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Shifted moments of the Riemann zeta
function

Nathan Ng, Quanli Shen, and Peng-Jie Wong

Abstract. In this article, we prove that the Riemann hypothesis implies a conjecture of Chandee on
shifted moments of the Riemann zeta function. The proof is based on ideas of Harper concerning
sharp upper bounds for the 2kth moments of the Riemann zeta function on the critical line.

1 Introduction

This article concerns the shifted moments of the Riemann zeta function
T 1 1 .
(T, a1, ) = [) K(E +i(t+ al))|k|((5 +i(t+ ocz))|kdt,
where T > 1and o := a1 (T), & := az(T) are real-valued functions satisfying
(11) |(X1|, |(X2| <0.5T.

These are generalizations of the 2kth moments of the Riemann zeta function

()= [ vinPhar,

since Ix(T) = I;(T,0,0). The theory of the moments of the Riemann zeta function
is an important topic in analytic number theory (see the classic books [8, 12, 18,
24]). Unconditionally, Heap and Soundararajan [6] (for 0 < k < 1) and Radziwilland
Soundararajan [17] (for k > 1) proved that

L(T) > T(log T)¥ .
Assuming the Riemann hypothesis, Harper [5] showed that for any k > 0,
12) L(T) < T(log T)¥ .

Harper’s argument builds on the work of Soundararajan [21], who showed that under
the Riemann hypothesis, for any & > 0, one has
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(13) I(T) < T(log T)* **.
Based on a random matrix model, Keating and Snaith [9] conjectured that for k € N,
(1.4) Ii(T) ~ Cx T(log T)¥,

for a precise constant Cy. By the classical works of Hardy and Littlewood [4] and
Ingham [7], the asymptotic (1.4) is known, unconditionally, for k = 1, 2. Recently, the
first author [14] showed that a certain conjecture for ternary additive divisor sums
implies the validity of (1.4) for k = 3. In [15], the authors have shown that the Riemann
hypothesis and a certain conjecture for quaternary additive divisor sums imply that
(1.4) is true in the case k = 4. This work [15] crucially uses the bounds for the shifted
moments of the zeta function established in Theorem 1.3.
In [1], the more general shifted moments

T L. 2k [ 2k
15 Mu(T.a)= [ G +ilt+a)PR [0+ + ) P,

where k= (ki,....,kn) € (Rs0)” and a=(aj,...,an) € R™, were introduced.
Chandee [1, Theorems 1.1 and 1.2] proved the following upper and lower bounds for
Mk( T, 06).

Theorem 1.1 (Chandee) Let k; be positive real numbers. Let a; = a; (T) be real-valued

functions of T such that a; = o(T). Assume that limy_ . a;log T and limr_, o (a; —
«;j)log T exist or equal +oo. Assume that for i # j, a; # «j and a; — aj = O(1). Then
the Riemann hypothesis implies that for T sufficiently large, one has

2kik
2,42 1 ™
1.6) M (T,a) <y T(logT)k+ " thnte I (min {||, log T}) .
o — &j

i<j
Furthermore, if k; are positive integers, then for T sufficiently large, unconditionally, one
has

2k;k;
My (T, a) > T(logT ki » 11 (mln{| al ,log T}) ,
i<j Qi —

where
{ la; — aj|log T}
{('J)”“r %I 0(1/10g(T))}

For the upper bound, Chandee used the techniques of Soundararajan [21]; for the
lower bound, Chandee’s argument is based on the work of Rudnick and Soundararajan
[19]. It should be noted that there is an omission in Chandee’s theorem statement of
the upper bound (1.6). There should also be the additional condition

(1.7) i+ +ky, <1t

IThe authors discovered that the proof of (1.6) requires the additional constraint (1.7). This is because
on [1, line 5, p. 557] the parameter k must satisfy x* < %. The condition (1.7) follows after a short
calculation which makes use of the definition of the parameter A (see [1, p. 555]). It is possible that by a
different choice of the parameter A, the condition (1.7) could be removed.
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Based on Keating and Snaith’s random matrix model [9], Chandee [1, Conjecture
1.2] made the following conjecture on shifted moments that generalized a conjecture
of Kosters [11] as follows.

Conjecture 1.2 (Chandee) Let k € N, and let o = (a1, a) be as in Theorem 1.1. Then
one has

<k T(log T)¥, if imr_co |y — a2|log T = 0,
LT, o, ) { Rk T(log T)kz, if imr_eo |y — a2|log T = ¢ # 0,

K2
k T( log T ) ’ , zflimT_,oo ‘061—062|10gT: 0.

for—a]

Note that for any positive real k, Mx(T,a) = It(T, a, az) for k = (%, %) and
o = (ay, ap). Therefore, Theorem 1.1 of Chandee has established the conjectured lower
bound for I (T, a1, a3 ). It remains to prove the sharp upper bound for I (T, a1, a5)
in order to establish Conjecture 1.2. In this article, assuming the Riemann hypothesis,
we establish Chandee’s conjecture by proving the following theorem.

Theorem 1.3  Let k > 1be real. Let ay and a, be real-valued functions o; = a; (T) of T
which satisfy the bound (1.1) and

(1.8) g + a| < TS,

Then the Riemann hypothesis implies that for T sufficiently large, we have

2 2
L(T, oy, 000) < T(logT)%ff"(T,Ocl,(Xz)kT,
where F(T, a1, az) is defined by
i ¥)l T > i - < L)
19 ST [P0 EEeT] el g
10g(2+|(X1—(X2|), 1ﬂ0€1—0(2|>m.

We establish this result by following the breakthrough work of Harper [5].

Remarks

(1) This result contains Harper’s bound (1.2) as a special case by setting a; = a3 = 0.

(2) Soundararajan’s method [21] can be easily adapted to the case of shifted moments
as in [1] as it has a natural additive structure. On the other hand, it is not obvious
how to adapt Harper’s method to the case of shifted moments. When there are
two shifts, the argument works by a stroke of luck since we can take advantage of
the identity

(1.10) cos( ;) + cos(6,) = 2cos ( 0 ; 02 ) cos ( 6, ; 0, )

in (3.7). Harper’s method is of certain “multiplicative nature” which allows us to
apply Lemmas 2.2 and 2.3 directly. The above trigonometric identity introduces
an extra “rotation” into Harper’s method. Our main contribution is to show that
such an extra rotation can be handled so that Harper’s argument still works
(see, for instance, our equations (4.7) and (4.12)). It is not clear how to extend
the result to three shifts as there seems to be no good trigonometric identity
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for cos(6;) + cos(6,) + cos(83). Similarly, if one wants to extend the result to
My (T, a) where the components of k = (ki, ..., k,,) are not necessarily equal
and m > 2, one encounters the same issue. Despite this, it is highly desirable
to obtain sharp bounds for My(T, «) in the general case. Recently, bounds for
shifted moments of L-functions have been used in establishing asymptotics for
certain moments of L-functions (see [20, 22]), and it is possible that sharp bounds
for My (T, «) could be used in similar contexts.

(3) This theorem improves the upper bound portion of Theorem 1.1 in the case that
ki = k, = k. Note that there is no restriction on k as in (1.7), and we do not have the
strict condition |a; — a,| << 1. Note that we apply Lemma 2.4 instead of [1, Lemma
3.5, p. 556].

(4) In applications to moment problems, it is crucial to have bounds for shifted
moments when the shifts can be far apart. In our application to I,(T) [15], we
require a bound for I (T, ay, &) when |a; — ;| < V/T.

