0 (X)
n’;‘l x)

N
/

\

\/
/

0 0

the diagonal sequences are exact, and every triangle and square commutes [7,
Theorem 1.1]: here QX (X) denotes the group of closed k-forms on X with periods
in A. The maps are defined as follows: r is induced by A — R,

il(zD =2z, bw) =wlz x, 6(f)=ws and 6&(f)=Ic],

where [c] € H(X; A) is the unique cohomology class satisfying rc] = [wy]. In the
literature 6;(f) is called the curvature of f, and 5,(f) is called the characteristic class
of f.

The basic setup of differential characteristic classes is the following. Let I*(G) be
the ring of invariant polynomials of degree k on G, and w : I¥(G) — H?*(BG;R) the
Weil homomorphism. Define

K**(G,A) = {(P,u) € I"(G) x H*(BG;A) | w(P) = r(u)}.

Differential characteristic classes can be regarded as the unique natural transformation
S : K*(G;A) —» H*(X;R/A) which makes the diagram

H*(X;R/A)

K*(G;Z) R} (X; A)

wXca

commute, where ¢4 : H*(BG; A) — H?*(X; A) is induced by a classifying map X —
BG for a principal G-bundle P — X with connection 6, and

RE(X;A) = ((w,u) € Q4(X) x H*(X; A) | r(u) = [w]}.
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Let f € H*(X;R/A). If ¢ € Sx(X) is a thin chain, then

f(0c) = fw =0 mod A.

This property of differential characters is referred to as thin invariance [ 1, Remark 5.2].
Note that the results in [1] hold if Z is replaced by A.

3. Main results

3.1. Differential characteristic classes. First of all we prove the uniqueness of
differential characteristic classes.

ProposiTion 3.1. Let (P, u) € K**(G, A), where k> 1. For each principal G-bundle
n: E — X with a connection 6, if there exists S p,(E,0) € H*(X;R/A) such that
S pu(E, 0) is natural and 6,(S pu(E, 0)) = P(QQ), where Q is the curvature of 0, then
S pu(E, 0) is unique.

Proor. Let z € Zy_1(X). By (2.2) we have [{(2)]ss,, = [z — da(2)]ss,,- Then
S pu(E, 0)(2) = S pu(E, 0)([{(D)]ss ) + S pu(E, 0)(0a(2)). (3.1
By the definition of differential character and the assumption 6;(S p,(E, 8)) = P(€),

S pulE, 0)(da(2)) = f 51(S pu(E, ) mod A
a(z)

= f P(Q) mod A.
a(z)

Write {(z) =[g: M — X] € Ly_1(X). Since Sp,(E,0) is assumed to be natural, it
follows from (2.1) that
S pu(E, )([{(2)]os ) = S pu(E, 0)([g : M — X])
=S pu(E, 0)(g:(c))
=g"S pu(E, 0)(c)
=Spu(g'E, g 0)(c),

where ¢ € Zy,_1(M) is a cycle representing the fundamental class of M. It follows from
these two observations that (3.1) becomes

Spu(E,0)(2) =S pu(¢"E, g'0)(c) + f P(Q) mod A. 3.2)
a(z)

Since dim(M) = 2k — 1, it follows that 6,(Spu(g"E, g"0)) = 0. Thus there exists
a € (Q*1(M))/(Q2'(M)) such that S p,(g*E, *6) = ir(). Thus (3.2) becomes

Spu(E,0)(z) = f a+ f P(Q) mod A. (3.3)
M a(z)
Thus S p,(E, 6)(2) is uniquely determined by (3.3). O
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We take (3.3) as the definition of S p,,(E, 6).

The following proposition shows that (3.3) is independent of the choices made in
the proof of Proposition 3.1, and it defines a differential character.

