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1. This note has i ts origin in the following problem: do 
there exist non-tr ivial increasing continuous functions on [0, l] 
to [0, l] , which map the following sets in [0, l] onto themselves : 
the ra t ional , the algebraic and the transcendental numbers? One 
such function is obviously f(x) = x ; more generally, f(x) = 
(c + l )x/ (cx + 1), with c rational and non-negative, satisfies the 
conditions. Let G denote the space of o rde r -p rese rv ing homeo-
morph i sms of [0, l} onto [0, l] , in the uniform m e t r i c . It fol
lows from Theorem 1 below that the set S of all such functions 
i s dense in G. S i s clearly a subgroup of G and one may ask 
what a r e i ts group-theoret ic p rope r t i e s . We shall not consider 
these questions. 

2. In 1925 Frankl in proved the following theorem [ l ] :if 
X and Y a r e two countable se t s , both dense in (0 ,1) , then there 
exis ts an analytic function f in G, such that f(X) = Y. By a 
change in Frankl in ' s method the above theorem will be genera l i 
zed as follows. 

THEOREM 1. Let { x j and {^} , i = l , 2 , . . . , be two s e 
quences of countable se t s , each set being dense in (0 ,1) . Let 
the sets of each sequence be pai rwise disjoint. Then the re exists 
an analytic function f in G such that f(X^ ) = Ŷ  , i= l , 2, . . . . 

The proof proceeds by the method of successive approxi
mat ions . Let 

X( U.j) ) = (i+J-2) ( i+j- l ) /2 + j 

be the usual 1 : 1 correspondence between the set of ordered 
pa i r s of positive in tegers and the set of positive in tegers them
selves; let i ts inverse be 

%_ 1(n) = (<p(n), O(n) ). 

Can. Math. Bul l . , v o l . 2 , no. 2, May 1959 

71 

https://doi.org/10.4153/CMB-1959-010-8 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1959-010-8


In the sequel only the function (p(n) will be used. At the n-th 
stage of the approximation p roces s a function fn(x) in G is ob
tained which sends cer ta in two points in Xç>/n\ onto two points 
i n Y < # n ) : 

fn<x9(n), y/ (n) > = Y<p(n), oC (n) ' 

fn(x<P(n),y3(n) ) = Y <p(n), X{n) ' 

Here x<p(n) .^ny and Y(p(n) f y(ny a r e the f i rs t two as yet unused 

points of X/wn\ and Y^/ n \ respect ively . In addition fn p r e s e r v e s 

all the correspondences established at the ea r l i e r stages and the 
l imit fn(x), as n-»oo , i s an analytic function in G. 

The f irst few approximations will now be set up. Let 
£^, £2 > • • • t>e a sequence of posit ive constants such that 

T 00 
2 - p i t j = h < 1. 

L e t 

X(?(l),</>(!) ~ X l , l f 

gx(x) = x + a x x ( x - l ) , 

hi(y) = Y+ hlY(Y-l)(Y-Y(p(l)so((l))> 

where a^, b ^ a n d y ^ M j oC(l) a r e so chosen that 

| a i I < e^zi , \bl\< ex/3i , 

YÇ>(l),o((I) = g l ( x Ç>( l ) ,* / / ( l ) ) > 

g i ( x ç > ( i ) , £ ( i ) ) = h i(y<p(i),V(i) ) -

for some x<pn\ /3(1) ' he re y ^ . ^ X*m i s d e * i n e c i t o ke 

y it xif e((l) > 1 and yl ^ 2 if °<(1) = 1. Since Xx and Y} a r e dense 

in (0, 1) the required numbers can be found. 

Consider the equation 

^ ( y ) = gi(x); 
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th is d e t e r m i n e s a function f, in G: 

y = f 1 {x) , 

f l ( x ^ ( l ) , ^ l ) ) = y<p(i),<X(i)' 

h(*<p(i), p(i)) = v(f>(i),niy 

The function f j(x) i s the f irs t approximation to f. To find 

f£(x) introduce f irs t two auxi l iary functions g£( x) anc^ h2(x) and 

four numbers 

xf(2),f(Z)' y<p(2),0C(2) ' 

x(jt>(2),£<2)' YCf>{2),X(2Y 

such that 

g2(x) = g l ( x ) + a 2 x ( x - 1 ) ( x - x 93( l ) , ^ ( l ) )< x - x 9( l ) , y 3( l ) ) ' 

i i2(y)= h i(y)+ b2y(y-1)<y-yçj(i) )y(i))(y-y9(i) ,o<(i))(y-y9(2) )o((2)) ' 

