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Abstract. For a subfunction u, associated with the stationary Schrédinger oper-
ator, which is dominated on the boundary by a certain function on a cone, we generalise
the classical Phragmén-Lindelof theorem by making an a-harmonic majorant of u.
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1. Introduction and main results. Let S be an open set in R"(n > 2), where R” is
the n-dimensional Euclidean space. The boundary and the closure of S are denoted by
S and S, respectively. In cartesian coordinate, a point P is denoted by (X, x,,), where
X = (x1,Xx2,...,Xx,-1). Let |P| be the Euclidean norm of P. Also denote |P — Q| be
the Euclidean distance of two points P and Q in R”.

For P e R" and r > 0, let B(P, r) denote the open ball with centre at P and radius
rinR". S, = 9B(0,r).

A system of spherical coordinates for P = (X, x,) is given by

n—1

|P| =r, xlzrl_[sine,- (n>2), X, = rcosoy,

i=1
and if n > 2, then
Jj-1

Xn—jr1 = rcos@_,-l—[sinei 2=<j=<sn-1),

i=1

whereO§r<+oo,—%n§6n,1 <%n,andifn>2,then0§9,-§n(l5i§n—2).

Relative to this system, the Laplace operator A may be written

A_n—18+82+A*
o 9r o o 2

where the explicit form of the Beltrami operator A* is given by V. Azarin (see [2]).

*Supported by SRFDP (No. 20060027023) and NSF of China (No. 10671022).

https://doi.org/10.1017/5S0017089511000164 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089511000164

600 LEI QIAO AND GUANTIE DENG

Let D be an arbitrary domain in R” and 7, denote the class of non-negative radial
potentials a(P), i.e. 0 < a(P) = a(r), P = (r, ®) € D, such that a € Lf’OC(D) with some
b>n/2ifn>4andwithb=2ifn=2o0rn=23.

If a € &7, then the stationary Schrodinger operator

Sch, = —A + a(P)I =0,

where A is the Laplace operator and 7 is the identical operator, can be extended in the
usual way from the space C;°(D) to an essentially self-adjoint operator on L*(D) (see [7,
Ch. 13] ). We will denote it Sch, as well. This last one has a Green a-function G},(P, Q).
Here, G%,(P, Q) is positive on D and its inner normal derivative 4G4 (P, 0)/dng > 0,
where 9/0n¢p denotes the differentiation at Q along the inward normal into D. We
denote this derivative PIf(P, Q), which is called the Poisson a-kernel with respect
to D.

In the proof, we need inequalities between Green a-function G%,(P, Q) and that of
the Laplacian, hereafter denoted by G%(P, Q). It is well known that, for any potential
a(P) = 0,

Gp(P, Q) < Gp(P, Q). (1.1)

The inverse inequality is much more elaborate if D is a bounded domain in R”.
Cranston, Fabes and Zhao (see [4], the case n = 2 is implicitly contained in [3]) have
proved

GH(P, Q) = M(D)Gy(P, Q), (1.2)

where D is a bounded domain, a constant M (D) = M (D, a(P)) is positive and does
not depend on points P and Q in D. If ¢ = 0, then obviously, M(D) = 1.

We call a function u £ —oo that is upper semi-continuous in D a subfunction of
the Schrodinger operator Sch, if its values belong to the interval (—oo, +00) and at
each point P € D with 0 < r < r(P) the generalised mean-value inequality

0G¢ P,
= u(Q)W

is satisfied, where S(P, r) = 0B(P, r), Gy PJ,)(P, Q) is the Green a-function of Sch, in
B(P, r) and do (Q) is the surface area element on S(P, r).

The class of subfunctions in D is denoted by SbH(a, D). If —u € SbH(a, D), then
we call # a superfunction and denote the class of superfunctions by SpH(a, D). If a
function u is both subfunction and superfunction, it is, clearly, continuous and is called
an a-harmonic function associated with the operator Sch,. The class of a-harmonic
functions is denoted by H(a, D) = SbH(a, D) N SpH(a, D). In terminology, we follow
B. Ya. Levin and A. Kheyfits (see [6]).

