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Abstract

In this work, we study some geometrical properties of a stationary Gaussian field modeling
the sea surface, using the energy spectrum. We consider the length of a crest and the
mean speed of contours, which can be expressed as integrals over level sets. We also give
central limit theorems for some of these quantities, using chaos expansions.
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1. Introduction

In this work, we study some geometrical properties of the random surface represented by the
level of the sea. We model the sea level using a Gaussian process and deduce its properties from
the energy spectrum, which can be recorded by a measurement device. The main quantities we
are interested in are

o the length of a crest, i.e. a set of local maxima in a given direction, and
e the mean speed of contours.

These quantities can be expressed as integrals over level sets.

In Section 2, we describe the usual model of the level set. In Section 3, we introduce a
representation of the integral over level sets and establish Rice’s formulae for its expectation.
Sections 4 and 5 are devoted to the study of the crest and the speed of contours, respectively.
In Section 6, we establish central limit theorems for these quantities, using chaos expansions.
All of our results are illustrated in Section 7, using actual spectrum data.

Our main source of inspiration is the seminal 1957 paper ‘The statistical analysis of a random
moving surface’ by M. S. Longuet-Higgins, in which the sea surface was modeled for the first
time as a stationary Gaussian field. The Rice formulae that we obtain were deduced from
heuristic considerations by Longuet-Higgins. Our work owes much to his ideas. Our second
source of inspiration is the work done in the 1980s by Benzaquen and Cabaiia (1982), Cabaiia
(1985), (1987), and Wschebor (1982), (1985). These authors established, in a slightly different
form, several formulae that we reconsider in this paper.
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Let us now establish some notation. By px (x) we denote the density of the random vector
X at x, when it exists; by | Q| we denote the Lebesgue measure of the set Q; and by 1 we
denote the indicator function of the set E.

2. Modeling the sea surface

Neglecting general factors like tides and surge, the height of the sea with respect to a
reference level can be modeled by a stationary Gaussian process. This level depends on two
space variables (x, y) and a time variable 7, and will be denoted ¢ (x, y, t). Since deterministic
components have been removed, this process can be supposed to have zero mean.

Stationary Gaussian processes can be viewed as an infinite sum of elementary waves of the
form

tn(x, y, 1) = Re(Ce! Mt hanytent)y ()
where C, is a complex normal variable, Aj,, A2, and w, are the parameters of some

spatio-temporal oscillation, and Re denotes the real part. Assuming infinite depth, this wave
must satisfy the Airy relation (see Ochi (1998) or Krée and Soize (1983))

2
On _ /2 2
?n - )‘l,n +)‘2,n’

where g is the acceleration due to gravity, which we choose, without loss of generality, to be
g = 1. Taking the integral limit of an infinite sum of terms of the form (1), and assuming that
the spectral density exists, we obtain

(. y. 1) = / SOy SEETTS AW G, Aa), @
A

where A is the manifold {A% + A% = ), f is symmetric with respect to the origin and dW is
a complex white noise that satisfies dW (—A1, —X2) = dW (X1, A2)*. The covariance function
of this process is given by

r(x,y. 1) = / el HhFen) £ (51 2) diy dhs.
A

Making the changes of variable A\; = w”cos¢ and A» = w”sin @, we obtain the following
representation, in terms of the directional spectral density G (again, see Ochi (1998) or Krée
and Soize (1983)):

00 2
r(x,y,t) = / / exp{i(a)z(x cos @ + ysing) + wt)}G (¢, w) dp dw.
—o00 JO
3. Representation of level integrals

In this section, Z(x, y) is a centered, stationary Gaussian process with variance 1 and C 3
paths and spectral density, with representation

Z(x,y) = / el S E (G ha) AW (0, A2).
RZ
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This representation can be obtained from (2) by fixing the time. We define the spectral moments
as

Mpg = /RZ AVAS f (01, A2) dAg dAy.

These moments exist at least for p 4+ ¢ < 6, since the process has C3 paths.
With u a level and Q a set of values of (x, y) with zero boundary measure, we define the
level set

Co() ={(x,y) € Q: Z(x,y) =u}.
The local inverse theorem implies that this set is a regular curve and that the normal »n to this
set (taken in the direction of increasing Z) is well defined. We will prove the following facts.

Assertion 1. Let v(x, y) = (vi(x, ), va(x, ¥)) be a bounded vector field with a set of discon-
tinuities of measure 0, and let g be a continuous bounded function. Then,

/g(u) du/ (v, n)do =/ g(Z(x,y))(v(x,y),VZ(x,y))dxdy almost surely, (3)
R Cou) 0

where do is the curve length differential.