ProrosiTion 3.2. Let (P,u) € K**(G, A), where k > 1. For each principal G-bundle
n: E — X with a connection 0, the differential characteristic class S p,(E, 0) defined
in (3.3) is independent of the choices made in Proposition 3.1, that is, for z € Zp;—1(X),
if@=1g M- X] € Ly 1(X) and a'(z) € Co(X) are such that [{'(2)]ss,, = [2—
0a’'(2)lss,,, and o’ € Q>N M"Y is such that (g')*S pu(E,0) = ir(a), then

SuE00= [ o+ [ P@ymeaa
’ a'(z)
Moreover, S p,(E, 0) given by (3.3) defines a differential character in ﬁZk(X; R/A).

The proof is virtually the same as [1, Lemma 5.13].

Proor. Note that [z] = [{(2)]as,, = [{'(2)]ss,,, and therefore {'(z) — {(z) = dB(z) for
some S(z) € Cox(X). Thus

[0a(z) — 0a’ (2)]as,, = [£(2) = £’ (2)]asy,
= [3B(2))as »,
= 0[B(D)]s
= 0=0la(z) - d'(z) = B(2)]ss,

Thus there exists w(z) € Z(X) such that

la(z) — d'(2) = w(@]s, = [B@)]sy- 3.4

Write 8(z) = [G : N — X], where, by definition, N is a 2k-dimensional compact
oriented p-stratifold with boundary N = M’ U M with g = G|y, and g’ = Gly. Since
H*(N;A) = 0 and G*S p,(E, 0) € H*(N;R/A), it follows that 65(G*S p.(E, 6)) = 0.
Thus there exists y € (Q*~1(N))/(Q3~!(N)) such that G*S p,(E, 6) = i>(x). Note that

i) —ix(@) = (&)"S pu(E,0) — &S pu(E, )
= (Glon)™S pu(E, 6)
= (GS pu(E, 0))lon
= (lov
>d -a=xloy+7 (3.5)
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for some n € Q3~!(4N). Thus

( f o + f P(Q))—SR,,(E,H)(z) mod A
4 a'(z)

:f a’+f P(Q)—fa'—f P(Q) mod A
4 a(z) M a(z)

= (@-a)+ f P(Q) mod A
ON a'(z)—a(z)

= ()(+n)+f P(Q)+f P(Q) mod A
ON -w(z) —[B@]s,,

by (3.4) and (3.5). Since n € Q%~1(N) and P(Q) € Q% (X),

( f o + f P(Q))—SRM(E,Q)(z)= f Y+ f P(Q) mod A
’ a'(2) oN —[B@)]sy,
:fd)(+f P(Q) mod A
N @5y,
_ f G'PQ) + f P(Q) mod A
N ~B@ls

_ f P(Q) mod A
G [Nlsy, —[B(2)]s

=0

since [ 8(2)] = G.[Nls,,. and the third equality follows from the commutativity of the
lower triangle of (2.3).
Since ¢ and a in (3.3) are homomorphisms by Lemma 2.1, it follows that S p,(E, 9) :
Zrk-1(X) — R/A is a homomorphism.
To prove that S p,(E, 6) is a differential character, we need to show that for z = dc,
where ¢ € Cyi(X),
S pu(E, 60)(0c) = f P(Q) mod A. (3.6)

c

The proof of (3.6) is essentially the same as (a) in the proof of [1, Theorem 5.14]. Thus
S pu(E,0) € H*(X;R/A). o

The following proposition shows the expected properties of differential
characteristic classes.
Tueorem 3.3. Let (P,u) € K*(G, A), where k> 1. For each principal G-bundle

. E — X with a connection 0, we have:

(1) 61(Spu(E, 0) = P();
() 62(S pu(E, 0)) = W(E); and
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(3) if f:Y — X is any smooth map, then

Seu(f°E, [70) =[S pu(E, 0).