(5) In this article, we also fill in a gap in Harper’s argument. In the proof of his
Lemma 3, he provides a sketch, mentioning it is very similar to his Lemma 1.
However, when one tries to follow his argument, one encounters integrals of the
shape [ [T, cos(tlog p) I, cos(2tlog q) dt. Consequently, one may not invoke
Proposition 2 in his article. To address this issue, we established Lemma 2.3, which
is required in the proof of his Lemma 3 and is also used in our Lemma 3.3.

(6) In this theorem and throughout this article, whenever we write “sufficiently large
T, we mean that there exists Ty := Ty (k) a positive parameter depending on k
such that T > Tj.

Remark added on September 8, 2023. Recently, Curran [2] extended Theorem 1.3 to
the general shifted moments My (T, «), defined in (1.5), and analyzed the case that the
differences |a; — a;| are unbounded. Also, under the generalized Riemann hypothesis
(for Dirichlet L-functions), Szabé [23] proved a sharp upper bound on moments of
shifted Dirichlet L-functions, which improves the previous work of Munsch [13].

Conventions and notation. In this article, given two functions f(x) and g(x), we
shall interchangeably use the notation f(x) = O(g(x)), f(x) « g(x), and g(x) >
f(x) to mean that there is M > 0 such that |f(x)| < M|g(x)| for sufficiently large
x. Given fixed parameters ¢y, ..., {,, the notation f(x) <q,,.. ¢, g(x) means that the
|f(x)| < Mg(x) where M = M(4;,...,£,) depends on the parameters ¢, ..., ¢,. The
letter p will always denote a prime number. In addition, p;, p%, p;, qi,and q; with i € N
shall denote prime numbers.

2 Some tools

We shall require the following tools, which are fundamental for the argument. First,
by a minor modification of the main Proposition of [21] (see also [5, Proposition 1]),
we have the following proposition providing an upper bound for the Riemann zeta
function.

Proposition 2.1 Assume that the Riemann hypothesis holds. Let Ao = 0.491- - - denote
the unique positive solution of e ™0 = Ao + A3 /2. Let T be large. Then, for A > Mg, 2 < x <
T2, and t € [a1T, c; T, where 0 < ¢; < ¢y, one has
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1.
10g|((£ +1it)|

ssm(z L log(x/p) 5 1.)+(1+A)logT+o(1)'

1. A Ly 1+2it
pex p2Fiogs logx pemin{ s logT) 2P 2 logx

Also, we have the following variant of [16, Lemma 4], which Harper formulates in
[5, Proposition 2].

Lemma 2.2 Let n = pi"---p, where p; are distinct primes, and a; € N. Then, for T
large, one has

fTZT Iﬁl(cos(tlogpi))“‘dt =Tg(n) + O(n),

where the implied constant is absolute, and

o1
0 -1 55 iy

i=1

if every a; is even, and g(n) = 0 otherwise. Consequently, for T large and any real
number y, we have

S, Teos((e ) togp))de = (T gt Oy + O(),

where the implied constants are absolute.

Moreover, we shall require the following further variant of [16, Lemma 4] of
Radziwitl.

Lemma 2.3 Let n=p*---plrpi=t-..p, where p; are distinct primes, and a; € N.
Then we have

f [ (cos(tlogpi))® T[] (cos(2tlogp;))®dt

l<igr r+l<i<s
:Tg(n)-ﬁ-o((plalpf')(l)iiiﬂ ZaS))

where the implied constant is absolute. Consequently, for any real y, we have

/;ZTﬂ(cos((t+y)logp,~))““ H (cos(2(t+y)logp;))*idt

r+1<i<s
= (T +)g(n) + O(ly) + O((pf"+-p2) - (355" p22)),
where the implied constants are absolute.

Proof Following Radziwitl [16, Proof of Lemma 4], for ¢ € N, we can write

1 : . ;
(COS(Cthgpi))“i - F (elctlogp,- 4 eﬂctlogpi)“

_ 1 (ai )+ D L(ai)ei(a,»—zﬂ,»)ctlogpi,
24 ai/z 0<{;<a; 20 E,‘

Citai[2
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where (alj/,z) = 0if a;/2 is not a positive integer. Hence, setting ¢; = 1for 1 < i < rand
c; =2forr+1<1i<s, weobtain

1 a: a:\ .
| e 1 ; i) i(a;i=2¢;)citlogp;
H (COS(C;thgpz)) H 2ai (ai/Z) * Z (éj)e

1<i<s 1<i<s 0<li<a;
Li+a;[2

:g(i’l Z H ,( ) i(ai—24;)c; tlogp,

..... Y l<1<$

where the primed sumis over (41, ..., 4) # (%,..., %) suchthat0 < ¢; < a; for every
1< j <s. Thus, we deduce

f [] (cos(tlogpi))® T[] (cos(2tlogp;))*dt

1<i<r r+1<i<s

- Tg(n) + Z@ 11‘12( )fT (»)dt.

.....

(2.1)

The integrand (*) is
exp (it(bylogpr + -+ + b, log p, + 2b,y1l0g pre1 + -+ - +2bslog ps)),
where b; = a; — 2¢;. (Note that, as later, by, . . ., bs cannot be all zero, and |b;| < a;.) We

then see
2

( )t |b1 logpy + -+ +b,log p, +2b,4110g pryy + - -+ + 2bslog ps|

(Note that the denominator is nonzero since (by, ..., bs) # (0,...,0) and py,..., ps
are distinct.) Grouping together those terms with b; > 0 and b; < 0, respectively, we
can write

|bilogpr + -+ + by log p, + 2b,1log prer + - -+ +2bglog ps| = |log(M/N)],

where M # N are positive integers. Without loss of generality, we may assume M > N
and obtain |log(M/N)| = log(M/N), which is

N+1 1 1 1
Zlog(—) log(1+—)>—> o - o o
N NJ 72N = 2(pfte- pi) (priy - pi®)
Therefore, the primed sum in (2.1) is

’ 1 2a, .
< 3T g(f)- orpe- (g2,
0<li<a; I<i<s
1<i<s

Finally, observing that

1 i 1
S (i) IS 5a(y)= I geens =
..... L 1<1<s 1<i<s 0<l;<a; 20 El 1<i<s 24

we complete the proof. ]
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Lastly, we recall the following variant of Mertens’ estimate (see, e.g., [3, p. 57] or
[13, Lemma 2.9]).

Lemma 2.4 Let a and z > 1 be real numbers. Then one has

3 Y <oslalogp) {= log (min { £, logz}) + 0(1),  iflal < &,

p<s p <loglog(2 +al) + O(1), if|al > ﬁ,

where the implied constants are absolute.

3 Setup and outline of the proof of Theorem 1.3

The goal of this section is to prove Theorem 1.3. To do so, we follow closely Harper [5].
We let 3o = 0 and

20"

Pi= (loglog T')?

for everyinteger i > 1. DefineJ = J5 1 = 1 + max{i | B; < e 9%} For1<i< j<J, we
set

cos % a;—ay)lo log( T#i
5 (5( )logp) log(T% /p)

G Gij(t) = Gijranes (1) = Tt (e H@ra)  log TA)

Thi-1<p<TFi p
For1<i<J, weset

32 FE(t)=Gs(t)= conly (o1 on) ogP) Log(T™: )
. l ; Tﬁi—1<PSTf3i P%+W+i(t+%(al+a2)) 10g Tﬁj

We define
8(0) = 87,4,,4,(0) := {t €[T,2T] | |ReGre(t)] > ﬁ;3/4 for somel1< /¢ < J}.