We write VZ(x,y) = ||[VZ(x, y)|l(cos p(x, y), sing(x, y)) and omit the argument (x, y)
for ease of notation. Consider the case in which

vz

=v@) o+ Nzl “

for some function y. Adler (1981) has shown that the zeros of | VZ|| are isolated, so that v
verifies the condition needed for formula (3). Thus, this formula becomes

/g(u) du/ y(p)do :[ g(2)y(@I|IVZ|dxdy almost surely. )
R Co(u) Qo

Let L£(Cgp(u)) be the length of the level set Cg (). If y (¢) = 1 in (5), we obtain the following
formula, which can be found in Federer (1969):

/g(u)£(CQ(u))du:/ g(2)||IVZ||dxdy almost surely.
R 0

Assertion 2. Taking expectations on both sides of (5), we get the Rice formula for a vector field
v of the form (4), i.e.

E[/ y(¢) da}
Cow)

= |Q|p(u) E[ IIVZ(0 0)[ly (¢(0,0))]

— 10Ip() // 2n|z|1/2 y(arctan f) expi—L(, W10, ) THdrdy,  (6)

where p(u) stands for the density of Z(x, y) at any point (x, y), X is the covariance matrix of
the Gaussian vector VZ(0,0), and |X| its determinant. By diagonalizing £~ and going to
polar coordinates, we find that this expression is equal to

2
10l —— p(w)[Z| / Y (@) I@) 2 dg, %)

\/_

where 1(@) = mag cos? ¢ — 2m 11 cos ¢ sin @ + mp sin? .
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When y (p) = 1, we obtain

2
E[L(Cou)] = [2|p(w)E|IVZ(0,0)|| = \/;IQIP(M)\/ES(/C), ®)

where | and y», y» > y1, are the eigenvalues of X, k2 = (1 — y1/y2) and &(k) =
fon/ 2(1 — k% sin? )72 dg is the elliptic integral of the first kind. Longuet-Higgins (1957,
Equation (2.3.13)) showed this result for the first time, using a different notation. His version

1S
—1/2
E[J:(CQ(u))]=,/3p(u>(mzo+moz>”2<1+(@» 8( - (m))
T myo my0

where he has supposed that |Q| = 1 and m; = 0, in which case y» = myg and y; = mqp.

Remark 1. Formula (8) gives a generalization of Corrsin’s formula (Corrsin (1955)) to every
level u. This formula was established for # = 0 in a different manner. It says that

2
HLLCOW L [ g v
10| 4 Jo

where I:Z(N,f ) is the expectation per unit of space of the number of crossings in the direction 6.
By Rice’s formula (Cramér and Leadbetter (1967)),

- 2
EW) =/ %p(m,

where m g is the second spectral moment in the direction 6. Without loss of generality, we can
assume that the direction in the plane has been chosen to diagonalize the covariance matrix of

VZ. Then,
v 0
Y0) =
® @ Q

andmag = [y2(1 — (1 —y1/v2) sin? ©)]1'/2, so that the left-hand term in (8) is equal to

2 /2 i 12 2
p(u)\/jm/ (1 - (1 - —) sin29) do = p(u)\/j\/ﬁé”(k).
s 0 2 b4

Proof of Assertion 1. For now, we suppose that Q0 = [0, M] x [0, M] and that v is
differentiable and vanishes on the boundary of Q. Since the process Z has continuous paths and
variance bounded from below, by Ylvisaker’s theorem (Ylvisaker (1968)), there are no local
maxima at level u. This can be shown (see, for example, Wschebor (1985, p. 28)) to imply that
the boundary of the set {(x, y) € Q: Z(x, y) <u}is Cp(u). Using Green’s theorem,

/g(u)duf (v,n)do =/ g(u)duf divvdxdy
R Cou) R (e, y)eQ: Z(x,y)<u}

o0 d a
L1 s (204 22 aray =
oLz ox 3y
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Let us consider the contribution of dv;/dx to the integral in x. Integrating by parts, it is

M 0z
g(Z(x, y))—vidx,
0 ax

so that
MM 9z 9Z
A=/ / gZx, y)| 7—v1+ w2 dxdy:/ g(Z(x,y)){v,VZ)dxdy
0 0 3)6 8y 0

and relation (3) holds when v vanishes on the boundary.

If v does not vanish on the boundary then, since it is bounded, it is summable over Q,
and there exists a sequence of differentiable functions v,, vanishing on the boundary such that
v, — vin L' and ||v, (x, y)| < k, where k is the bound for ||v(x, y)|| forall (x, y) in Q. Thus,
passing to the limit, (3) holds for general v.

When Q is not a square, it is possible to apply Rice’s formula (Cramér and Leadbetter
(1967)) to the stochastic process obtained by considering Z(x, y) on a vertex V of Q. We can
see that Co (1) NV is almost surely composed of a finite number of points and, thus, does not
contribute to the integral in (3). Hence, both sides of (3) are almost surely additive in Q. Since
O has zero boundary measure, it can be approximated from above and from below by two finite
sums of squares with arbitrarily close measures. This proves (3) for general Q.