Proor. (1) This follows directly from (3.6).
(2) Recall that a cocycle u; € Z**(X; A) representing 6>(S p,(E, 6)) € H*(X; A) is
defined by

ur(c) = f P(Q) - T(do),

where T € Hom(Zy-1(X),R) is a lift of S p,(E, 6), that is, S p,(E, 8)(z) = T(z) mod A
for all z € Zyx—1(X). A priori uy, is a real cocycle. Since

ui(c) = f P(Q) — T(dc) mod A

=Spu(E,0)(0c)— S pu(E,0)(dc) mod A

=0mod A,
uy is indeed an A-cocycle. Note that u;, depends on the lift 7', but its cohomology class
does not. Since u(z) = fz P(Q) for all z € Zy(X), it follows from the uniqueness of the
de Rham theorem that u; represents u(E).

(3) The proof is similar to (c) in [1, Theorem 5.14]. Let z € Zp;—1(X). By (2.2)

we have [{(2)]ss,, = [z — 0a(2)]ss,,. Where {(2) € Lo—1(X) and a(z) € Cy(X). Write
{(2)=[g: M — X]. By 3.3),

SP,u(f*E’ f*g)(z) = f

a+ f P(f*Q) mod A, 3.7
M a(z)

where @ € (Q*~'(M))/(Q3"(M)) is the unique closed form such that
(@) =Spu(g" fE.& 0 =Spu(fog)E,(fog)0). (3.8)
Since f*Spu(E,0)(2) = Spu(E, 0)(f.z), we compute f.z. Define {(f.z) := fil(z) =
[fog: M — Y]and a(f.z) := f.a(z). Then
[fez = Oa(fi2)lss,, = fulz — 0a(2)]as,,
= fil4(@D)]os,,
= [f:d(D)]os,,-
It follows that
IS pu(E, 0)(2) = S pu(E, 0)(fi2)
= S pu(E, O)[fid(D]asy) + S pu(E, 0)(0a(f.(2)))

= 8 pulE. O)(£.1{(D]as,) + f P(Q) mod A

fea@)

= S puE.O)(fig:(0))) + f IPE) mod A
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Thus

.WSRAEJD=(f°ngRAEﬁX@+:f‘I(ﬁQ)nmdA. (3.9
a(z)

Since (f o g)*S pu(E, 0) € H*(M;R/A) and dim(M) = 2k — 1, it follows from
one of the exact sequences of (2.3) that there exists a unique closed form
B € (Q*1(M))/(Q%~1(M)) such that

() =Spu((f o g)E,(f 0 g)0).
It follows from (3.8) that 8 — @ € Qf‘k‘l(M). Thus (3.9) becomes

ﬁ&m&wmzfa+j'mfmmwA
M a(z)

= SP,u(f*E’ f*g)(z) O

RemARrk 3.4. Since the S p,,(E, 8) given by (3.3) satisfies Theorem 3.3, it follows from
Proposition 3.1 that Sp,(E,6) is indeed the unique such differential character. In
particular, this gives a proof of [7, Theorem 2.2] without using universal bundles and
universal connections.

The following lemma gives an ‘absolute’ interpretation of the form « in (3.3).

CoRrOLLARY 3.5. Let (P,u) € K**(G,A), where k > 1. For each principal G-bundle
7 E — X with a connection 0, if

(7S pu(E,0)(z) = f a+ f P(r*Q) mod Z,
M a(z)
for z € Zpi_1(E), then
QZk—l (M)
Q%N (M)’

where [g : M — E] = ((z), and TP(0) € Q*~\(E) is the transgression form defined in
[8, Section 3].

a=g" TP®) e

Proor. By the naturality of S p,,,
7S pu(E, 0)(2) = S pu(n”E, 7°0)(2)

=fa+f P(n*Q) mod Z, (3.10)
M a(z)

where o € Q%~1(M) is unique up to a closed (2k — 1)-form with periods in Z, such that
(@) = g*S pu(n*E, n*6). Note that

f TP() = f TP(6) + f dTP(0)
z g+C a(z)
:fg* TP(6)+f " P(Q)
M a(z)