For1< j<J-1,welet8(j) = 8k 1.a,,a,(j) stand for the set
{t €[T,2T] ||ReGie(t)] < /51._3/4 for every (i, /) € N* such that
1<i<jandi<{<],
but [ReG e (1)] > /3]_31/4 for some j+1<¢' < J}.
Finally, we define

(3.3) T =Tk Toaran = {t €[T,2T] | |ReF;(1)| < /3;3/4 foreveryl<i< J}.

Note that 41 < g <20e7'°°% forany1< j<J-1
Observe

(3.4) [T,2T] = 'US(]') u.
j=0
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In order to prove Theorem 1.3, we shall establish

Z LS( ) K(% Hiles “1))|k|((% +i(t+a))|de

65) e [ RG i a) PG e+ ) e
< T(lOg T)%g(T, 061,062)¥.

Applying Proposition 2.1 with A =1, for sufficiently large T, 2<x < T?, and t €
[T,2T], we have

10g|((%+i(t+oci))|

S‘ﬁe(z L lep) ! ) 8T, o).

p<x pi+ loéx +i(t+a) Ing p<min{/x,log T} 2p1+21(t+m) logx

(3.6)

We further note that the “main term” for the upper bound of log(|¢(5 +i(t+
a1))[F[C(3 +i(t + a2))|¥) derived from (3.6) is

1 1 1 1

k%e Z - - : Og(x/p) + kme Z . - . Og(x/p)

pox Pz+1ogx+1(f+“1) log x pex p5+logx+l(t+a2) log x
oy Sos(C(t ) logp) og(x/p) 5 cos(-(t + a2) ogp) og(x/p)

<k pitioes log x e prtioes log x

1 log(x/p)

=k Gl

p<x pz logx g

cos(; (a1 — az)log p) log(x/p)

Zka PZ; p;+logx+1(t+ (al-sz)) logx

2cos(—(t + %((Xl +a;))logp) cos(—%(cxl —-ay)logp))

(3.7)

where we have made use of the trigonometric identity (1.10). Arguing similarly for the
second sum in (3.6), we arrive at

108(|(( +i(t+ )|k |(( +i(t+a2))[*)
< 2k9e (Z cos( (o1 - ocz)logP) log(x/p) Z cos(((xl—(xz)logp))

o prrmerie i) logx L S 2phiCi(are)
. 2klog T N
log x

(3.8)

O(k).

Theorem 1.3 will be deduced from the following three lemmas.

https://doi.org/10.4153/50008414X23000548 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X23000548

Shifted moments of the Riemann zeta function 9

Lemma 3.1 In the notation and assumption as above and Theorem 1.3, for any
sufficiently large T, we have

1 _ 1 By
/Texp(ZkD%e > C?S(Z(“l a2)logp) log(T /P))dt
te

oo prrWH(H%(“ﬁ“z)) log TBs

< T(log T (F(T, a, ) "
where F(T, a1, az) is defined in (1.9).
Lemma 3.2  In the notation and assumption as above, we have
meas(8(0)) << Te~(loglos o,
In addition, for1< j <J -1, we have

cos(L(a; —az) 1o log( TR
f exp | 2kMe ) 1(21( L 21) 8p) log( fﬁ/p) it
te8(j) jor pz+m+l(f+z(m+az)) log TFi

2 2 1 1/8;
< T(log T)kaT(T, a, ocz)k7 exp (_og(/ﬁ])) .
21ﬁj+1
We shall remark that although Lemma 3.1 and the second part of Lemma 3.2 are
not used directly in the proof of Theorem 1.3, they will be required for the proof of the

following lemma (see, for instance, the argument leading to (6.11)).
Lemma 3.3  In the notation and assumption as above, we have

ftgexp(Zk%e( Z cos(%(oclfzxz)logp) log(Tﬁﬂ/p) + Z Cos((ocl—oq)logp)))dt

1 1 i(t+L . i
p<T#3 p1+ﬂ3 1agr+‘(t+z(“1+“2)) log TBs p<log T 2P1+1(2t+(a1+a2))

<k T(l()g T)% (.'}F(T, a1, 0(2))% >
(3.9

and for 1< j<J -1, we have

./s(') exp(zk%e( Z COS(%(OQ*OQ)Ing) log(T" /p) + Z COS((m—txz)lng)))dt
tes (j 1

1 1 i 1 ; i
psTﬁip2+ﬂil““+l(t+2(al+a2)) lOng" pelonT 2p1+1(2t+(a,+u2))

2 2 1 1/8:
<k T(logT)kT’f(T,ocl,ocz)kT exp —M .
21Bj41

(3.10)

Now, we are ready to prove Theorem 1.3.
Proof of Theorem 1.3 We must show that inequality (3.5) holds. It suffices to
show that each of the two terms on the left-hand side of (3.5) is « T(log T)T

F(T, (xl,(xz)%. By (3.8), we know that log(|¢(3 +i(t+a1))[*|¢(3 +i(t + a))[¥) is
at most
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Zk%e( 5> cos(2 (a; — az)log p) log(TﬁJ/p) . cos((ocl—(xz)logp))

1, +1(t+ (1+a2)) lOg TBs 2p1+i(2t+(cx1+a2))

p<TPs P? ﬁ"ll"gT p<log T

+ Zf; + 0(k).

Hence, (3.9) of Lemma 3.3 implies
[ RG i+ @))FRG + e+ a))de
teT 2 2

- ftﬁexp(ZkiRe( 5 cos(2 (a1 — az)log p) log(Tﬁa/p)+ 5 COS((OCIOCz)Ing)))d

p<Tha p;+ﬂgl gT+l(t+ (a1+a3)) 10g TBs plog T p1+1(2t+(a1+u2))

x ¢2k/Ba+0(k)

(3.11)
<k T(logT) B F(T, o, a2) B :

Here, we have used the fact that e2%/F7 «; 1 as g > 71000k by the definition of J.
Similarly, for 1< j <J -1, we can bound log(|{(3 +i(t + a1))[*|( +i(t + a2))[¥)

above by
ke Z COS( (a1 — az) log p) log(Tﬁ'/p) cos((a; — az) log p)
o piﬂz rogr Hi(t+3 (ataz)) logTﬁJ pglogT 2p1+i(2“’(“1+“2))
2k
+— + 0(k).
Bj

It then follows from Lemma 3.3 that
1 . k 1 . k
—+i(t+ —+i(t+ dt
Jrosgy G i @) i+ )
< k1B o~ (ABi) 108 (/B1) T (10g TY S F(T, ay, a2) 5 .
Since 208; = Bjs1 < Py < 20e71°°%  Jog(1/B.:1) > 900k, and so
2KIB; . o= (21Bj:1) " og(1/Bjsn) _ o2K/Bj=(10g(1/Bj+1))/420B;  ,=0.1k/p;
Observe that J < = logloglog T and
J-1 J-1 o
Ze—O.lk/ﬂj _ Z e*Zk(loglog T)*/20’