Proof of Assertion 2. Since Z is stationary, its value and its derivative at a given point (x, y)
are independent. Taking expectations in (3), we have

/g(u)du E|:/ (v,n)da} =/ / gW)pzx,yyW) E(VZ(x,y), v(x, y))]dxdydu
R Co ) 0JR

= IQIng(u)p(u)E[IIVZ(O, 0)[ly (¢(0, 0))] du,

using (4).

If g is any function, duality implies that (6) is true for almost every u. This was first proved
by Zihle (1984) in the case v = n. The right-hand side of (6) is clearly a continuous function of
u, but it is not easy to show that the left-hand side is. The fact that (6) holds for every u has been
proved in a different way by Benzaquen and Cabaia (1982), Cabafia (1985), and Wschebor
(1982), (1985), and we refer the reader to them for this case; also see Azais and Wschebor (2005).
Longuet-Higgins (1957) proved (7) and said that this means the direction of the gradient has
density equal to (I(¢))~>/?. This remark must be reinterpreted using the ergodic theorem.
Formula (8) was also considered by Longuet-Higgins and definitively proved by Benzaquen
and Cabaiia (1982) and Wschebor (1985), including the case in which the parameter space has
more than two dimensions.

4. Length of a crest

A crest will be defined as a local maximum in a given direction, say 6, of the sea surface
modeled as in Section 2.
We first define a static crest at a fixed time (say t+ = 0) as

Cpo=1(x,y) € Q: 5H(x,y) =0, Lp(x, y) < 0},
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where ¢, and ¢y, are, respectively, the first and second derivatives of the field ¢ in the 6 direction
of the (x, y) plane at the point (x, y, 0). Since 0 is the direction of a straight line, it can be
chosen in [0, 7).

We define the moving crest as

Co.rp={(zcos,zsind, 1) € O x [0, T]:

{h(zcos O, zsind, 1) =0, yy(zcosb, zsinb, 1) < 0}.

We will prove the following relations.

Assertion 3. E[£L(C}, ;)] = [O1(y2) Y2 /27 (a11)/21€ (k), where, recall, k = (1 — y1 /y»)'/?
and

a1 = E[)(0,0)%] = mag cos® 0 + 2m 1 cos 6 sin 6 + mqy sin’ 6.

Here, y| and y», y» > y1, are the eigenvalues of the matrix

> (0) = az ax
ax; as)’
in which
ar = myo cos* 6 + mo4 sin* 9 + 6man cos? 6 sin% 9 + dms3y cos> 0 sin@ + 4m 13 cosf sin’ 0,
azz = (mgo + mos) cos? 6 sin? 0 + mzz[(cos2 0 — sin’ 9)2 — 2cos> 6 sin? 0]
+ 2(my3 — m31) cos @ sin O (cos’ O — sin® 9),
a3 = —myg cos’> 0sin@ + msy cos’ 9(cos2 0 — 3sin® 6) + 3my; cos O sin 9(0052 6 — sin? 0)

+m3 sin® 63 cos? 6 — sin? 6) 4+ mo4 cos O sin’ 0,

and mpg = [0 [0 AAL (M1, A2) dr1 dhy. Although y;, k, and a;j all depend on 6, we
have not indicated these dependencies, for clarity of notation.

Assertion 4. E[L(CP 7 )] = [Q¢ T (72)'/2 /27 (a11) /218 (k), where | Qg| is the length of the
section of Q in the 6 direction, and y, and k are defined similarly to v, and k, using the matrix

$0) = <‘322 ‘323>,
a3 as
in which

asz = moy cos? 6 + 2my12 cos B sin 0 + mop2 sin® 0,

a3 = m3q1 cos® 0 + 3mo1y cos® 6 sinf + 3myo1 cos b sin 0 + mo31 sin’ 0,

and miji = [ [2 WAL (3 4 A)MA £ (A1, k2) Ay dha. Note that mij = mijo.
Proof of Assertion 3. Let us first prove the formula for a static crest. Suppose, for now, that

6 = 0, denote by S(x, y) the process ¢ (x, y,0), and let Z(x, y) = 9S/dx(x, y). Then, CSQ’O
can be written as

Cho=1(x,y) € Q: Z(x,y) =0, Z\(x, y) < 0},
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where Z’.(x, y) stands for 3Z/dx(x, y). Thus,

H£K3m1=E£¢@hauwkmd@
Q

where Cé(O) ={(x,y) € Q: Z(x,y) = 0}. Since Z’ and —Z’ have the same distribution,