= f g  TP(6) + f P(7"Q), (3.11)
M a(z)
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where ¢ € Zy—1 (M) represents the fundamental class of M. Here the second equality
follows from [8, Proposition 3.2] and the third equality follows from the fact that
P(Q) € Q(n*E) is horizontal. Since

(S pu(E, 0)) = i2(TP(6))
by [7, Proposition 2.8], by (3.10) and (3.11) we have

“Tp(g) e LD 0
a = — .
¢ % (M)

One can apply a similar procedure to that in Proposition 3.1 to construct differential
Chern classes, differential Pontryagin classes and the differential Euler class. For a
Hermitian bundle £ — X with a unitary connection V£, the kth differential Chern class
G(E,V) € H*(X;R/Z), where k > 1, is given by

'Ek(E,V)(z)=fa/+f cx(V) mod Z. 3.12)
M a(z)

The total differential Chern class ¢ (E, V) is defined to be
TEV):=1+C(E,V)+---. (3.13)

For a Euclidean vector bundlg\ E — X with a metric connection VZ, the kth differential
Pontryagin class py(E, V) € H¥(X;R/Z) is given by

P(E,V)(2) = f @+ f (V) mod Z, (3.14)
M a(z)
and the differential Euler class y(E, V) € ﬁz”(X ; R/Z) with n = rank(E) is given by
YE, V() = f a+ f x(V) mod Z. (3.15)
M a(z)

In particular, statements analogous to Theorem 3.3 hold for these differential
characteristic classes, and therefore its uniqueness. One can compare (3.12), (3.14)
and (3.15) with [7, (4.4)], [7, (3.3)] and [7, (5.1)].

ExampLE 3.6. Let &€ — X be a trivial complex vector bundle with a metric and a unitary
flat connection d. For k > 1, since ¢;(&, d) is natural and its curvature and characteristic
class are zero respectively, it follows from the uniqueness (see Remark 3.4) that
Cr(e,d) = 0.

3.2. Differential Chern classes on Ess- In this subsection we show that the
differential Chern class given by (3.12) is the unique natural transformation from
Simons—Sullivan differential K-theory to differential characters. For the details of Ess
we refer to [19].

First of all we give a ‘relative’ interpretation of the form « in (3.12).
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LemmMa 3.7. Let E — X be a Hermitian bundle with X compact. If V° and V' are two
unitary connections on E — X and, fori =0, 1,

GE V() = f - f (V) mod Z
M a(z)

as given in (3.12), then

Q2k—l ( M)

a1 —ag=gTe(V', V") € 54—
)

(3.16)

where Tci(V!,V°) is the transgression form between the kth Chern forms of V' and
VO and {(2) = [g: M — X].

Proor. For z € Zy,_1(X), we have [{(2)]ss,, = [z — da(z)]ss,, by (2.2). Note that

(T (VY V) () = f Ter(V, VY mod Z

Z

= f Te(VHL, V) + f dTci(V', V%) mod Z
[£@)]as 5

a(z)

= f g Ter (VL V0 + (VY = (V") mod Z (3.17)
M a(z)

and

a(E,Vl)(z)—a(E,VO)(z):f(al—ao)+ ()(ck(VI)—ck(VO))modZ. (3.18)
M a(z

By the analogue of [7, Proposition 2.9] for vector bundles,
C(E, V) = C(E, V) = iy(Te(V', V7).
Thus (3.16) follows from (3.17) and (3.18). m]

The following proposition shows that the differential Chern class is a well-defined
map from Simons—Sullivan differential K-theory to differential characters.

Proposition 3.8. Let X be compact. For each k > 1, the kth differential Chern class
Tk : Kss(X) = H*(X;R/Z), defined on a generator & of Kss(X) by

(&) :=="c(E, V), (3.19)
is a well-defined map.