(312) i=1
logloglog T
_ 2 (ngZ(]) 2 x
<e 2k(loglog T) i f 2k(10g10gT) /20 dx.
1

-1
log20 u

By the change of variables 20™* = u (with dx = du) we see that the integral above

equals
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_ 1 (10231;51')2 e—Zk(loglog T)? u << (lOglOg T)2 —2k(10g10g T)zudu
log20 TogtogT?
-2k
e
3.13 L —
(3.13) o

Combining (3.12) and (3.13), we arrive at

(3.14)

Z[S( )|(( Lt + )k |(( Fi(t+ a))fdt < T(log T) 5 F(T, ar, ) = .
For j = 0, by the Cauchy-Schwarz inequality, we have

S G il @) i+ an))

(3.15) < meas(S(O))% (fTZT |((% +i(t+ al))|2k|f(% +i(t+ 062))|2kdt)

Using the Cauchy-Schwarz inequality again and the upper bound (1.3) with & = 1, we
see

L7RG iGer @) i )P

2T 1 ) ik % 2T 1 ) ik %
« fT 6 + e+ an))[*dt fT 65 + it + a)) [ de
« T(log T)***".
This, combined with (3.15) and Lemma 3.2, gives
1 1
Jrosio G #ilE+ @D i+ )t

(3.16) « \/Te (loglog T)*/20, VT(log T)2k2+%
< T.

Therefore, by combining inequalities (3.11), (3.14), and (3.16), we establish (3.5), which
together with (3.4) yields

2 2
(3.17) Ic(2T, a1, 00) = It (T, a1, ) < T(log T)kTS"(T, ocl,cxz)kT.

Recall that under the Riemann hypothesis, [{(3 + it)| < (1+ [t])® (see [21, Corol-
lary C]). Hence,

(3.18) Iu(VT, o, a2) = f +1(t+oc1))| \(( Lt + ap))[Fdt « TRetS,

Now, let log, denote the base 2 logarithm, and let j = j( T') be the smallest integer such
that j > log, \/T. Plugging the values T/2, ..., T/2/ into (3.17), we obtain
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(T, a1, 00) = I (T/27, oy, ) << (T/2+ -+ + T)2)F (T, a0, 002) T
2
<STH(T,an,05) 7
This, together with (3.18), completes the proof of Theorem 1.3. ]
4 Proof of Lemma 3.1

Observe that

cos(2 (a1 —az)lo og(T# ;

(4.1) +i(t+3(a+a2))  Jog Ths

I, 1
pSTBU pz BylogT izl

where F; is defined by (3.2). By (4.1), we have

@y [ TexP(zkzm 5 oslzlen —az)logp) log(T/*J/p)) t
te

p<ThI p2+l‘Jl°gTﬂ(t+ 2 (a+az)) log TBs

f TT exp(kRReF;(t))%dt,
€T 12i<9

where we recall that T is defined in (3.3). To proceed, we need the following lemma,
which establishes that each factor exp(k9ReF;(t)) can be replaced by a Taylor polyno-

mial of length 100k 3; 30,

Lemma 4.1 Ift €T, we have

(kReF;(1))" ’
n!

[T exp(k%eF;(1))* « [] >

1<i<J 1<i<J 0<n<100kﬁ73/4
== i

Proof We shall follow the argument used in [10, Lemma 5.2, pp. 484-486]. We begin
by recalling that for any x € R and positive integer N € N, Taylor’s theorem (with
explicit remainder in the Lagrange form) asserts that there exists & between 0 and
x such that

Thus, we derive
]| 4| N+1 E-x  N+1 N .n
(4.3) e [1-¢ |x| <e*|1- ¢ X Z il
(N+1)! N+ ] &n

as & — x < |£- x| <|0- x| =|x|, which follows from the fact that & is closer (than 0)
to x.
Note that when k >1and 1< i <7, B; < By < 20e710°°% which gives [3;3/4 > 1 for

1< i < J. Hence, taking x = k%ReF;(t) and N = [100k[3;3/4] in (4.3), we obtain

https://doi.org/10.4153/50008414X23000548 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X23000548

Shifted moments of the Riemann zeta function 13

n=0 n!

_ —3/4
(4.4) er(o (1 e|kmeF"(‘)||k9%eFi(t)|[1°°k/5,-3/“]“ g [lookz:ﬁ,. ] (ki)‘ieFi(t))"
' ([100kB;*/*] +1)! B '

Using the fact n! > (f)n, we see

olkPeF; (r)||k9%F (t)|[100kﬁ 441 e|k9%eF (t)\|k%eF (1) [100kB] 3/“]+1 [100kB; 4141
([IOOkﬂISM] + 1)| - ([100k/5 3/4] + 1) IOOkﬁ_3/4]

As |ReF; ()] < /3;3/4 for t € T, the right of the above expression is at most

-3/4 _ —3/4 —3/4
elkB; ||kﬁ 3/4|[10()kﬁ. J+1,[100k8**]41 . i

< 101k +1-100log (100) kf,

([100kB; /4] + 1)[100k8, )1
—10kp7*

<e ,
which implies

e|k9‘ieF,-(t)| |k9%eFi(t)|[1°°kﬁ;3“]+l
([100kB;>/*] +1)!

_ —3/4 1 p3/4
>1- ¢ 10KAT > emmkfi (> 0),

where the (second) last inequality follows from the fact that 1 - e™* > e™/* for x > 0.
Inserting this into (4.4), we then deduce

[1ookﬁ;3/"

S ] (keFi(1))"

n=0 n!

3/4

(45) ekmeF;(t)e wkﬁ

3/4
Note that 1'[:,‘]:1 e~ b equals

3/4 1 3/4 J-1 -3,-/4 3/4 1 1_5()3/4,=750k 1
7020 B - 20 -
e wk Z, 1ﬁ =e ~ 10k Z,,o > 10k J 1220 3/4 > e T 10k 1-20 3/4 N

which, together with (4.5), completes the proof of the lemma. [ ]

It follows from Lemma 4.1 that

f [T exp(k9ieFi(£))2dt « &

€T 15i<g
2

(RReF ()|

(46) AR I D>

!
1<i<J \ o< j<100k B>/ J:

In order to simplify the presentation, we set

1 1
y* = E(al +ay)andy” = 5(0(1 -a).
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Expanding out all of the jth powers and opening the square, we see that

e

ng<1<3 [ j)q

(4.7) f [T IT cos((t+y")logp(i,r))cos((t+y*)logq(i,s))dt

1<i<J 1<r<j;
1<s<d;

« T1 TI cos(y™logp(isr)) cos(y™ loga(ivs)),
1<i<T 1<r<j;
1<s<d;

where the first sum is over all
F= oo jo)s £= (0, €9), with 0 < j;, €; < 100kB;>/*,

the second sum is over

p=(pLY,....,p(L 1), p(2,1),..., (2, j2), ..., p(J, js)) and
7=(q(1,1),...,q(1,4),q9(2,1),...,9(2,42),...,9(J, b))

whose components are primes which satisfy

TP < p(is1),. . p(is i) q(is1), ., q(i by) < TP

forany1<i<J,and

(4.8) _ H 1 log(T#7 /p(i,r)) 1 log(T'Bi'/q(i,s)).
p(1 r)z FriesT log T#s q(i,s)%+W log T#hs

Following the argument in [5, p. 10] (see the third displayed equation there), we have

(4.9) [T I1 pGi.r)q(i,s) < T

1<i<T 1<r<j;
1<s<;