BLECo01 = [, Nizcneo do = §ELLCEO)
Qo

By applying (8) we obtain

10|
E[L(C} = ——7=./168(),
[ ( Q’O)] 2]_[ (an)l/z V2 ( )

where aj; = var Z(x, y) and y; and y», y» > ¥, are the eigenvalues of the variance matrix of
VZ.
If 6 # 0 then Z(x, y) is the process

IS a¢ .
—(x,y,0)cos6 + —(x,y,0)siné6.
0x ay

Hence,
ajg =var Z(x,y) = mog cos® 6 + 2mq1 cos @ sin 6 + mqn sin26?,
ay =varZy(x,y) and az3 = var Zé(x, ),
where
9%¢ 92 9%¢
Z\(x,y) = cos2 6 —= + 2 cos O sin § +sin%29—=,
o (%) 0x2 0xdy 9y?
9%¢ ¢ 9*¢
Z(x,y) = ——=cosfsinf cos? 6 — sin% @ ——cosfsinf,
FLE)) 912 + 8x3y( )+ 52

6 is the direction orthogonal to 6, and a»3 = cov(Z, Zé).

Proof of Assertion 4. For the case of a moving crest, the proof is essentially the same, but
with the following changes.

e The size of the parameter set is now |Qg|T .
e The expressions for aj; and az> do not change, but the gradient is now taken in the
directions 6 and 7, i.e. using ¢, (x, 0, 1) = cos 6, + sin 0{&, we have
azs = var(gy, (x, y, 1),
an3 = cov(Lhg gy
and we recover the desired expression.
Remarks 2. (i) When ¢ is an elementary wave of the form (1), direct computations on the
sine-cosine process (the elementary random wave with real parameters) show that
1Q1\/A7 + 23
2 '
Thus, the length of the crest is a nonlinear functional of the spectrum.

E[L(C 0)] =
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(ii) We will call ry (x, y) the covariance of the process

d d
—C(x, v,0)cos0 + —g(x, y,0)sin6.
ax ay

5. Speed of crossings and contours

In this section, we give a more rigorous basis to some heuristic considerations of Longuet-
Higgins (1957). Other approaches to the same problem have been proposed in Podgoérski et al.
(2000) and Baxevani et al. (2003), where several notions of velocity were introduced, including
the one used here: ‘velocity in the direction of the gradient’. Our results are different in the
sense that we look at the two components of the gradient, while the cited authors expressed
their results in terms of the joint distribution of the modulus and the angle.

5.1. Speed of crossings

Let y be fixed (say y = 0). We want to study the speed of crossing of a given level u chosen
‘at random’ among all the crossings. Define Q¢ as the section of Q in the direction of the
x axis. Using stationarity, it is always possible to suppose that Qg = [0, M] for some M. Also
by stationarity, we can look at the speed of the sea at time 0. A crossing is a point x such that

£(x,0,0) = u. )
The expectation of the number of crossings N, is given by Rice’s formula (Cramér and
Leadbetter (1967)):
2maoo
E(N,) =M - p(u) =: D.

The speed of such crossings can be computed using the implicit function theorem. From (9)

we find that )
dx ¢ (x,0,0)
Cax) 1= - = =7
! £y (x,0,0)
the mean number of crossings with speed Cy in the interval [, a2] can also be computed,
using a Rice formula, to be

(10)

o M 00
E(Ny Lic, elar,ael) = f dc/ dx/ |x/|p;,§x/,cx (u,x',c)dx’ =: N,
o 0 —00

where Pe.c).Cy is the joint density of (¢(x, 0, 0), {é (x,0,0), Cx(x)) and, by stationarity, does
not depend on x. For the same reason, the values of the process and its derivatives at a given
point are independent. Thus,

an )
N = Mp(u)/ dc/ X' | per.c, (x', 0) dx’.
o] —00 *

The probability that a crossing chosen at random will have a speed in the range [o1, 2] is
therefore N/D. If we now divide by o — o1 and let both | and & tend to a common limit ¢
(so that oy — a1 goes to 0), we find that the distribution of the speed of the crossing is given by

oo
~ . T / / /
pc,. () = | — lx" | per.c, (X7, €)dx’,
2ma00 J -0
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where
/ -2 2 I "2
(X ) = expl —— (mogax"* — 2myg1x’t’ + mogot
P (1) o P{ ZA( 002 101 200 )}
with
A = det <m200 mlOl) ‘
mio1  mMoo2
Making the change of variable ¢ = —t’/x’, we obtain

P, (©) = FAGmoo2 + 2mio1c + magoe®) ™ (mago) ™12,
which is (with a slightly different notation) Equation (2.5.14) of Longuet-Higgins (1957). As
remarked by him, it can also be written as

pe.(© = LAamag ((c — &) + Amyg) /2

showing that this distribution is symmetric about its mean value ¢ = —m 91 /m200. Animportant
point is that this speed does not depend on the level.

