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Abstract  We use the compensated compactness method coupled with some basic ideas of kinetic for-
mulation developed by Lions, Perthame, Souganidis and Tadmor to give a refined proof for the existence
of global bounded entropy solutions to the Le Roux system. This new method of the reduction of Young
measures can be applied to solve other problems.
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1. Introduction
We are concerned with the Cauchy problem for the following nonlinear hyperbolic system:

ug + %(u2 +v), =0,

1.1
vt + 2 (uv)y =0, (11)

with bounded measurable initial data
(u(z,0),v(x,0)) = (ug(x),vo(x)), wvo(z) = 0. (1.2)
The scaling © — 2z allows one to reduce system (1.1) to the following:

ug + (u? +v), =0,

vy + (uv)y =0 (1:3)

which was first derived by Le Roux in [3] as a mathematical model and is therefore called
the Le Roux system.

By simple calculations, two eigenvalues of system (1.1) are \y = u — %D, A2 =u+ %D7
and two corresponding Riemann invariants are w(u,v) = u+ D, z(u,v) = u — D, where
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D = (u? + 4v)'/2. Thus, \; = Ay at point (0,0), at which strict hyperbolicity fails to
hold. The singularity of entropies at this singular point is the main difficulty in dealing
with system (1.1).

Lu [8] obtained the global existence of weak solutions to the Cauchy problem (1.3),
(1.2) by constructing four families of entropies and entropy fluxes of Lax type, while, in
the current paper, we apply the compensated compactness method and kinetic formula-
tion to give a refined proof for the following theorem.

Theorem 1.1. Let the initial data (uo(x),vo(x)) be bounded measurable and let
vo(z) > 0. Then the Cauchy problem (1.1), (1.2) has a global bounded entropy solution
(u,v) with the property v > 0.

Remark 1.2. A pair of functions (u(z,t),v(z,t)) is called an entropy solution of the
Cauchy problem (1.1), (1.2) if

/0 [m upy + %(u2 + )¢, drdt + / uo(x)p(x,0)dz =0,

— 00

/ / vgy + Zuvg, da dt + / vo(x)p(z,0)dz =0
0 —o0 — 00
for any test function ¢(z,t) € C¢(R x RT) and

n(u(z,t),v(z,t): + q(u(z, t),v(z,t)), <0

in the sense of distributions for any convex entropy 7(u,v) of system (1.1), where g(u, v)
is the entropy flux associated with n(u,v).

2. Proof of Theorem 1.1
First consider the Cauchy problem for the related parabolic system:
uf + 3((u)” +0%)s = Ein}
vy + %(uave)m = ev,
with bounded measurable initial data
(u*(z,0),v%(2,0)) = (up(z), v5(x)), (2.2)
where (uf(z),v§(x)) = (up(z),vo(x) +€) * J¢ and J¢ is a mollifier.

Lemma 2.1. Let (u®(x,t),v°(z,t)) € C*(Rx(0,T]) be a local solution of the Cauchy
problem (2.1), (2.2) and let vo(xz) > 0. Then v¢(z,t) > c(e,t) > 0, where the positive
function c(e,t) could tend to 0 as € — 0 or t — oo.

Proof. We rewrite the second equation of system (2.1) as follows:

W+ 2uW, + 2u, = e(Way + W),
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where we omit the superscript € and W = logv. Then
2 2
U 2 u
Wi = eWap We—— 1] — —up — —. 2.
L =€ —i—fs( 35) Y% ~ g; (2.3)

The solution W of (2.3) with initial data Wy(z) = logv§(x) can be represented by a

Green function )
1 _
o)~ e - 20)

Vret det
as follows:
e’} t 00 m 2 2 u2
W:/_Oo G (z—y, t)Wo(y) dy+/0 /_OO [s(wm—&g> —3uz—9€} G*(x—y,t—s)dyds.

(2.4)
Since v§(x) = ¢ and

[e'e] t +oo
/ Gg(l‘—g,t)df:l’ / / |G§(.’L’—y,t—8)|dyd8=2“i€, t >0,
—00 0 —00 ™

it follows from (2.4) that

t [e'e] 2 U;2
W>10g5+/ / (—um—>G€(I—y,t—s)dyds
0 J—oo 3 9e

i > 2 € u2 €
=loge + JuGy(r —y,t—s8) — —G*(x —y,t —s) | dyds
0 Jooo \3 4de

t Cot
>log5—6’1\/;—€2

=—C(e,1)
> —00.
Thus, v°(z,t) has a positive lower bound ¢(e, t). O

Lemma 2.2. The viscous solutions (uf(z,t),v*(x,t)) of the Cauchy problem (2.1),
(2.2) exist globally and satisfy |u®(x,t)] < M, 0 < c(e,t) < v¥(x,t) < M, where M is
a positive constant independent of € and c(g,t) is a positive function, which could tend
to0 ase— 0 ort— oo.