By Lemma 2.1 and (4.9), it follows that

f [T IT cos((t+y")logp(i,r))cos((t+y*)logq(i,s))dt

1<i<J 1<r<j;
1<s<d;

(410) =(T+y+>g( 111 p(f,r>q<i,s))+o<|y+|>+o<T°-l>.
1<i<d 1<r<j;
1<s<;

Observe that

(4.11) C(p.4) <D(p,g) =

- lslgﬂlsrsh \/p(l r \/q(z s

1<s<¥;
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Shifted moments of the Riemann zeta function 15

By (4.10), (4.11), and the bound | cos x| < 1 for real x, it follows that (4.7) equals

£;
s T I S8 S (pq)g(n IT pli.nati s>)

gl<1<3 1 p.q 1<i<T 1<r<j;

1<s<d;

(4.12) x [T ] cos(y logp(i,r))cos(y” logq(i,s))
1<i<T 1<r<j;
1<s<d;

(|Y|+ Z f’é)
ng<1<f] p

By the argument of Harper [5, p. 10], it can be shown that the big-O term above is at
most (|y*] + T*1) T (loglog T)? .
The inner summand in (4.12) is

C(M)g( [T II p(iw)q(i,s))

1<i<T 1<r<j;
1<s<¥;

x [T TI cos(y™logp(i,r))cos(y logq(i,s)).

1<i<J 1<r<j;
1<s<¥d;

Since g is supported on squares, this expression is nonzero if and only if

[T II pGi.r)aGi.s) =pi--p%

1<i<T 1<r<j;
1<s<d;

for some N € N. In this case, we have

[T TT cos(y logp(i,r))cos(y logq(i,s))

1<i<J 1<r<j;
1<s<¥;

(4.13) = cos*(y~ logp1) - -- cos*(y~ log pn)
> 0.

By (4.7) and (4.11)-(4.13), we deduce that

K+t e pigy
I<T[] 3 — 5 g(pr---pigqi---qe)
12i<T g e<100p7* J <PrrrppnrqesThi VPUPiQU G

x cos(y~ logpy)--- cos(y~logp;) cos(y logqi)--- cos(y~ logqe)
+O((ly*|+ T T (loglog T)**)
1

- H Z k™ Z — Z g(p1-pm)

. ¥al ..
1<i<d 0<m<2008; 3/4 j+l=m J: o TPi-1<py,...,pu<TPi P Pm
0<j,e<100p;*/*

x cos(y~log p1) -+ cos(y~log pm) + O((Jy*] + T*1) T** (loglog T)**)
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K27 s &)
19129 men00p /T Thot<py, o pusT VD1 Pm

A Y 2 EEREE)
i

x cos(y~ log p1)--- cos(y~log pm) + O((Jy*| + T*1) T%! (loglog T)*¥),

where the last inequality makes use of the nonnegativity of the inner summand. Since
g is supported on squares, we must have that m is even, say m = 2n with n > 0. By
relabeling the prime variables as gy, . . . , §2,, We see that

k2n22n o
414) F<T[] L 8(q1---q20)
1<i<Jd 0915100{3._3/4 (271)! Tﬁ"*1<q1 q;nsTﬁi q1 - qzn

x cos(y~logqy) - -~ cos(y~logqan) + O((|y*| + T*M) T (loglog T)**).

Next, we observe that q; - - - g2, is a square if and only if it equals p? - - - p2 for some
primes p, € [TA"~1, TPi] with 1< u < n. Grouping terms according to q;- - qa, =
pi--py gives

8(q1° - q2n)
i1 <guyequnsThi VAL G20

.....

cos(y logqi)--- cos(y™ logqan)

_ » D g(p--p3)
Thi-1<py,...,pu<TPi TPisl<q,....qun<TPi VPi o ph

,,,,,

ql"'an=(P1"'Pn)2
x cos?(y " logp1) -+ cos?(y " log pu)#{(Plo--» ) | P Py = 1o pu}
g(P%"'P;Za) 2/ - 2/ -
- S P) o (5 log py) -+ cos” (v log pn)
TPi-1<py,...,pn<TPi \/p%p%l

N #H(qu - q2n) | Q1 qon = (Pl"‘Pn)z}.

(4.15) : )1 qon
#H(Ph - P | DL Pl = 1o pa)

In the above, the factor #{(p},...,p%) | p}---pl = pr---pn} " accounts for possible
repetitions when counting squares p7 - - - p2. With this observation, we see that the
first term on the right of (4.14) equals

2” 2... 2
@) T[] % (2k) 5 8Py pn)
12i<7 g<p<10087/4 (2n)! Thici<py, pusthi P17 Pn
(@ o) [ qan = pi o pi}
#H(qr--qn) @ qn=pr--pa}

cosz(y_ logpy)--- cosz(y_ log pu),

where each g; again denotes a prime in (T#-1, T#].
By [5, equation (4.2)], we know

1 = (2a))!
(4.17) g(pt-pn) = 22n n (‘xj!])z

https://doi.org/10.4153/50008414X23000548 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X23000548

Shifted moments of the Riemann zeta function 17

and

= - '

#H(q.an) [ qn=prpa}  ITja(2a))! a;!

whenever p; - -- p,, is a product of r distinct primes with multiplicities o, ..., &, (in
particular, a; + - - - + a, = n). Therefore, the expression (4.16) is equal to

wy A ) @ g =piopn) (20 (Hm )‘1

j1

k" cos’(y~logpy) - -+ cos*(y~log p,)

il X —

19659 ene100p ¥4 1 TP <prnpu<TH pr--pn

1

X —

HFl (Xj!

1 2(y~1 ’
<T H Z '(kz Z cos*(y ng))
1<i<J 03ng100/5f“ n: TPi-1<p<Thi p

2 —
STexp(kz 5 cos(ylogp))

p< TBg p
Hence, we arrive at

(4.19)

ey cos?(5 (a1 — az) log p)

I << Texp (
p<TFI p

) +(ly* |+ TO'I)TO'I(loglog T)Zk.

Since By < 1and cos*(8) = (1 + cos(26)), from (2.2), it follows that

5 cos?(5 (a1 — az) logp) ¥ cos?(5 (a1 — az) log p)

p<ThI p p<T p
(4.20) = % 1 " % » cos((a1 — az)log p)
p<T P p<T p
<1

5 loglog T + %log(&"(T, ar,a2)) + O(1),

where F(T, a1, a2 is defined in (1.9). Therefore, by (1.8), (4.19), and (4.20),
I <y T(log T)gff"(T, a, az)g + T%3(loglog T)** « T (log T)%S"(T, o, (xz)%.
This combined with (4.2) and (4.6) completes the proof of Lemma 3.1.
5 Proof of Lemma 3.2
In this section, we shall prove Lemma 3.2. To begin, we first observe that

cos(; (a1 — az)log p) log(TPi/p) {

=Y G; (1),
%+W+i(t+%((x1+az)) logTﬁf IZ:; ’]( )

p<T?i D
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where G; () is defined as in (3.1). This gives

Lo, — 1 Bj
f exp | 2kRe Z C?S(Z(al @) logp) log(T"/p) dt
teS(j) pSTﬂf p

Foipter i Earea))  log TA)
) [T exp(kReG; ;(£))>dt.
1e8(J) 1<i<j

Similar to the proof of Lemma 3.1, we shall require the following lemma.
Lemma 5.1 Ifte8(j)withl<j<J-1, wehave

(kthi’j(t))n ’

n!