5.2. Velocity of level curves

To define the normal velocity of a level curve, we consider the heuristic arguments of
Longuet-Higgins (1957). Consider locally a level curve that passes through the point P at
time ¢ (s_e§ Figure 1). At timit) +dt it passes through Q and R on the x and y axes, respectively,
with [|P Q|| = C, dt and ||PR|| = C, dt, where Cx_a)nd C, are defined as in (10).

The velgi)ty of the curve is defined as the vector PT /dt, where T is the orthogonal projection
of P onto RQ. Let U and V be the projections of T onto the two axes. Elementary trigonometry

gives
CC? C,C?
ﬁ: 2x yzdte1+ zy xzdtez,
C2+C2 C2+C2

where e is a unit vector along the x axis and e, a unit vector along the y axis, and the velocity
of the contour C’Q(u) = {(x,y) € Q: ¢(x,y,t) = u} at the point (x, y, t) is defined as the
vector 5 )
( Cx Cy Cy Cy >
Ci+Crci+C

P U x

FIGURE 1: The level curve.
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Following Longuet-Higgins, it is simpler to first obtain the distribution of (K, Ky), with
K, = (Cy)"land K y=(C y)_l, and then pass to the distribution of the velocity by the change
of variable formula. As in Section 5.1, we consider two intervals, [«1, az] and [«3, 4], for
t = 0 and define

D" =E[L(Cow))] = |Q]pw) E[IV12£(0, 0, 0),

where V13 is the gradient limited to the variables x and y, and

N' = E[/C ( )I{Kxe[al,azl} LK, elos.aul) dff]- (11)
Q u

This expression is of the form (4) since the integrand in (11) can be written as (v, n) with
v = LK, eloy.000) LK, €los.041) 2. Hence,

N’ = 10|p@) E[IV12¢ | Lk, efer .ol 1iK, clos.as))]
= Ile(u)/3 X2+ 2 Vv pretan, ol Yoy relas,aal) Peygq (6 ' 1) dx'dy' dr’.
R )

Making the changes of variable k, = —x'/t', k, = —y'/t’, and ¢’ = ¢’ with dx"dy’d¢’ =
2 dk, dky, dt’, after some calculations we obtain

_ —1/2
N' = 410pwr 285"

o) oy
S I R ONCEE
o] o3
X (U11k2 + 2piakeky — 2p13ks + M22k§ — 2p03ky + 133) 2,

where A; and u;; are, respectively, the determinant and the entries of the inverse matrix of

moop M1l M0l
milg Mmoo Mol | - (12)
mior  Mo11 Moo2

Letting o1 and a3 tend to ky and a3 and a4 tend to ky, we find that the distribution of K and
Ky is
1 N’

op,0p—>ky (0{2 — al)(a4 — Ol3) D
az,aq—>ky

1 _ _
=7, e K2+ K2

X (unky + 2pinkeky — 24013k + ok — 203ky + 1133) 72,

Py ky =

where k = (1 — y1/y2)!/? as before, but y; and y» are the eigenvalues of the matrix

ma00  M110

miio Mmoo/
With this, we have again recovered a result of Longuet-Higgins (1957) (Equation 2.6.21, in
fact) and we again remark that the result does not depend on the level u.

https://doi.org/10.1239/jap/1118777179 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1118777179

Gaussian sea waves 417

We now look at the distribution of the velocity

kx ky )
=W =gre evr)
x y X y

we have ky = Vi/(v} +v3), ky = V/(v: +v3), and dk, dky = (V2 + V) 72dV, dV,. Asa
consequence,

vy, = %(n)—”zA; Ve v+ vHT2
X (U V4212V Vy = 2013 Ve (V2 + V)
+ u22VE = 223 Vy(VE+ VD) + uss(VE + VHH ™2
Remark 3. (Velocity of crests.) Since the distributions of ¢ and —¢ are the same, the mean

velocity of a crest is the mean velocity of the zero level set for the process ¢,. Thus, the same
kind of result holds if we change the meaning of the moments in matrix (12).

6. Chaos expansion and central limit theorem

In this section, we develop the Ito—Wiener chaos expansion for the length of the static crest
considered in Section 4, and apply it to obtain the central limit theorem for the length of the crest.
In what follows, we will assume that this level functional belongs to L2(£2), which property
holds under several hypotheses given, for example, in Cabafia (1985, p. 79) and Wschebor
(1985, p. 54).

