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In [2] Hauptfleisch proved that if A, B, H, K are Abelian groups, (j> :A -* H
and xji: B -* K are epimorphisms, then every central group extension G of H by
K is homomorphic image of a central loop extension L of A by B. The aim of the
present note is to prove (using almost the same argument as in [2])

THEOREM. Let B,K be any groups, A a left B-module, H a left K-module,
4> :B -> Kan epimorphism and<j> :A -* Han ontoB-homomorphism. Then every
group extension G of H by K which induces on H the given K-module structure
is the homomorphic image of a loop extension L of A by B which induces on A
the given B-module structure.

(The B-module structure on H is that induced through \j/.)

PROOF. Let 1 -* H -^ G ^* K -> 1, i the inclusion map, be an extension of H

by K which induces the given K-module structure on H. Let {u(k)}keK be a set
of representatives of the elements of K in G with w(l) = 1 (1 denotes the identity
of the group concerned) and g :K x K -* H be the corresponding 2-cocycle.
Then

g(k,l) = 0(1, it) = 1 for every ke K.
Also

k-h = u{k)hu{k)~\ keK, heH.

1 ->ker<f)-> A±> H-+ 1

is a central group extension of the Abelian group ker <f> by the Abelian group H
(in fact it is a B-module extension). Let {r(h)}heH with r(l) = 1 be a set of rep-
resentatives of the elements of H in A. Define a map / : B x B -> A by

f(b,b') = r(<70KH<K&m b,b'eB.

It is then clear that f{b, 1) = / ( I , b) = 1 for every beB. Therefore
L = { (a ,b) /aeA,beB} with multiplication defined by
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(a,b)(a',b') = (a(b-a')f(b,b'),bb'), a,a'eA, b,b'eB,

is a loop containing a normal subgroup isomorphic to A and the loop extension
(prolongation in the terminology of [1])

1 -> A i L £• B -» 1 with

j(fl) = (a, I), P(a',b) = b, a,a' eA, beB, induces the given B-module structure
on A ([1], §11). Define a map 9 :L -* G by

0(a,fc) = 4>(a)u(\l/(b)\ aeA, beB.

Since <p and t/f are epimorphisms and every element of G can be uniquely written
as hu(k), h e H, k e K, 6 is onto. Again

a,b)(a',b')) = 6(a(b-a')f(b,b'),bb') = <t>(a(b • a')f(b,b'))u{^(bb'))

= 6(a,b)0(a',b'), for all a,a'e/l, b,b'eB.

Thus 0 is a homomorphism.
That 0; = (^ and ^/J = a0 are clear.
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