The unit sphere and the upper half unit sphere are denoted by S"~! and S'jr_],
respectively. For simplicity, a point (1, ®) on S"~! and the set {®; (1, ®) € Q} for a set
Q, Q C S"!, are often identified with ® and 2, respectively. For two sets & C R, and
Q c S theset {(r, ®) e R";r € E, (1, ®) € Q}in R” is simply denoted by E x Q. In
particular, the half space R, x S’fl = {(X, x,) € R"; x,, > 0} will be denoted by T,,.

By C,(R2), we denote the set Ry x € in R” with the domain  on S"~!'. We call
it a cone. Then T, is a special cone obtained by putting Q = S’_’[l. We denote the

do(Q)
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sets 1/ x Q and I x 92 with an interval on R by C,(2;1) and S,(2; ). By S.(Q2;7),
we denote C,(22) N S,. By S,,(2), we denote S,(2; (0, +00)), which is 3 C,(2) — {O}.
Furthermore, we denote by dS, the (n — 1)-dimensional volume elements induced by
the Euclidean metric on S,.

For positive functions /; and /i, we say that iy < hy if iy < Mh, for some constant
M > 0.If by 5 hy and hy /S h], we say that i1y =~ hj.

Let © be a domain on S"~! with smooth boundary and A be the least positive
eigenvlaue for A* on 2 (see [8, p. 41])

(A* 4+ M)p(®) =0 on £,

e(®) =0 on 9%Q.

Corresponding eigenfunction is denoted by ¢(©), [, ¢*(®)dS; = 1. In order to ensure
the existence of A and a smooth ¢(®). We put a rather strong assumption on Q: if
n > 3, then  is a C>%-domain (0 <« < 1) on S"! surrounded by a finite number
of mutually disjoint closed hypersurfaces (e.g. see [S, pp. 88-89] for the definition of
C>*-domain).

Solutions of an ordinary differential equation

-0"(r)— n’;,lQ/(r) + (% + a(r)) 0r)=0, 0O0<r<oo. (1.3)

It is known (see, for example, [11]) that if the potential ¢ € 7, then the equation (1.3)
has a fundamental system of positive solutions {¥, W} such that V' is non-decreasing
with

0<VO+)<V(F) as r— +oo,
and W is monotonically decreasing with
4+oo=W(O0+)> Wr)N\0 as r— 4oo.

We will also consider the class %,, consisting of the potentials a € o7, such
that there exists the finite limit lim r*a(r) = k € [0, o), moreover, r~'|r2a(r) — k| €
L(1, 00). If a € 4,, then the (super)subfunctions are continuous (see [10]).

In the rest of paper, we assume that a € %, and we shall suppress this assumption
for simplicity.

From now on, we always assume D = C,(R2). For the sake of brevity, we shall
write Go(P, Q) instead of G¢. (P, Q), PIG(P, Q) instead of PI¢, (P, Q), SpH(a)
(resp. SbH(a)) instead of SpH(a, C,(2)) (resp. SbH(a, C,(2))) and H(a) instead of
H(a, C,(2)).

Denote

o 2—nE/(n—22+4k+2)
2 b

then the solutions to the equation (1.3) have the asymptotic (see [S])

Vi~ i, W)~ as r— oo. (1.4)
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REMARK 1. If a=0 and Q=8"", then (=1, (; =1—n and ¢(®) =
(2ns;1)2cos0,, where s, is the surface area 27"/2{T'(n/2)}~! of S"~1.
Let u(r, ®) be a function on C,(€2). We introduce M, (r) = M(r, u) = sup u(r, ©),
OeQ

ut = max{u, 0} and ¥~ = max{—u, 0}.
We shall say that u(P) (P = (r, ®)) satisfies the Phragmén-Lindel6f boundary
condition on S,(£2), namely,

lim sup u(P) <0. (1.5)
P=(,0)€ Cy(R), P—> 0€S,(Q)

For any given positive real number r, the integral

[ utr @xp@1as:
Q
is denoted by N,(r), when it exists. The finite or infinite limit

Nu(r) i Nl
e V() (reSp' =0 W(r))

is denoted by V, (resp. W,), when it exists.
If £(/) is a real finite-valued function defined on an interval (0, +00), then for any
givenli, L (0 <y <l < o0)and !/ € (0, +00), we have