We begin by transforming ¢, (x, y) into an isotropic random field. This step is necessary
to obtain the chaos development of the level functionals. We can assume, without loss of
generality, that E[(¢, (x, y))?] = 1. As in Section 4, we consider the matrix X (6), but we will
drop explicit reference to its argument 6, for ease of notation. Define

no(x. y) =&} [2—1/2(x>];
y

it is easy to check that ng(x, y) is an isotropic random field. Considering formula (5) for the
field ¢, (x, y) and taking y (¢(x, ¥)) = Licos(g(x,y))<0}» We have

/g(u) du/ y(p)do
R {(x,y)€EQ(N): {é(x,y):u}
_ / / 26062 9) Lisostote. <01 1724 (6, ) dx dy,
Q(N)

where Q(N) = [-Nb, Nb] x [-Nb, Nb] for a fixed b > 0. When u = 0, the second integral
on the left-hand side corresponds to the length of the crest, and the right-hand side is

// 8(&(x, ¥)) L(—00,0) (o (X, YD IV 5 (x, V) dx dy
o)

Lt (22O 1w (poend222C) [ pen ()

x | =12, [21/2 (xﬂ H dx dy, (13)
y
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where b;; are the entries of X 1/2 Making the change of variables

=+(1)=()
y y
in the last double integral above, we find that (13) is equal to
x| / / 2o (x", y)) L(—00.0)(b110:m6 (x', ¥) + b12dyma (x', ¥))
S(N)
< |IZ2Vna(x’, ¥ dx dy,
where S(N) = Z1/2(Q(N)).

Let us explain the heuristics of our development, for which we introduce the following level
functional, where ¢ is the standard normal density:

1 o0 —
Lo (1) = —f ¢<” ”)(/ y(¢(s)>da(s)> dv
0 J-oo o {(x,)€QN): g5 (x,y)=v}
1 — ) (x. )
- —f/ ¢(M)y(w,y))”v%(x,y)” dx dy.
o QO(N) o

By using the same change of variables as above, this random variable is equal to

DARE u—ng(x',y")
// ¢ Loy 1(00,0)(b110x 16 (x, ') + b120yme (X', ¥'))
S(N) o

o

x | Z12Vne(x', y)| dx’ dy’.

Let D?rg(x, y) be the matrix of second derivative of r4(x, y), the covariance of the process Zp-
It can be shown that this functional converges in L%(2), under the hypothesis D?%ry(0,0) —
D?rg (x,y) # 0, to a functional that, when u = 0, is the length of the crest. (For a proof in the
case of the length of the level curve, see Kratz and Le6n (2001). The condition on the derivatives
is given in Berzin and Wschebor (1993). Our case could be treated in a similar fashion.) Hence,
obtaining a chaos expansion for £, (1) implies an analogous expansion for OC(CE’@); let us
first obtain the chaos expansion for £, (#). Using the expansions in L2(¢ (v) dv), we get

l¢<u — U) = Zcz(u,G)Hl(v) with ¢;(u,0) = L‘ /00 ¢<u — U>HI(U)¢(U) dv,
o P ol! o

o —00

where H is the Hermite polynomial of order /. Now consider the decomposition £1/? =
PD'2P~! where D is a diagonal matrix with eigenvalues y; and P, defined as

P coscgy — sinop
T \sinag cosag )’
is orthogonal. We have

Lico,0)(b113xm0 (x', ') + b12dymg (x', Y DIZ Vg (x, y) I dx’ dy’
= L(o,0) (PD'P[P7'Vip(x', Y)1, e IP D[P Vg (X, Y)1I dx'dy'. (14)
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The Gaussian vector

_1 r [ 9xnecosag + dyng sinag
P Vg, ) = (—ax/r)g sin g + 9,19 cos g

is standard for each fixed (x’, y). Using the expansions in L2(¢ (x)¢(y)dxdy), we find that
(14) is equal to

> dinn Hy (89 €05 g + dyr1g sin o) Hy (=31 sin @ + 91 cos o),

m,n

where

1 2 2
dm,n = o V1X< + 2y
n:m: JR2

X 1(—00,0)(v/¥1X COS @0 — /y2 sin o) Hy (x) Hy (Y) (x) (y) dx dy

1 oo pr2m
:W./O /0 \/ylcoszé—i—yzsinzg

X 1(—00,0)(€08(3 + £)) H (p cos &) Hy (psin &) e /2p? dp d
— the latter follows from changing to polar coordinates and using

sinag(y2)!/?
cosag(y)'/? )

§ = arctan(

1 oo p3m/2-48 \/ 5
dmn = cos2 £ + y» sin
m,n nlm fo /71/25 Y1 é V2 %.

Thus,

x Hy(pcos€)Hy(psin€) e /2 p? dp d&.

If m and n are both even then the function inside the integral is periodic with period , and

+ 1
2k,21 27 (2k)! 2D)! o Jo Y1 2

. _ 2
x Hok(pcos&)Hy (psing) e /2 p? dp dé.