PrOOF. A priori ¢;(E) is not well defined on the level of generators as the right-hand
side of (3.19) depends on the choice of V € [V]. Take another connection V” € [V].
By the definition of Kss(X), we have CS(V’, V) = 0 € (Q°(X))/(dQ**"(X)). Thus
ch(V’) = ch(V), which implies that ¢ (V") = ¢, (V) for all k > 1. If we write

CE V) = f o f (V) mod Z
M a(z)
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for z € Zy;_1(X), it follows from Lemma 3.7 that
Q2k— 1 ( M)
QF-'(M)
Thus ¢, (E) is independent of the choice of representative of the connection.
We now show that ¢y is a well-defined map. Let & = F € Kss(X). We prove that

@ —-a=gTc(V,V)=0¢€

(&) =cr(F) (3.20)
for all kK > 1. By the definition of ESS(X ), there exists a structured bundle G such that
Sog=Fag.

By [18, Corollary 3] there exists a structured inverse H to G (which is proved without
using universal bundles and universal connections), that is, H & G = [n] for some
n € N. Thus

EoGgoH=FoGoH
=>&E-[nl=F —[n]
=>T(E-[n]) =C(F - [n)).
By Example 3.6,

— @&
(&= [n) = = =T(E),
c([n])
and similarly we have ¢ (F — [n]) =¢ (). Thus (3.20) holds. O
Denote by si(x1, ..., x,) the kth elementary symmetric function and Pi(x, ..., x,)
the kth Newton function of n variables xi, ..., x,, that is,
Se(xp, .00, %) = Z Xip o Xi, Pr(xr, ..o, x,) = Zx’j‘
1) <<y j=1

For any k < n, we have [17]
k=1
P+ Y Pijsj+(=Dfs =0,
J=1
It follows from the above identity that we can express each s in terms of the P; and
vice versa.
Let k> 1. Define a map s; : Q*"(X) — Q%*(X) as follows. Write w =
2 j=0(1/jDwpaj € Q¥N(X), where (1/jD)wya; € Q% (X) is the degree 2j component of
w. Write wppj) = (1/ jHwy, ;) where wi, ; = jlwp . Define
1 1
sr(w) = sk(iwb], e, ﬁa)fzj], ... ),
to be the kth elementary symmetric function of the wyy ;. Note that for each k > 1, sx(w)
can be given in terms of the Newton functions Pg(wle, .. ,wfzj], ...). For example,
si(ch(V)) = cx(V), the kth Chern form of V.
Let Q3 (X) = {w € Q)_, | [w] € Im(ch® : K~(emod2)(xy 5 H*(X; Q))}, where
e € {even, odd}.
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Lemma 3.9, s, (Q 5" (X)) € sz(X)

Proor. Let w € QpF"(X). Then w = ch(V) + da, where V is a unitary connection on a
Hermitian bundle over X and a € Q°%4(X). Write ch(V) = Z” o ¢h;(V), where ch;(V)
is the degree 2 j component of ch(V). Thus for each j > 1, wpj; = ch (V) +d(apj-1)-

Note that
1 / 1 ’
si(a) = sk(f“)[Z]’ ey ﬁwm], .. )
1 /7
= (V) + Qk( e ﬁw[zﬂ,...).
Here Qk((1/2!)wfz], e (l/j!)a)b.], ...) is a sum of rational multiples of ch;(V)" A

(dapi-11)? for some m >0 and ¢ > 1. Since each ch;(V)" A (dap;-1))? is exact, it
has period 0. Together with the fact that ¢, (V) € Q%k(X), we have sp(w) € Q%k(X). O

By Proposition 3.8, we can reformulate Theorem 3.3 as follows.

Cororrary 3.10. For each k > 0, there exists a unique natural transformation ¢y,
Kss(¥) = H*(x;R/Z) such that it is compatible with curvature and characteristic
class, that is, for each compact X, the following diagrams commute:

Kss(X) —— H*(X;R/Z)

Chis l L‘S‘

Qeven (X) —> QZk (X)

Rss(X) —> H*(X:R/2Z)
K(X) —— H*(X; Z)
where Chfss (&) =ch(V) and 6(E) = [E].
We now prove the product formula of the total differential Chern class.