SO vy w()
EWLV, W, L h)=|f(l) V() W)
fb) V(b)) W(h)

>0

if and only if
S =FLfV, W, 1, h),

where Z (I, f, V, W, I, 1) has the following expression:

Wiy, (Ve VN WO (VD VN[ V) v |
{Wal)f (ll)<W(lz) B W(l)) Wy U”(W(l) - W(h))} { W) W(ll)} '

We shall say that £ (/) is (', W)-convex on (0, +o00) if &1, V, W, 11, L) >0 ([} <
/< 12) for any 11, b (O <h<bh< ~|—OO)

REMARK 2. A function f(/) is (V, W)-convex on (0, +o0) if and only if W=1(1)f(I)
is a convex function of W~!(/)V(/) on (0, +-00), or, equivalently, if and only if ¥~'(/)f ()
is a convex function of V~1(/)W([) on (0, +-00).

REMARK 3. If f(/) is a (V/, W)-convex function on (0, +00), then for any /;, /, (0 <
I < b <+o00),wehave & f, V, W, L) <0,where0 </ </[jand , < < +o0.
Let g(Q) be a locally integrable function on S,(£2) such that

/oo T 2t ()) (f lg(t, d>)|da¢) dt < 400 (1.6)
Q2
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and

/z“ w1 (/ lg(t, <I>)|d,,¢> dt < +o0, (1.7)
0 Q2

where d,, is the surface area element of 9Q at ¢ € 9.
The Poisson a-integral PI$[g](P) of g relative to C,(€2) is defined by

n

1
PP = o [ PI(P. O)e(Q)dor
where

PIS(P, Q):w ep = {2” n=2,

ong (n—2)s, n>3,

% denotes the differentiation at Q along the inward normal into C,(£2) and doy is
the surface area element on S,,(2).

Our first aim is to be concerned with the solutions of the Dirichlet problem for the
Schrodinger operator Sch, on C,(2) and the growth property of them.

THEOREM 1. Let g(Q) be a continuous function on S,(Q2) satisfying (1.6)—(1.7).
Then the function PIi[g](P) (P = (r, ®)) satisfies

PIi[g] € CH(C,(R)) N CUC(Q)),
Sch,PIS[gl =0 in C\(Q),
PIi[gl =g on 3C,(Q),

li =1y n—1 Pl P)=0 L8
"ﬁooszl(%)eC,,(sz)V (" (O)PIG[g)(P) (1.8)

and

li 1" Y(®)PI4[g](P) = 0. 1.
o pim CM(Q)W (N (®)PIG[gl(P) =0 (1.9)

REMARK 4. If a = 0, @ = S""! and g is a continuous function on 37, satisfying
faTn g1+ 1Y) "dY < 400, we obtain from (1.4), Remark 1 and Theorem 1 that
Plg,:] [g](x) = o(|x| sec"~! @) as |x| — oo in T}, which is just the result of Siegel-Talvila
(see [9, Corollary 2.1]).

It is natural to ask if 0 in (1.5) can be replaced with a general function g(Q) on
S,(€2)? The following Theorem 2 gives an affirmative answer to this question. For

related results, we refer the readers to the paper by B. Ya. Levin and A. Kheyfits (see
[6, Sec. 3)).

THEOREM 2. Let g(Q) be a continuous function on S,(2) satisfying (1.6 )—(1.7) and
let u(P) be a subfunction on C,(2) such that

lim sup u(P) < g(0). (1.10)
PeC,(RQ),P— 0€S,(Q)
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Then all of the limits V,;, W, V= andW,+ (—o0 < V,;, W, < 400,00 < Ve, W+ < 4+00)
exist, and if

Vi < +oo and W, < +o0, (1.11)
then
u(P) < PIG[gl(P) + WV, V (r) + W, W (r)p(O) (1.12)

forany P = (r, ®) € C,(Q).
As an application of Theorems I and 2, we obtain the following resullt.

THEOREM 3. Let g(Q) be defined as in Theorem 2 and h(P) be any solution of the
Dirichlet problem for the Schrodinger operator Sch, on C,(2) with g. Then all of the
limits Vi, Wy, Vi and Wiy (=00 < VY, Wiy < 400, 0 < Vi, Wiy < 400) exist, and if

Vi < 400 and Wy < +00, (1.13)
then
h(P) = PIG[gl(P) + (Vi V(r) + Wi W(r))e(©) (1.14)
forany P = (r, ®) € C,(RQ).
REMARK 5. Theorems 2 and 3 for a = 0 are due to H. Yoshida (see [13, Theo-
rems 2 and 3 (IT)]).