If both indices are odd then the function is again of period 7 but is an odd function, giving
dak+1,2+1 = 0. The remaining case, when one index is even and the other is odd, is more
involved and it cannot be guaranteed that the function inside the integral is of period 7. The
integral must be computed for § € [%n — 6, %r{ — 6.

Let us return to the expansion for £, (1) and define

lq,m,n(x/, y/) = Hq—(m+n) (n6) Hy, (3xmg cos ag + 8)7’779 sin o)
X Hy(—0y/ng sinag + 3,19 cOS )

and
1

V2 (g — (m +n))!

Using the fact that the random variable

Cqg.mn = Hq—(m+n)(0)dm,n-

1 u —ng(0,0)
;¢<+) 1(00.0) (B118x 16 (0, 0) + b123y15 (0, 0D [ Z/2V1(0, 0) |
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belongs to L?(2), and since L (1) is an additive functional of the field and the different terms
in the chaos expansion are orthogonal, we readily find that

Lo ) = |Z|_1/22 Z Cq— ntn) (U, ) // qmn(x y)dx dy

q=00<m+n=<q

However,

(}iinocl(u, o) = %Hz(u)qﬁ(u),

so by letting o tend to 0, setting u = 0, and using the convergence in L>($2), we obtain the
following result.

Proposition 1. Assume that £(C}, ;) belongs to L2(Q) and that D*r¢(0, 0) — D?rg(x, y) # 0.
We then have the following expansion for the length of the crest:

L(Chy) =IZI” 1/22 > cqmn// Lgma(x,y)dx'dy'.
q¢=00<m+n<q S

Using this expansion, we can compute the expectation of this random variable, obtaining

E[L(CH )] = do,0l Q(N)|.

1
2
Since do,o = (y2/27) 1/2g (k), this coincides with our previous result of Section 3.

We are interested in studying the central limit theorem for the functional £(CSQ, o). First we

must ensure that the law of large numbers holds, which will be a consequence of the ergodic
theorem. Given that the process is Gaussian, it is ergodic if the covariance

ro(x, y) = E[¢g(x, ¥)¢4(0, 0)]
tends to 0 as (x* + y?)!/2 — oo. Thus, under this hypothesis we have

L(CS
(Co.0) - mé’(k)
|O(N)] 2w

almost surely as |[Q(N)| — oo.
We will study the weak limit of the random variable

L(Chy) 7 )
N —’__
1O( )I( O] o & (k)

mon o /’ ! / / 1
«/WZ Z Cq, //(N)lq,,(x y)dx'dy (15)

q=10<m+n=q
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by first computing its variance. Given the orthogonality of the different chaos expansions, we
have

L(Chy) 7
N)|E| &7 ~v72
ol [IQ(N)I 2

| — 2
= E Cqum. // Lgmn(x'sy)dx"d ’i|
ST 2= [ 2. camn f[ damalsy)d'dy

g=1 0<m+n<q

R /
= — E[F, (x’)}" (x”)] dx’ dx”, (16)
[S(N)] ; SVxS(N) !

2
8(k)}

" //)T’ and

where x’ = (x', y) T, x" = (x", y

fq (x/) = Z cq,m,nlq,m,n (x/v y/)~
0<m+n<q

Making the changes of variable x’ = X!/24’ and x” = X!/?u” in (16), we find that it becomes

1
|O(N)| Z/ E[fq(zl/Zu/)}vq(zl/Zu//)] du’ du”. 17
g=1"2WN)xQOWN)

Let us suppose that Q(N) = [-N, N] x [-N, N]. We can decompose this region as
N
om= J @i
i, j=—N+1
where Q;; = (G — 1), i] x ((j — 1), j]. Thus, for (17) we have

N
f E[F, (20 F, (2 ?u") du' du”.  (18)
N1 Qi< Qi

By further defining

Yoo = Z o Fo(Z'?u) du

and using the bidimensional shift associated with the field ¢, defined as
FS,ZC('! ) = é‘( + A + t)7

we can write (18) as

eN s b i B
Z Z ( 2N + 1) (1 2N+ 1) EfYools,j (Y00)].

i=—N+1 j=—N+1

We shall assume, for simplicity, the very strong hypothesis that the field ¢ is a-dependent,
i.e. the correlation function r (x, y) vanishes when (x2+ yz)l/ 2 > 4. Under this condition, we
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find that
N N . .
N+ i Jl
1 _ 1—— )1 - E[YooT'; i (Y,
Jm = | Z | Z N1 IN 1 [YooT';, j (Y00)]
i=N+1j=N+1
=3 Y El¥ol, (o) = Z / ELF, (5 1/2/) %, (0)] du’
12w <a

i=—a j=—a

_ 2

S3 0 <o
g=1

It is now plain how to obtain the central limit theorem. The result established above allows
us to approximate w (see (15)) in L3() by a finite expansion, i.e.

