ON A DUAL INTEGRAL EQUATION WITH A
TRIGONOMETRIC KERNEL

by D. C. STOCKS
(Received 31 March, 1976)

1. In this note we formally solve the following dual integral equations:

© u+e “sinhu
L z/z(u)lil-}-Thzu]cosuz du=h (0<z<a), )
l/I—f:i)cosuzdu=0 (a <z < ), 2
0

where h is a constant and the Fourier cosine transform of »~'i/(u) is assumed to exist. These
dual equations arise in a crack problem in elasticity theory.

2. Solution of equations. We follow one of the standard procedures for solving dual
integral equations (see [2]) and seek a solution in the form of an integral that satisfies (2)
identically.

Define a function ¢ by the equation

W(w) =L $()sinuy dy. 3

When we substitute for () from (3) into (2) and interchange the order of integration we find
that (2) is identically satisfied. By substituting (3) into (1) and interchanging the order of
integration in the resulting double integral we obtain

a 2]
j d(y) dyJ‘ [cothu +u cosech? u]sinuycosuzdu =h (0 < z < a). @
0 0

This integral equation does not appear to be easily solvable in a closed form. However, on
noting that —cosech?u is the derivative of cothu we are led to consider the following integral
equation:

Ja é(y)dy Jw [coth (;) +% cosech’(%)] sinuycosuzdu=h (0<z<a) (5)

0

which, for A = 1, reduces to (4).
Now (5) can be written as

i o(y)dy | Acoth Y sinuycosuzdu|=h (0<z<a).
dil Jo 0 A
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Hence, on integrating with respect to 4 we obtain

=]

() dy f
0

0

coth(—}) sinuycosuzdu=h (0<z <a). (6)
Now, by straightforward analysis we find that

f coth (%) sinuycosuzdu = %j coth % [sin(y+z)u+sin(y—z)u] du

V]
7 (y+2)mi (y—2z)nld
4[ th{ > }+coth{ > }]

By integrating with respect to z we obtain

dt| coth hd sinuycosutdu = %log
0 0 )'

A
sinh%(y+z)

7
sinh 1’2_(y-z)

tanhyz+tanhyy
=3Jog| — 12T 4
$log tanhyz —tanhyy|’ M
where y = n4f2. Thus, by integrating (6) with respect to z and using (7), we obtain
4 tanhyz + tanhyy
log| ———————= |dy =2h .
o:i’(y) 08 tanhyz —tanhyy y z (0<z<a) ®)

But tanhyy is a positive monotonic increasing function on (0, 0), and so we can solve (8) by
using a result due to Parihar. (See [1].) The solution is

a2
) = m(y)[ J’os(y)—s(x)dx_*_(*B(s(a)) K\=5m) ()] @<y<ar O

where s(y) = tanh?yy, m(y) = tanh? yy [tanh? ya—tanh? yy}?,

N

where K (k) denotes the complete elliptic of the first kind; (thus K(1) is a divergent integral),

and
tanhya J’ 2hxs'(x) J (y) J ¢ 2hm(x) ]
= dx—2 dy dx 10
{ 0) }[ o ) om() Jo )= () (10)
where the first integral in (9) and the last integral in (10) are to be understood in the sense of
their principal values. On carrying out the integrations involved we find after considerable

effort that

. 2hfsechya—sech?
6(5) = [sechy vyl

ntanhyy[tanh? ya—tanh? yy]*’ (1)
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Hence (3) gives

2h * [sechya—sech?yy]sinuy
sw=2[ L i} LL LA (12
n Jotanhyy[tanh? ya—tanh? yy]
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