[T exp(kReGi;(1))* < ] >

1<i<j 1<i<j \ o<n<100kp;

Proof It can be proved by repeating the argument for Lemma 4.1 while using
|ReG; (t)] < [31-_3/4 when ¢ € 8(j) (instead of |FReF; ()] < /3;3/4) and the fact that
I, e bl > T el (]
Now, setting
Aj,g = {t € R| |9‘ieGi,j(t)| < ﬁ;3/4, Vi<i< j, but |m€Gj+1)g(t)| > ﬁ;—fl/4}’
by Lemma 5.1, we see
exp(kReG, j(t))>dt
Jesy IL exp(keGi(0)
2
kaG," )"
« [ I > (ReGi; ()" |,
<800 1255 \ o<nsto0kp m

2
(kf)‘{eGi,j(t))"
n!

(5.1) < i fTZT [1 >

{=j+1 1<i<j Ognslookﬁi—:"/“

La,, (1)dt,

where 14, (t) is the indicator function of A; ;.” By the definition of A; s, we know

3/4
La, (£) < (B31ReGaa e (D)™
for any positive integer M. From this point on, we set
(5.2) M =2[1/(10;41)].

It then follows that the last integral in (5.1) is

2For A c R, the indicator function of A is defined by 14(t) =1lifte Aand 15(t) =0if ¢ ¢ A.
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(5.3) f I1

1<i<j

( 2 (km(m) (B} 1ReGj e (D))" dt

0<n<100kp;*/*

@l

1<i<j

( . W(t))) (e (1)) dt

0<n<100kp; >/

as M is even. We shall write the last expression as ( ﬁ )M S where

j+1

Ly L; frmutnt s mytn;

S = Z

mirizo mfreo (m)1(m)l - ()1 (n))!

2T J
« [ (GRG0 TT(ReGyi(0) " ™,
i=1

and L; := 100k/31i_3/4 for 1< i < j. Recalling the definition (3.1) of G;,;(t) and the fact
that Rep 1 (7+32(@1+42)) = cos((t +y*) log p), we have

(ReG,j(1))™
_ cos(y~ log p1) cos((t + y*) log p1) log(T#/p1)
TBi-1 <p1<TI3f Thiz1 <pm.<Tﬁi p1%+ li,‘ngT log Tﬁ]
. cos(y” log pm, )COS((HY )10g pm,) log(TF [ pom,)
pz [}IlogT log TBj
and
(ReGjar, (1))
=y Y cos(y~ logpr) cos((t +y*) logpr) log(TF* /p1)
Fi<p <Pt T <py<Thin pf+w log The
L cos(y” 10gPM)COS((t+Y ) logpar) log(T# [pu)
pz ﬂ[logT log The
M

where we are using py, for 1 < u < M, to denote a prime variable. It follows that

(p-4) Z Cs(p)

i, nl<z<]

(5.4) f H H cos((t+y")logp(i,r)) cos((t+y*)logq(i,s))

1<i<jl<r<m;
1<s<n;

M
x Hcos((t +y7)logp,)dt

x H H cos(y~ log p(i,r)) cos(y logq(i,s) Hcos(y logpy),

1<i<jl<r<m;
1<s<n,
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where m = (my,...,mj), 7= (ny,...,nj), with0 <mj,n; <L; = lOOkﬁi_3/4

G, and p are tuples:
p = (p(LY), s p(Lm), p(2,1),., p(2,m2), .., p(jo m))),
= (L. gL, (2.0 q(2oma)ee o a(jom)),
ﬁ: (P1,~--,pM)>

whose components satisfy

, and p,

(5.5) TP < p(i, 1), q(i,s) < TP and TP < p, < TPin,
Here, we also used the notation
C:2(p,4)

-1 1—[ 1 log(T#/p(i,r)) 1 log(T#/q(i,s))
< (1 r)z ﬁ,logr logTﬁf q(i,S)%JrW lOgTﬁf

>

1<
ﬁ 1 log(T* [p.)
s p%J'W log T#:

Observe that similar to (4.9), by (5.5), we have

(5.6) [T IT p(ir)q(i,s) < T and pr(T‘”“)M < T

1<i<jl<r<m;
1<s<n;

Thus, by Lemma 2.1 and (5.6), it follows that

f H H cos((t+y")logp(i,r)) cos((t+y*)logq(i,s))

1<i<jl<r<m;
1<s<n;

M
(5.7) x [Jcos((t+7y")logpu)dt

u=1

=(T+y" )g( [T II p(irq(is) = I_[Pu)+0(ly ) +0(T*?).

1<i<jl<r<m;
1<s<n;

Using (5.7) in (5.4), we find that

km' K Z C:(p.d Z Cs(p)

(5.8) X((T+y (H [T r(ir)aliss) x Hp)+0|y|+T°3))

1<i<jl<r<m;
1<s<n;

x [T TI cos(y logp(i,r))cos(y logq(i,s)) []cos(y logpu).

1<i<jl<r<m; u=1
1<s<n;
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Observe that

|C2(p> q)| < D2(p,4) and |C5(p)| < D3(p)
where
D (5.d) - 1‘[ L L and Dy(p) -

u
Therefore, we obtain

e £
Bl

k

' z(ﬁ,Q)ZCS(ﬁ)
mn1<1<] psg p

(5.9) x(T+y* )g( [T II p(ira(is) = H )
1<i<jl<r<m;

=1
1<s<n;

1<s<n;

+ &,

where the error term &, contributed by the big-O term in (5.8), satisfies

(P, q)ZDa(p)(ly [+ T°%)).
mn1<1<] 1 p>g

Note that

%Dsoa):( O

M
< (TP)M < TH = T2,
TBf<psTﬂf“ \/ﬁ)

where we used the definition (5.2). Hence, we have

(5.10)

eyl + 10102y T K

m,n 1<i<j

ZDz(ﬁ’Q)-

i b

Observe that

>

. my 2
J k™ 1
i1, 7 1<i< m;! n;! [,Z 2(P24) = g( Z 34 m!( Z ) ) ’

0<m<100kg; TPi-1<p<Thi \/f
The inner sum on the right satisfies

( Z 1) < Tﬁim < TﬁrlOOkﬁi_% Tlookﬁ%
TPi-1<p<Thi VP
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and thus

-

1
ml<isj Mis Niv 55 i=1

2
kmfkniz i) < H ZOM;( > k”’).
0<m<100kp;>* m!

1 1
Y 4
Since ]'IJ T200kB} o TH00KB 0.1 \ve then obtain

Z H (p,g) < TO]HeZk 012k o 01,2k logzologloglogT

m,n1<i<j l l p>q i=1

km, kM

which is < T%!(loglog T)?*. Here, we use the facts j <J —1< log% logloglog T and

@ =0.66.. .. Inserting this last bound in (5.10) yields

(5.11) & < (Jy"|+ 1) T%2 . 1% (loglog T)** = (|y*| + T°*) T (loglog T)*
Combining (5.9) and (5.11), we have

s-2 152 v D)

m, i 1<i<j mil n;! p.d

x(T+y* )g( [T IT pGrq(.s)x Hpu)

1<i<jl<r<m;
1<s<n;

X H H cos(y log p(i,r)) cos(y logq(i,s)) Hcos(y logp,)

1<i<jl<r<m;
1<s<n;

+O((Jy*] + T°?) 7% (loglog T)Zk).