Proof. Multiply system (2.1) by Vw(u®,v¢) and Vz(uf,v®), respectively. Then, by
simple calculations, we have
€
Wi + AWy = EWaz — £(Wyn (US)? + W USVE + W (V5)?) = Wpy — B Waa,
(2.5)
3
2t + M2z = €2z0 — €(Wuy (US)? 4 Wy UEVE 4 Wiy (V)?) = €240 + D WoZo-
Thus, we obtain —M; < z(u®,v®) < w(u®,v®) < M; by applying the maximum principle
to (2.5), where M; is a suitable large constant independent of . This shows that the
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region X = {(u,v) : —=M; < z(u,v) < w(u,v) < My, v > 0} is an invariant region by
Lemma 2.1, so we get the a priori estimates

[uf(z,t)] < M,0 < c(e,t) < v°(x,t) < M, (2.6)
and hence obtain the proof of Lemma 2.2 by [6, Theorem 1.0.2]. O

In view of the estimates (2.6), there exists a subsequence (u®(z,t),v®(z,t)) of the
viscous solutions such that

(u(z,t),v(x,t)) = w* = lim(u®(z,t),v"(z, 1)), v(z,t)>=0.

We shall show that the weak-x convergence is indeed pointwise almost-everywhere con-
vergence.

Now we use the kinetic formulation to give three families of entropy—entropy flux pairs
of system (1.1). Our idea is motivated partly by the argument in [2,10], where some
other hyperbolic systems are treated by the kinetic formulation. Let p = D3, u = u.
Then for smooth solutions, system (1.1) is equivalent to the following:

Pt + (pu)x = Oa
1,2, 1 .2/3 (2.7)

Ut+(§’u +6p )m:(]v
which is just the Euler equations of one-dimensional, compressible fluid flow with v = %
Any entropy—entropy flux pair (77(p,u),q(p,u)) of system (2.7) satisfies the additional

system

o yi 4 L,1/35 G, = pi i 2.8
Qo =uflp+ 50" "Ny Gu = Pilp + Uiy (2.8)

Eliminating g from (2.8), we have the entropy equation
ﬁpp = %p74/3 M- (29)

It is well known that there exists a non-positive bounded measure m(z,t,£) such that
the fundamental solution G(z,t,£) = G(p,& — u) of Equation (2.9) satisfies

0G4 0406 + (1 — 0)u]G = Jeem(z, t,§),

especially m(z,t,£) = 0 for smooth solutions of system (2.7), and the entropies of sys-
tem (2.7) are generated by the following fundamental solutions (see [2,4,5,7]):

Go(p, € —u) = [(w = &€ — 2)]4,

Gi(p§—u)=(§—2)(§ —w)4,

G_(p,§—u) = (w—=&)(z = &4,
since # = 3(y—1) = & and A = (3 —7)/2(y — 1) = 1. Here we use the notation
x4+ = max{0, z}.
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Precisely, one family of weak entropy of system (2.7) is given by

7o) = /R 9()Golp,€ — ) de,

and the corresponding weak entropy flux is

Pl = [ o0 5 Golo.g ~wde.

Two families of strong entropies of system (2.7) are given as follows:

7 (pyu) = / 9(6)Ga(p.€ — u) de,
R

and the strong entropy fluxes ¢+ associated with 7= are

(o) = [ 9O TGl 6 e,

where g(£) is a non-negative smooth function with a compact support set in (—oo, 00).

Because g(§) € C§°(R), the Lebesgue integrals in the kinetic formulations make sense,
and hence the entropies given above touch the singular point (0,0) and are compatible
with this singularity. More precisely, we have the following.

Lemma 2.3. Let n°(u,v) = ijo(p, u), n'(u,v) = 77 (p,u) and n*(u,v) = 7~ (p,u). Then
nt(uf,v%)s + ¢*(uf,v%),, i = 0,1,2, are compact in H~' with respect to the viscous
solutions (uf,v¥) obtained in Lemma 2.2, where q*(u,v) are the entropy fluxes associated
with n'(u,v).

Proof. Let 7 = ¢ — w. Then

ﬁ+<p,u>:/mg@)(s—z)(s—w)ds

= / g(m+w) (T + 2,01/3)7' dr,
0
—2/3 0 ) —2/3 00
ﬁ;r y 3 / g’(7’+w)(7'+2p1/3)7d7'+ '03 / g(T + w)7rdr,
0 0

since w(p,u) = u + p/3, 2(p,u) = u — p'/3. Thus,
= O(p~%/3) asp— 0.