2. Some Lemmas. In our discussions, the following estimates for the kernel
functions PIG(P, Q) , G4(P, Q) and 9G¢ (P, Q)/dR are fundamental, which follow
from [6] and [2, Lemma 4 and Remark].

LEMMA 1.
dp(d
PIA(P.0) = T VO W (0(©) 0, e
9
(resp. PIL(P, Q) ~ V(i)™ W(t)w(@)%i))) (2.2)

for afy P =(r,0) e C)(R) and any Q = (t, ®) € S,(RQ) satisfying 0 < f < % (resp. 0 <
< 3);

9(©) dp(P)  re(®) d¢(P)
=1 dng |P— Q" dne

PIY(P, 0) <

forany P = (r,®) € C,(Q) and any Q = (t, ®) € S, (22; (‘—S‘r, %r)).

LEMMA 2. If h(r, ©) is an a-harmonic function on C,(2) vanishing continuously on
S,(R2), then

EM Ny, V, W,r1,12) =0

foranyri,r (0 <ry <r, < +4oo)andeveryr (0 <r < +00).
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Proof. Making use of the assumptions on /4 and self-adjoint of the Laplace-
Beltrami operator A*, one can check directly (by differentiating under the integral
sign) that the functions N, (r) satisfy the equation (1.3). This equation has a general
solution

Ni(r) = AV (r) + BW(1),

where r € (0, +00), A and B are two constants. Since N, (r) takes value Ny(r;) (i = 1, 2),
then

Ny(ry = F(r; Ny, V, W, r1, 1),

which gives the conclusion of Lemma 2. U

LEMMA 3. If f(I) is (V, W)-convex on (0, dy) (0 < di < 400), then

exists. Further, if B < 0, then V=Y ()f(l) is non-decreasing on (0, d,).
Proof. Put

_ U
V(s)

where W (I(s)) = sV (I(s)), ["! denotes the inverse I/(s) (see [6, Appendix C] for the
existence of /(s)). Notice that / — 0 as s — oo. Then G(s) is a convex function on
(I"'(dy), +00) from Remark 2. Hence by Lemma 3.1 (see [12, p. 275])
G(s) . fUls) . f()
= lim |

p=lim == = lm ey T im0 <p =+t

G(s) on (I"\(d)), +o0),

exists. Further, if g8 <0, then G(s) is non-increasing and hence V~!(/)f(/) is non-
decreasing on (0, d)). Thus, we complete the proof of Lemma 3. O

It is known that C,(2) is regular, the Dirichlet problem for A and Sc#, is solvable
in it (see [6]). Based on this fact, Lemmas 4, 5 and 6 could be derived from (1.1), (1.2),
(1.4), Remarks 2 and 3, Lemmas 2 and 3 with its means of proof essentially due to
H. Yoshida (see [12, Theorems 3.1, 5.1] and [13, Lemma 3]). Herein, we remove its
detailed proof information.

LEMMA 4. If u(r, ®) is a subfunction on C,(2) satisfying the Phragmén-Lindelof
boundary condition on S,(R2), then

Ny(r) > —o0

for 0 < r < 4ooand N,(r) is (V, W)-convex on (0, +00). If there are three numbers ry,
ry and ry satisfying 0 < r; < rg < rp < 400 such that

éa(ro;Nle Vv Ws r19r2) = 07

then we have that
(D) EE N, V, W,or, 1) =0 (r <71 <)

https://doi.org/10.1017/5S0017089511000164 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089511000164

606 LEI QIAO AND GUANTIE DENG

(2) u(r, ®) is an a-harmonic function on C,(S2;(r1, r2)) and vanishes continuously on
S}’l(Q; (rl ’ ”2))-

LEMMA 5. Let g(Q) be defined as in Theorem 2. Then PI§[g](P) (resp. PI&[|gI1(P))
is an a-harmonic function on C,(2) such that both of the limits Vpjsq and
Wp[gz[g] (resp. Vp[gz[\g” and Wp[é’z[‘g”) exist, and

Vrraie) = Weiglg = 0 (resp. Verzjie = Werzfign = 0).