ProrosiTiON 3.11. Let X be compact. The following diagram commutes:

Kss(X) x Kgs(X) ———=——— Kgs(X)

?L? L? (3.21)
HY"(X;R/Z) x HY"(X;R/Z) —— H"*"(X;R/Z)

where * is the product of differential characters [7].
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Proor. For a Eair (&, F) e ESS(X) X ESS(X), Remark 3.4, the uniqueness of the ring
structure of H®V*"(X;R/Z), and (3) of [7, Theorem 1.11] imply that ¢ (&) ¢ (F) is
the unique natural differential character whose curvature and characteristic class are
given by

SUTE) *T(F)) = c(VEYA c(VF) and  6,(C(E) *T(F)) = c(E) U c(F). (3.22)

On the other hand, for a pair (&,%) € ESS(X) X ESS(X), T(E @ F) is also the unique
natural differential character whose curvature and characteristic class are given by
(3.22). Thus (3.21) holds. O

3.3. Differential Chern classes on Kgr. In this subsection we give the explicit
formula for the differential Chern class on Freed—Lott differential K-theory. We refer
to [10] for the details of Freed—Lott differential K-theory.

Defining differential Chern classes on Freed—Lott differential K-theory Kr involves
one more issue: since generators of EFL are of the form (E,h,V, $), where ¢ €
(Q°4(X))/(dQ¥* (X)), we have to consider ¢ when defining ¢; on generators of
EFL(X) A natural choice for the form part in the definition of ¢;(E, h, V, ¢) would be
i2(Pr2k-17), where ¢[2k 17 s the degree (2k — 1) component of ¢, as the differential Chern
character chFL KFL(X) - Heve"(X R/Q) is defined in this way [10, Section 8.13].
However, as we will see below, this definition is not correct.

On the other hand, Simons—Sullivan differential K-theory is isomorphic to Freed—
Lott differential K-theory via unique ring isomorphisms f : f(\SS(X) — EFL(X) and
g: KFL(X) - KSS(X) (see [12, Theorem 1] for the deﬁnltlons of f and g). We might
define differential Chern classes on Kp, denoted by ¢} it : Ke(X) > H*(X;R/Z), by

L (E, hE VE, 9) := (Cr o g)(E, hE,VE, ).

Since the formula for g is complicated, we refrain from doing so. Instead, we define
differential Chern classes on Ky, directly, as follows.

ProrosiTion 3.12. Let X be compact. The map ck KFL(X) — H 2k(X ; R/Z) defined
by

CH(E, RE VE ¢F)(2) = f a+ f sk(ch(VE) + d¢*) mod Z, (3.23)
(2)

where 7 € Zy—1(X), M, a and a(z) are chosen as in the proof of Proposition 3.1, is well
defined.

Proor. One can prove the theorem along the lines of S p,. Namely, we first assume
the existence of ¢/ “(E, h®, VE, ¢F) as a differential character with its naturality and the
compatibility with curvature to prove its uniqueness as in Proposition 3.1. We then get
the explicit formula (3.23). Then we prove that (3.23) is independent of the choices as
in Proposition 3.2, and it defines a differential character. Then we prove the naturality
and the compatibility with curvature and with characteristic class of ¢, “(E, h, V, ¢).
This will imply the uniqueness of ¢ “(E, h*, V¥, ¢*) by Remark 3.4.
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To prove that the map ¢~ : K (X) = H*(X;R/Z) is well defined, let & be a
generator of f(\ss(X). By (3.12) and (3.23), we have

(&) = (¢ o &),

where f is given by [12, Theorem 1]. Since f and ¢} are well defined, it follows that

" is well defined. m]

In particular, statements analogous to Corollary 3.10 hold for ’c\,f'“. From (3.23)
we have 61(?{]“(8)) = s;(ch(VE) + d¢*). The reason for choosing this term is as
follows. Recall that there are ring homomorphisms, given by chg (E, ,[V]) = ch(V)
and Chl?pL (E,h,V,¢) =ch(V) + d¢, such that the following diagram commutes:

Kss(X) —— KpL(X)

Ch]?
FL
k l

250

where f is the ring isomorphism given in [12, Theorem 1]. Since
01(ck(E, b, [V]) = (V) = si(ch(V)) = si(chg (X)),
it follows that we must define ¢} ™ so that its curvature is given by
si(chg., (E.h,V.¢)) = si(ch(V) + dg),

which implies the compatibility between differential Chern classes on the Simons—
Sullivan and Freed—Lott models of differential K-theory. Thus (3.23) gives the correct
formula for differential Chern classes on the differential K-group defined by vector
bundles with connections and odd forms.

3.4. Odd differential Chern classes. One can define odd differential Chern classes
in a model-independent way as in [4, Theorem 1.2], which we recall here. The
(2k + 1th odd differential Chern class ©3% : K~'(X) — H**!(X; R/Z) is defined to
be the composition in the diagram

—odd

K LX) o Gt L ~ H*(X:R/Z)

sl T I (3.24)
K(S! x X) ———= H**2(S! x X;R/Z)

Cl+1

that is, 0 := fSIIJ oCrs1 0 S, where S : K-1(X) - K(S! x X) is the suspension map

and fglli is the integration along the fibers of S' x X — X in H. The odd differential
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Chern classes so defined satisfy the commutative diagram [4, Theorem 1.2]

—-odd
Cokrl

K-'(X) H*\(X;R/Z)

fﬁT T I (3.25)
K(S! x X) — H*2(S! x X;R/Z)

where fslf : K(S' x X) > K~'(X) is the integration along the fibers of S! X X — X in
K. The proof of (3.25) follows immediately from the definition of the integration map
(see [6, PropositionA4.2] and also Appendix A). As in the proof of [2, Theorem 1.2],

K
/\Odd . . . . .
Coiyq 18 UNIQUE as jél 1S surjective.

There are various models of odd differential K-theory [5, 10, 11, 20]. For example,
if we use the odd differential K-group defined in [20], which is the odd counterpart
of Simons—Sullivan differential K-theory, then the odd differential Chern class defined

by (3.24) is well defined by Proposition 3.8. Denote by cggil([g]) the (2k + 1)th odd

Chern class. Note that 5,(co2 ([g]) = ¢33, ([g]) by the compatibility between f;
with &, [6, Proposition 4.2] and the definition of ¢33, ([g]).
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Appendix A. A proof of (3.25)

For the convenience of the reader we include a proof of (3.25). Note that for any
x € K'(X), S (x) € K(S' x X) is equal to multiplying x by a certain elementin K~ !(S'),
for which we denote it by e.

Denote by E the differential extension of a generalized cohomology theory E which
is multiplicative. Let i : X — S' X X be the inclusion map and p : S' X X — X the
projection map. Since p o i = idy, it follows that

E(S' x X) = Im(p*) @ ker(i*).

As in [6, Proposition 4.2], every x € ker(i*) can be uniquely written as x = ¢ X y + a(p),
where y € E-'(X) and p € (Q°%(S! x X))/(Im(d)). Thus every u € E(S' x X) can be
written as

u=pz®&x=pz@®(exy+alp)).

The map f; . E(S' x X) > E~(X) is defined to be the composition

E(S!' x X) — ker(i*) — E-1(X)
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where the first map is the projection map. Obviously the integration map satisfies

fie

p* =0, and is defined by

[Fumsed [ )

Note that

H H
fg a+1(u)=L] Tl (P2 ® (e Xy + a(p)))

H H
- [ rEa+ [ Gtexyap

H
_ fs Gni(e Xy + alp)),

1

and by (3.24),

([ ) el )
- [mfster [o)

H
= fs it (e Xy + a(p)).

Thus (3.25) holds.

(8]
(9]
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