Note that |y*| < T and the main term is nonnegative since g is supported on squares,
following an argument similar to that establishing (4.13). Therefore, we arrive at

kmi Jeni
S<TY JI —ZDz(P Q)ZDa(P
mn1<z<]

(5.12) xg( IT I pG.rq(s)x Hpu)

1<i<jl<r<m;
1<s<n;

X H H cos(y log p(i,r)) cos(y logq(i,s)) Hcos(y logp,)

1<i<jl<r<m;
1<s<n;

+O(([y| + T°*) T3 (loglog T)?*).

Since the two integers within g are co-prime and g is multiplicative, we have

(H [T p(ir)a(iss) Hpu)=g( [T II P(iﬁ)q(iﬁ))g(ﬁpu).

1<i<jl<r<m; 1<i<jl<r<m;
1<s<n; 1<s<n;
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This, together with (5.12), implies
km2m

S«<TI]] > —

1295 o<m<200k B3/

g(pr---pm) - -
(5.13) X "2 cos(y logpy) -+« cos(y log pm)
Tﬁi—1<P1§:-)Pm§Tﬂi VP11 Pm
x > 8L D) oy Togp,) - cos(y” log i)
pl-..pM

Tﬁi<p1 ..... ngT/}i+1
+O((ly*] + T°) 7% (loglog T)%).

Since g is supported on squares, by an argument similar to that leading from (4.14) to
(4.19), we find that the previous expression is bounded by

M2
2(.— 1 2/ —
«Texp|k Y cos*(y~ logp) 5 MM. » cos*(y~ logp)
pSTﬂj P 2 (M/2)' Tﬁj<pSTﬂf'+1 p

+0((ly*| + T*?)T°3(loglog T)**)

- - [1/(10821)]
« Texp (k2 » cos*(y logp))( 1 3 cos*(y logp))
p<t p 2081 i cperhin b
+O((|ly*] + T°*) %3 (loglog T)**).
(5.14)

Indeed, the first exponential factor in (5.14) is derived by using the same argument
from (4.14) to (4.19) while replacing J by j; the second parentheses follow from (4.15),
(4.17), and (4.18) with n = % In addition, the last estimate is due to the following
application of Stirling’s approximation:

M (M/e)M M\MR (1 Mz (1 Mz
2M(M/2)! < 2M (M /2e)M/2 N (Z) - (10e/3j+1) - (20/3j+1) '

Hence, by (5.1), (5.3), (5.13), and (5.14), we arrive at

Lo, — 1 Bi
fs( )exp(zkme > C?S(Z,(al a2)10g p) log(T /p))dt
teS(j

p<Tﬁi p§+m+i(t+%(al+a2)) log TAi

(5.15) < (I- j)Texp(k2 3 COSZ(V‘IOgP))

p<TPi p

1/2 _
X(ﬂm 5 cos’(y~ log p)

(1/(10841)]
Ti<p<Thint p )

+ (3= )(y* I+ 1) 1) (loglog T)*,
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where y~ = 1 (a1 — a3). Recall that J < logloglog T, o = 0, f; = m, and

1
Y. — <loglogT.
p<Th

Observe that for j = 0, the left of (5.15) is meas(8(0)). Therefore, by using the trivial
bound cos? (3 (a1 - a3) logfz) < land the assumption |y*| = |42%2| « T%, we derive
meas(8(0)) <« Te(loglog T)°/10,

Forlsjsj—l,wehavej—jgMand

log 20

210,
cos (2(a1 ay)log p) .

1
— =log B —logB;+o(1) <10.
Thi<p<Thin p TPi<pehin p

Also, we know

cosz(%(cxl —ay)logp)

cos?((a; — ay) 1o
5 (5( ) log p)

<
p<thi p p<T p
~ Z 1+ cos((ag — az) log p)
p<T 2p '
By the above two bounds, (2.2), and the assumption |y*| <« T, we see that the left
of (5.15) is
2 2 log(1/B;
< T(log T)kaf"(T, a, (xz)kT exp (—Og(/ﬂJH)) ,
21/5]‘+1
as desired.

6 Proof of Lemma 3.3

The proof of Lemma 3.3 is similar to the proofs of Lemmas 3.1 and 3.2. One key
difference is that we need to invoke Lemma 2.2 in place of Lemma 2.1. In this section,
we shall establish the estimate (3.9). As the proof of (3.10) is similar, the details shall be
omitted. The integral in (3.9) shall be denoted [, exp(¢(t)) dt where exp(¢(t)) isthe
integrand in (3.9). First, we decompose this integrand in terms of integer parameters
m satisfying 0 < m < %. For each such m, we define

cos( (a1 — az) log p)

2P1+i(2t+(a1+¢x2))

Pm(t) =

om <P£2m+1
and the set

P(m) := {t € [T,2T] ||RePy (t)| > 7m0

(6.1) but [ReP, (t)| < 27"/ forevery m +1< n <

loglog T}
log2 /°
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Observe that

(6.2) Z COS((“I —(Xz)logp) — Z Pm(f)-f- O(l),

pon T 2p1+i(2t+(a1+a2))

where the error term follows from Mertens’ estimate (Lemma 2.3 with a = 0) as

1 log(2log T
> — =loglog(2log T') —logloglog T + O(1) = log log(2log T) +0(1),
log T<p<2log T lOg lOg T
which is <« 1. We now have the decomposition
f;xp@(t)))dt
(6.3) = f ex t t+ / ex t)))dt
R A L
== log2
In order to establish (3.9), we shall bound each of the integrals on the right side of (6.3).
If ¢ does not belong to any P(m), then [ReP, ()| <271 for all n < l°ij§§T.

(Indeed, for those t belonging to none of P(m),0 < m < IOglog L if|ReP,, (t)] > 270

for some 0 < m < loig’olOgT, then |9teP,(t)| > 271/1° for some m +1< L < loglog T
g2 log2
t ¢ P(m). Choosing L to be maximal, we then have [ReP,(t)| < 27"/ for every

L+1<nxloslsl
log2

Re Y pelog T costai—aa) 198 p) _ ()(1). Hence, the contribution of such ¢ to the integral

2P1+1(2t+(¢x1+a2))

which means ¢ € P(L), a contradiction.) For such an instance,

/5 can be bounded by using Lemma 3.1. That is,

t)))dt
oo e SPOO)

(6.4) < / exp (Zki)‘ie
TN(Ny P(m)<)

< T(log T)kT (F(T, 061,062))% .

oTho p;+w+1(t+ (aq+az)) lOgTﬁ7

> cos(3 (a1 — az) log p) 10g(TﬂJ/P)) ;

loglog T
log2 >
to fr‘T (more precisely, the first integral on the right of (6.3)). To do so, we first consider

the case that 0 < m < %

It remains to estimate the contribution from ¢t € T nP(m), with 0 < m <

. In this case, we have

cos((a; — az) log p)
‘iﬁ pg);gT 2P1+1(2t+(0¢1+0¢2))

<Y [RePu()]+0O(1)

<Y R (Dl+ Y Pren(n)]+00)

0<n<m m+1<n<loglogT

> > O,

1
p<2m+l 2P m+1<n <10310g
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where the first O(1) is due to (6.2), and the last inequality makes use of the definition
of P(m) in (6.1). Therefore, we deduce

iﬁe( cos(3 (a1 — az)log p) log(TP /p) . cos( (o1 — az) log p) )‘

+i(t+ 1 (a+az)) log TB3 2p1+i(2t+(zx1+¢x2))