Integrating by parts, we obtain that

/ g (T +w)(r+2p"*)rdr = —/ g(T +w) (21 + 2p/%)dr
0 0

and hence
2p71/3 o)
i =- 3 / g(T +w)dr 0. (2.10)
0
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By the chain rule, we have

7711“; = ﬁ;_ppupv + ﬁ:upv + ﬁ;puv;
7711;1; = ﬁ;ppz% + ﬁjpvw
It is not difficult to see that #7(p,u) is smooth on the variable u, so by the entropy
Equation (2.9), 77},p2 = 75, (u*/(u? + 4v)) is bounded; similarly, 71 p2v and 771, pupu/v
are also bounded. Since 7} = O(p=%/3) as p — 0, we can see that 7 upu and 75, puy/v

are both bounded by direct calculations.
Obviously, system (1.1) has a convex entropy

u? v
n*(u,v) = — —|—/ log v dv
2 0
and the corresponding entropy flux
3

q* (u,v) = Y +2uvlogv
v) = g+ guvloge.

We multiply system (2.1) by Vn*(u®, v®) to obtain
* * * * £\2 ) * €,E * £\2\ __ * €\2 (U;)Q
nt + qz - 577m 6(nuu(u )ZD + nuvumvm + nvv (Uw) ) - Enmw € (ua:) + Ve .

Hence, £(uZ)? and £(vE)?/v® are bounded in Ll . For simplicity, we will drop the super-
script €.
Therefore, multiplying system (2.1) by Vn!(u,v), we have

77151 + q; = 5779101 - E(niuui + 2’[711“}’11111}1 + 7711;1)“92;)

=enk, — cA(p,u)u — eB(p,u, v)ux% —eC(p,u,v)v? —el, (2.11)

where A(p,u), B(p,u,v) and C(p,u,v) are bounded and
I= ﬁj(puuui + 2Pl Vs + poo?) = 377:(112 + 4v)*1/2((u2 + 4v)u? + (uug + 2v,)?)

is non-positive from (2.10).

Multiplying equality (2.11) by a test function ¢, where ¢ € C§°(R x R™T) satisfies
ok =1,0< ¢ <1, K C S =supp¢ is an arbitrary compact set and integrating over
R x R*, we then have

2
// 2e|Ipdxdt = —// en' Guw — € [A(p, u)uZ + B(p, u,v)ulv—w + C(p,u,v)%} ¢dxdt
s s Vv v

- // n'ér +q' ¢p dxdt
S

< M(9).
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and hence compact in W1 for

Vg
)
v

the part 7}, is compact in H~!. Noting the boundedness of 7} 4+ gL in W 1% we obtain
the H~! compactness of 1} + ¢l by Murat’s lemma (see [9,11]). A similar treatment
gives the proof for n2. Since

Thus, e(nl,u2 + 21l v, +nk,v2) is bounded in Li
a constant « € (1,2). Since

loc

1 1/3
_ ; p
(o) = [ (gut p55) + Loy aot 991 = ) ds
~1
(see [7]), we can easily obtain the H~! compactness of 1Y + ¢¥ by similar treatment.
Thus, we obtain the proof of Lemma 2.3. O

Finally, we use a new technique to reduce Young measures. Since the viscous solutions
(uf(x,t),v°(x,t)) are uniformly bounded in L space, by using the representation theo-
rem of Young measures we may consider the family of compactly supported probability
measures v, ;. Without loss of generality we may fix (z,t) € R x RT and consider only
one measure, v. We apply the measure equation to obtain

/ (&1)Gi(&1) dfl/h §2) £2+2u G (&) dés

/ (£)C; (&) d&s / (&)fl”“ Gi(6r) dey

§2+2u

G (&) dEr dée
51 + 2u

Z/g(fl)h(f2) i(&1)

- / 9(E0)(E2)Gi(E) G (£2) Ay ds,

where G; is any one of the three fundamental solutions. Here and below we use the
bar to indicate the usual integration with respect to the Young measure; for example,
G 5) = fG(p,§ - u) dl/(p, 'I.L).

The above equality holds for any non-negative smooth functions g, h with compact

support sets and this yields

§1+2U

&2 + Gi(&1)

Gi(&r)

j(§2) Gj(&)

: 2056 - aule) a5 (6)

Gi(61)G;(&2)- (2.12)

§1+2u

=Gi(&)
_ & 51

In fact, if we choose

mia) 56~ 1.6+ )
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such that g, >0, [, gn(z)dz =1, and
1 1
ha, CSl & — —, —
(z) € Cg (52 - §2+n>
such that h, > 0, [, hn(x)de = 1, then letting n — oo, we obtain the desired result

(2.12). Tt is worth mentioning that the equality (2.12) plays a crucial role later in the
present paper, which is exactly [6, (47)] with § = 1.