ZQ |S(N Z Z Cq,m.n /f( ¥ lq,m,n(x/, y’) dx/dy/

q=10<m+n=<q
1

= fo(x', y)dx"dy',
JIST s 7@

where
0
fQ(x/a y/) = Z Z Cq,m,nlq,m,n(x/a y/)'

g=10<m+n<q

The weak convergence of the latter sequence to a Gaussian random variable is a direct conse-
quence of the central limit theorem for a-dependent sums.
In summary, we have proved the following theorem.

Theorem 1. If the Gaussian field {,(x, y) is a-dependent and the level functional £(C 9
belongs to L*(S2), then the weak limit of

LChe) Y72
IQ(N)I(—Q’O - —8(/«))
Q)] 2m
as N — oo is centered normal with variance v g=1 qz

Remarks 4. One of the advantages of the development in chaos is that we can show that the
limit variance is strictly positive. To do so, it is enough to show that 0q2 > 0 for some value
of g. This is easy to do for ¢ = 2 because all the associated terms vanish except for the one
corresponding to ¢,0,0. In this case, the only polynomial appearing is H;.

It is possible to weaken the strong dependence hypothesis we have used, requiring, for
example, L'- and L>-integrability of all covariances involved and no other mixing condition,
but the proof in such a case is rather cumbersome and involves tedious computations. For the
case of contours, this was fully developed in Kratz and Leén (2001).

We can also study the crest above a certain level &. For this, we consider the set

0.0 ={(x, ) € Q: 5(x, y) =0,/ (x,y) <0,8(x,y) = h}.

To compute the length of this set, let us consider the vector field

v = 1,000 (C(x, ¥)) L(—00,0)(COS 0 (x, y))n.
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Using formula (3), we obtain

[ swau | (v, m) do
R {(,y)€Q: gy (x,y)=u,¢) (x,)<0, (x,y)>h}

= /f Li,00) (£ (6, YD) g (84 (e, YNNIV (x, y)]l dx dy.
Q(N)

In the same manner as we have done for the crest, we can obtain

1 /(x, ,
L(C) 4(h)) = lim —/f l[h,oo)(f(x,Y))‘f’(—;e(x ”)nv;g(x,y)u dx dy.
o=00 JJow) o

This limit is in L2(£2). To obtain the chaos development, we must follow the same procedure
as for the simple crest, but this is now more involved, due to the fact that the random variable
¢(x, y) is not independent of the random vector V¢, (x, y).

7. Real data

In this section, we consider two directional spectra kindly provided by M. Prevosto from
Ifremer (the French Research Institute for Exploration of the Sea). These are depicted in
Figure 2.

Figure 3 shows the level curves for the spectra.

Figure 4 shows the integrals of the spectra along fixed directions, measured in degrees,
showing a peak at around 165°. The integrals are calculated over the half-line starting at the
origin.

Figures 2, 3, and 4 show that the energy is concentrated around the 165° direction, which is
understood to be the most probable direction for the waves.

Figure 5 shows the expected length of crests along directions spaced by 15°, showing a
maximum (in the static case) at approximately 75°. Itisinteresting to observe that, in accordance
with theoretical results, this direction is orthogonal to the direction for the maximum integral
of the spectrum, i.e. is the most probable direction for the waves.

Figure 6 shows the level curves for probability densities of the velocity. Both graphs show
a clear asymmetry, as predicted by Longuet-Higgins (1957).

For colour versions of the figures, see http://www.lsp.ups-tlse.fr/Azais/publi/olas7.ps.

Spectrum 1 Spectrum 2
n 300 ”
350 250 300
300 250
> 250 200
'z 200 200
4 150 150
100 150
50
0 100 100
50 50
0 0

FIGURE 2: The directional spectra.
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Level curves for spectrum 1 Level curves for spectrum 2

300
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150 150 / 250
200
o0 P 200
180 | +¢ - 150 180 |-+~ -t
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100
200\ . el 210 100
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270 270

FiGURE 3: The level curves.
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FIGURE 4: Spectrum integrals along fixed directions.

1.5 1.2
— spectrum 1 — spectrum 1

= --- spectrum 2 --- spectrum 2
1.0 7\
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% 0.5 1

040 - r T T T T T 1 1 .0- r T T T T T 1

0 30 60 90 120 150 180 0 30 60 90 120 150 180
angular direction (degrees) angular direction (degrees)

FIGURE 5: Expected length of crests per unit area along fixed directions in (left) the static case and (right)
the dynamic case.
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3 022 3 0.20
) 020 2 0.18
1 0.18 1 0.16
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) 0.10
0.08
3 0.08 _, 0.06
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4 004 —4 0.04
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FIGURE 6: Level curves for the velocities in (left) spectrum 1 and (right) spectrum 2.
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