LEMMA 6. Let u(P) be a subfunction on C,(2) satisfying the Phragmén-Lindeldf
boundary condition on S,(2). If (1.11) is satisfied, then

u(P) = VuV(r) + W W(r)p(©)

forany P = (r, ®) € C,(Q).
By the Kelvin transformation (see [1, p. 59]), Lemmas 3 and 4, we immediately have
the following result, which is due to H. Yoshida in the case a = 0 (see [12, Theorem 3.3] ).

LEMMA 7. Let u(P) be defined as in Lemma 6. Then
(1) Both of the limits V, and W, (—oo < V,, W, < 4+00) exist.
(2) If W, <0, then V=Y (r)N,(r) is non-decreasing on (0, +00).

(3) If V, < 0, then WY (r)N,(r) is non-increasing on (0, +00).

3. Proof of the Theorem 1. For any fixed P = (r, ®) € C,(R2), take two numbers
Ry, R, satisfying Ry < %1, R, > 2r. By Lemma 1, we have

1 +00
L PIA(P. 0)|g(O)ldog < V(r)p(©) [R Y0 ( /d NG <1>)|d%) di

Cn J S,(Qi(Ry,+00))
and

Ry

- PIP, Qle@dag < W@ [ 1wt ([ et o) )
Cn J S,(2:(0.Ry)) 0 90
Thus PIE[g](P) is finite for any P € C,(2) for (1.6) and (1.7). Since PI&(P, Q) is an
a-harmonic function of P € C,(2) for any Q € S,(2), PI&[g](P) € H(a).

Now we study the boundary behaviour of PIE[g](P). Let Q' = (¢, ') € S,(S2) be
any fixed point and L be any positive number such that L. > max{z + 1, %Rz}.

Set xs(z) 1s the characteristic function of S(L) = {Q = (¢, ®); O € Su(2;[Ry, %L])}
and write

PIG[g)(P) = PI 1[gl(P) 4 PIG »[g](P) + PIg 5[gl(P),

where

Cn

1
PP = [ PIye 0xtOxag,

1
PI 5[8)(P) = —

| / PI&(P, Q)g(Q)dog
Cn JS,(2(0,[R1, 3 L])
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and

1
s W X

Notice that PI§ ,[g](P) is the Poisson a-integral of g(Q) xs(z), we have

PIG ,[81(P) = g(Q).

m
PeCy(R2),P— Q'eS,(R)

PIg ([g](P) = O(W(r)e(®)) and PI{ 5[g](P) = O(V(r)¢(®)), which tend to zero from
Olirr(}) 9(©) = 0. So the function PI[g](P) can be continuously extended to C,(2) such
that

PIG[gl(P) = g(Q)

lim
PeCy(Q),P— Q'eSy(R)

from the arbitrariness of L.
For any € > 0, there exists R, > 1 such that

foo YN (/ lg(t, <I>)|d0¢) dt < e. (3.1
3 191

Take any point P = (r, ®) € C,(R2) such that r > %Re, and write
PI[gl(P) < PIi(P) + PL(P) + PI:(P) + PIy(P) + PIs(P),

where
PL(P) = [ 0.1 |PIA(P. O)llg(Q)ldog,
PL(P) = [ 0 0.x |PIA(P. Q)llg(Q)ldog,
PI(P) = [y qqr. <) |PTACP, Q)lIg(Q)ldog,
PI4(P) = fSn(Q;(g,.,g,.)) |PIG(P, Q)llg(Q)ldog,
PIS(P) = [ 1100 1PIS(P, O)I2(Q)ldog.

By (1.4), (2.1), (2.2) and (3.1) we have the following growth estimates:

PL(P) < W(r)p(®) 1V (0)1g(Q)dog
Sn(€2(1,R])
< WEHRA " p(0). (3.2)
PL(P) < W(r)p(©), (3.3)
PI(P) S € V(r)p(®), (3.4)
PIs(P) < eV (r)p(©). (3.5

By (2.3), we consider the inequality

PI(P) S Pl (P)+ Plp(P),
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where
V(W (1)
Pl (P) = ¢(©) ——g(Q)|doy,
Su(Ts(4n30) 4
PlLo(P) = ro(©) LG
SuTi(dr sy [P —QI"
‘We first have
Pl (P) S eV(ne(©) (3.6)

from (3.1).