] a 2 ( < £ 2 / 4 i , | b 2 | < £ 2 / 5 i , 

x 9(2 ) ,v ; (2 ) = x <p(2) ) l > 

hl(y<p(2),o<(2)) = g2(xÇJ(2),l^(2)) • 

yÇ>(2),X(2) = > ( 2 ) , 1 i f « < 2 > > ' • 

= y p ( 2 ) , 2 i f <*(2) = x ' 

g^xÇ?(2),^(2)) = h 2(y^(2) ,Jf(2)) • 

By the hypotheses on the s e t s X-miz) an<* ^ © ( 2 ) t l a e required con

stants can a lways be found. Now cons ider the equation 

h
2 ( y ) = g 2 ( x ) ; 

th is d e t e r m i n e s y a s a function of x : 
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y = f 2 (x ) , f2 in G , 

f 2 ( x < # l ) , ¥ > ( ! ) ) -yç>( l ) f 0C( l ) ' 

f 2 ( x 9 ( l ) , / ô ( l ) ^ = y < p ( l ) , 3 - ( l ) ' 

f2<xÇ>(2),y/(2) ) = y<p(2),*<2) > 

V X < £ ( 2 ) , / 3 ( 2 ) > = y<p(2),tf(2) • 

The general method of procedure is now clear - at the (irfl)-th 
stage one determines the two auxiliary functions gn+i(x) and 

hn+^(x) by recursion, and twro new pairs of points in Xm/n+j\ 

and Ym/n+n are made to correspond under fn+^(x). The equa

tion h^fy) = gn(x), which determines fn(x), becomes in the limit 

y+Zj"i V(y-1)(y~y<p(j)><*(j) ) ï ï L i (y->(k),jf(k)><y-yc>(k),oc(k)> 

^x+Zj^iajxtx-ljlT^^x-x^)^^ )(x-X(?,(k) > / 8 ( k ) ) , 

which may be written as h(y) = g(x). Here h and g are increasing 
analytic functions in G and consequently y is thereby determined 
as an analytic function: y = f(x), f in G. 

By construction, each Xj^ is mapped onto some ŷ  ^ and 

conversely, each y- m i s an image of some x • . Since f(x) is 

1 : 1 this completes the proof. 

3. COROLLARY 1. Any function F(x) in G of class C<n), 
whose derivative is bounded away from zero, can be uniformly 
approximated by analytic functions f(x) in G, such that f(X. ) = Y. ; 

the first n derivatives of F(x) are uniformly approximated by 
those of f(x). 

COROLLARY 2. Any continuous function F(x) in G can be 
uniformly approximated by analytic functions f(x) in G, such that 
f(X. ) = Y. . 

The prools oi these corollaries follow exactly the proofs of 
Theorems II and III in [l] . 
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COROLLARY 3. A continuous function F(x) in G can be 
uniformly approximated by analytic functions f(x) in G, which 
map the following sets onto themselves: the rat ional numbers 
in [0, l] , the t ranscendental numbers in [0,1] , and the i r r a 
tional a lgebraic numbers in [0, l] of degree n ^ 2 . Al te rna
tively, f(x) can be so chosen that it maps the set of t ranscenden
tal numbers in [0, l] onto itself and sends each algebraic num- , 
ber x in [0, l] into K(x), the field obtained by adjoining x to the 
field of rational numbers . 

Proof. In each case it suffices to set up the sets X^ and 
Y^ . In the f irs t case let X^ = Y^ = the set of a lgebraic num
be r s in [0, l] of degree i , i = 1 , 2 , 3 , . . . ; the other conditions 
of the theorem a re easily verified. In the second case let x ^ y 
be an equivalence relat ion defined as follows: x ~ y if and only 
if K(x) = K(y). This equivalence relat ion introduces then a 
part i t ion of the algebraic numbers of [0, l] into disjoint residue 
c l a s ses ; there a r e countably many of these and each i s a coun
table dense set on [0, l] ; now let Xĵ  = Ŷ  = the i- th res idue c l a s s . 

It i s easily shown that under the hypotheses of Theorem 1 
the set of all functions f with required proper t ies i s uncountable 
because to any sequences {Xĵ } , {Y^} , one can adjoin (in un-

countably many ways) two new sets XQ aîîrf YQ . When proper 

disjointness and density conditions a r e satisfied, it i s possible 
then to have f(XQ) = YQ a s well as f(Xt ) = YL , i = 1, 2, . . . . 
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