Let
Z2— = inf z(p,u), 2t = sup z(p,u),
(p,u)Esupp v (p,u)Esupp v
w_ = inf  w(p,u), wir= sup w(p,u).
(p,u)Esupp v (p,u)Esupp v

If we choose G; = G; = G4 and &1, & € (w—, +00), then we may rewrite (2.12) as

Gi&) ||__1 [u6:&) uGi@)]

1[G4(&)G+(& _ . 913
21G1(6)G+(&) 1 e-alGi(&) Gi&) ] (219
Similarly, choosing G; = G; = G- and &;,& € (—00, 21 ), we have
1 _G_(&)G_(fz) N 1_ _ 1 _UG—(£2) o uG_ (51)_ ) (214)
21G_(&41)G-(&) - §2-& [ G_(&) G_(&1) |
As in [5], we define
+o_ G2(§) —G+(§)
so that (2.13) and (2.14) take the equivalent form:
1 E ey . L [uGL(&) UGi(&)]
3o (&) fo (&2) R [ e e ) (2.15)

Let I,(£) be a non-negative, smooth function with compact support set in (—1/a,1/a)
satisfying I,(§) — 1 as a — 07, let 9,(¢) = 0 be a unit mass mollifier and define
fE = (fi1.,) * 1q. Then, from (2.15), we have that

1TE e R - uG: (&)  uGi(6)
2fe (E)fe (5 fzfl[ai@ G:(&)

Owing to the boundedness of the left-hand side and the smoothness of the right-hand
side, we may now take & = & = £, which shows that

T L [uG(&) uGi(&)
D) 6251[@(52) 26

If we now let @ — 0%, then the left-hand side of (2.16) yields a positive measure,
whereas the right-hand side tends to (9/9€)(uG+(§)/Gx(£)). Thus, uGL(£)/G+(€) and
uG_(§)/G_(§) are non-decreasing in (w_,o00) and (—o0, 24 ), respectively. In a similar

fashion, we find that uGy(£)/Go(€) is non-decreasing in (z_, w4 ).

1

]fa@l)fa(sz) FPa(€1) * al£n).

}Ia@l)fa<52>wa<sl>wa<@> - (2.16)
£2=£1=¢

https://doi.org/10.1017/50013091507000697 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091507000697

On application of kinetic formulation of the Le Roux system 271

Case 1 (z4 < w_). If z; <w_, then we choose G; =G4, G;=Gpand § =& =&
in (2.12) to obtain

uG 4 (§) Go(§) = uGo(§)G+(§).

Hence,

uG ()  uGo(§)

G(&)  Gol9)

for £ € (w_,wy). In particular,

G (© _ uGolw )
E>u-t0 Gi(€)  Golw-)

Similarly, we have

WG () _ uGo()
GO Gl

for £ € (2—, z4). In particular,

L UG _ uGo(ey)
-0 G_(6)  Goler)

Therefore,

uG4(§) > lim uG4 (&) _ uGo(w_) S uGo(z4)
§700 Gi(§) w0 Go(§) Go(w-) Go(z4)
> gim Y90 5 gy WO

0 G(E) o G()
and hence uG4(§)/G+(§) and uG_(&)/G_(&) are constant in (w_,00) and (—oo, z4),
respectively, by the monotonicity of the two functions.

Using the similar treatment in [5], we can finish the reduction of the Young measure
in this case. Indeed, it follows from (2.16) that (fi(€))2 = 0. Hence, fZ(¢) vanishes on
the support of v and, in particular, by letting o — 0, so do fgt (€) and
_ G(pvé- - ’LL)

fS_L(f) = W —1=0, (p,u)€suppv.

This shows that the Young measure must be a Dirac mass.

I

Case 2 (z4 > w_). If z; > w_, then we choose G; =G4, G, =G_and §& =& =&
in (2.12) to obtain uG4(§) G- (&) = uG_(§)G4(€). Hence,

uG 4 (§) _ uG ()

G+(&) G-

for £ € (w—, z4). In particular,

G G () WG uGi ()
Eunt0 GL(e)  G(w) €0 G  Galar)
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Therefore,
%= lim UG () > uGy(z4) = lim @)
£o00 G4 (§) Gi(z4) 22570 G_()
SN 5 BT 0 B Tci (S R
Eowt0 G (&) G_(w_) &= G_(§

and hence uG1(§)/G+(§) and uG_(§)/G_(&) are constant in (w_,o0) and (—o0, z4),
respectively, by the monotonicity of the two functions. Thus, the Young measure v is

also a Dirac mass from the proof of case 1. This is contrary to the assumption z; > w_
since w > z. Thus, only case 1, i.e. zy < w_ is permitted, and hence v is a Dirac mass.
According to the compensated compactness method (see [1]), (u®(x,t),v*(x,t)) converges
to (u(zx,t),v(x,t)) almost everywhere, which is a global bounded entropy solution to the
Cauchy problem (1.1), (1.2). Thus, we complete the proof of Theorem 1.1.
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