Next, we shall estimate Ply;(P). Take a sufficiently small positive number ¢, such
that S,,(; (3r, 2r)) C B(P, 4r) for any P = (r, ©) € I1(d>), where

M(d) = {P= () € () inf [(1,0) = (1,2)] < db, 0 <r < ox]
ze
and divide C,(R2) into two sets I[1(d>) and C,(R2) — I1(d>).

If P = (r, ®) € C,(R2) — I1(d>), then there exists a positive d; such that |P — Q] >
dyr for any Q € S,(R2), and hence

PLp(P) S €V (r)g(®). (3.7

We shall consider the case P = (r, ®) € I1(d>). Now put
4 5 - .
H(P)={0 S, ((5n3r)): 278 < 1P - 0 < 26(P)

here 8(P) = inf |P— O|.
where 8(P) Qeg}n(ml 0l

Since S,(Q)N{Q € R": |P — Q| < 8(P)} = &, we have

i(P)

B rp(©)
Ply(P) = ;/;Ii(P) m@(Q)WUQa

where i(P) is a positive integer satisfying 2)~1§(P) < & < 2/P)§(P).
Since rp(®) < §(P) (P = (1, ®) € C,(R)), and hence by (3.1)

® 14
[ 2H0ldog < V@) 0, 0)1dog
) [P — 0l Su@(trtoo)) L
< V(e (O)e
fori=0,1,2,...,iP).
So
PIn(P) S V()p (@), (3.8)

Combining (3.2)—(3.8), (1.8) is proved.
Consider the Kelvin transformation (see [1, p. 59]) K : (r, ®) — (r~!, ®) and apply
(1.8) to the following function u*(r, ®) = r*~"(u o K)(r, ®)), we obtain (1.9) from (1.7).
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Thus we complete the proof of Theorem 1.

4. Proof of the Theorem 2. We remark that

i PI4[gl(P) = d li PIS[|glI(P) = 4.1
e s @ lalelP) =g(Q) and - lim o PIGlIRIP) = 12(O)] (1)

from Theorem 1. For the two subfunctions
U(P) = u(P) — PI§[g](P) and U'(P)=u"(P)— PIS[|g|)(P)
on C,(2), we have

lim sup UP) <0 and lim sup U'P) <0
PeCy(Q).P— 0eS,(Q) PeC(Q).P— 0S5,(R)

from (1.10) and (4.1). Hence Lemma 7 (1) gives that the four limits Vy, Wy, Vyr and

Wy (=00 < Vy, Wy, Vur, Wy < +00) exist.
Since

Ny(r) = Ny(r) = Nppagg(r) and Ny/(r) = Ny+(r) — Npgagen(r),

it follows that the four limits V,,, W,,, V,+ and W,+ exist and that

Vv =V, Wy=W,, Vv =V, Wy =W, 4.2)
from Lemma 5.
Since
UT(P) < u™(P) + (PIglg) ™ (P),
we have

Vu+r <V <400 and Wy+ < Wy < +00
from Lemma 5 and (1.11).
By applying Lemma 6 to U, we can obtain (1.12) from (4.2).
5. Proof of the Theorem 3. Put u(P) = h(P)and —A(P) in Theorem 2. Meanwhile,
Theorem 2 gives the existence of all limits V;,, Wy, Vi+, Wi+,
V(_h)+ = Vh— and W(_h)+ = Wh—. (5.1)
Since
V|;,| =V + V- and W|h| = Wi+ + W, (5.2)
it follows that both limits V), and W, exist. Then we see that Vj+, V-, W+ and
Wi~ < +oo from (5.1), (5.2) and (1.13). Hence, by applying Theorem 2 to u(P) = h(P)
and —A(P) again, we obtain from (1.12)

h(P) = PIG[gI(P) + (Vi V(r) + Wi W(r)p(©)
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and
h(P) > PI[gl(P) + (VV(r) + Wi W(r)e(©)

respectively, which give (1.14).
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