1, 1
p<amt p 2t BglogT p<log T

> . > > T2n1/10+o(1)

< —+
pSZ"‘“ \/I_) szmﬂ 2p er1<n<loglog

1

«< M2,

Thus, we derive

ftT » )exp(zk%e( 5 cos(l(m az)log p) log(T% /p) .y cos(((xl—az)logp))) ,

paThs » ; +ﬁ ‘ T +1(t+ (a+a3)) 10g TBs plog T 2p1+1(2t+(‘11+“z))

1 B
o(ka"?) COS( (0‘1 a2) log p) log(T" /p)
<e exp (Zk%e > G ) log T dt

teTNP (m) 2mH<p<ThI pz ﬂ‘logT

SeO(kzmu)[ exp(ZkSRe > cos(5 (e — a2) log p) 1°g(Tﬁ“/P))
teT

2mH<p<ThI p2+/3 gz HOH (@) log Tho

x (2" ReP,, (1))t
(6.5)

3m/4

(Here, we used the identity [DteP,, (¢)?2" 1 = (ReP, ()22 as 2[2°M/4] is an
even integer.) Let N = 2[23"/4]. To proceed further, we require the following variant
of Lemma 4.1.

Lemma 6.1 Assume 0 < m < %. Ift € T, we have
(kReF;(1))"
n!

[T exp(k%eFi(1))* <« [] >

1<i<d 1<i<d ()<n<10()k/3 3/4

where

cos(; (a1 — az) log p) log(T# /p)

Fi(t) = +i(t+3(ata2))  log TP

T, 1 ']l(zm“,Tﬂu](p)'
Thi-i<p<Thi P2 FolosT

Proof We first claim that if A1 < 2™*1 < T for some 1 < r < J, then r = 1. Indeed,
1
we would otherwise have 2+ > TPt = T GeslosD? | which contradicts the assumption

0<m< %. Consequently, when i >2, we know |[ReF;(t)| = |ReF;(t)| <

B; 3/ for t € T. On the other hand, for i = 1, we can write

B COS(%(“I - az)logp) log(T#’ /p)
F()= Y S (@ra)  log TR

L gmn, 7857 (P)

1,1
1<p<Th p? PolosT
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cos(; (a1 — az) log p) log(T#" /p)

+i(t+ 1 (m+az)) log TBs ’ ]l(l,z"’*l](p)

=R(H)-

1, 1
1<pST'51 pz BglogT

= Fi(t) + 0(2"?).

Observe that 2™/2 < loglog T as 0 < m < %, and recall [ReF;(t)| < [31_3/4 =

(loglog T)*/? for t € T. It then follows that [ReF (t)| < 1.01ﬁ;3/4 (for all T sufficiently
large). Therefore, we can establish the desired upper bound by a slight modification of
the proof of Lemma 4.1 while using [ReE; ()| < 1.01/3;3/4 fort € Tand1< i <J(inthe

place of [ReF; ()| < ﬁ;3/4). u
Writing
ReP, (1) = Z cos((2t + (a1 + az)) logq) cos(((xl—az)logq)’
2mcqaml 2q

by Lemma 6.1, we derive

54
cos( 1 _ 1 B
::[ exp | 2kRe Z ?S(ZI((XI - (le) °8p) log(T™ /p) (%er(t))th
teT i1 pehs p5+W+l(t+5(a1+az)) log T#s
kit Kt
j2 1<i<d Jji! &i! pd
H L ymen, 7857 (P (i 7))L (o 7857 (q (55 )ZC4(CI)
1<i<T 1<r<j;
1<s<¥;
2T
f H H cos((t+y")logp(i,r))cos((t+y")logq(i,s))
<i<J 1<r<j;
' 1<s<é
N
x [T cos(2(t+y")logq,)dt
v=1
x H H cos(y log p(i,r)) cos(y logq(i, s))Hcos(y logq,),
<i<J 1<r<j;
! }<S<é
(6.6)

where j = (ji,...,j9), £ = (b1,...,0), with 0 < j;, £; < 100k/31._3/4,andﬁ, g, and § are
tuples:

p=(p(L1),....p(L j1), p(2,1), ..., p(2, j2),-- - p(J, j7))s
=( (L1),...,q(L4),q(2,1),...,9(2,42), ..., q(3, £9)),
q=(q--->qm)
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whose components are primes which satisfy
TP < p(i,1), ..., p(i, ji), q(is1), ..., q(i, €;) < TP and 2™ < q, < 2™
Here, C(p, q) is defined as in (4.8), and

N
Ca(d) = H 5.

v=1 2C|V
Applying Lemma 2.2, we see that the last integral in (6.6) is
N 4
(r+y)g TT TT p(ir)aCis) x [Tay |+ 0(1y*] + O(roiaethstesnos ™,
1<i<] 1<r<j; v=l
1<s<d;

where the last big-O term is due to the bounds (4.9) and

q% . qi’ < 22(m+1)N < 26(10g10g T)(log T)S/4

by 2™ < qy,...,qn < 2™ and 2™ < log T. Thus, we derive

- ki kb L
I=2 11 577 2¢0:9)
Gi1sisy Jit Yit 5 g
x [T TT Tame, 0y (P(ior)) L gmen 7857(q (i) x 3 Ca(@)
1<i<J 1<r<j; q
1<s<¥;
N
x| (T+y)g| TT TI pG.r)aGis) || TTa
1<i<T 1<r<j; v=1
1<s<¥;
(6.7) +O(|y*t| + TO120(eslo T) (log T)m))
N
x [T ] cos(y logp(i,r))cos(y logq(i,s)) []cos(y loggy).
1<i<T 1<r<j; v=1
1<s<¥d;

(Here, we used the fact that none of p(i,r) and q(i,s), appearing in g, equals g,
for any v. It is because of the factor L w185 1(P(i,7)) L (pmer 1857(q(i>5)), which
forces p(i,r), q(i,s) > 2™*! > q,.) From an argument similar to the one below (4.11),
it follows that the contribution of the big-O term on the right of (6.7) to .#is

1

« (|y+| + T0.126(10glog T)(log T)3/4) TO.I(loglog T)Zk,

2m<qy,...,qn<2mtl qi---

which is < (|y*] + TO*°M) 1% (loglog T)?* as the sum above is equal to

N
N
> ! s((z’”“—z"’)im) =1
2"'<q§2"'+1q 2
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Now, arguing as in the proof of Lemma 3.1 (leading from (4.12) to (4.19)), we can
bound .# by

5 cos?(5 (a1 — az) logp)

« Texp (k2
p<TFI p

IL(2"'+1,Tﬁu](17))

« 9mN/10 > gar---an) £ (ly*| + TOH° WY T (1og log T) K
2M Ly, qN<2mHL qi- - qN

N/2
< Texp(k2 D COSZ(;(al—“z)logp)) sz/loN!( 1)

X
2m+1<psTﬁf] p 2N(N/2)'

2m<gg2mtl q
+ 1% (loglog T)Zk
(6.8)

as|y*| = |%| <« T%%. Hence, by (6.6) and (6.8), combined with (2.2), the left of (6.5)
is

m/2 3m/4 2 2
« 02" (2’”/5 L 23ml4 _m)[z ] T(log T)kT.rI"(T, 061,062)kT

m/2 3m/4
(6.9) « e0(R2"7)-2 T(log T) 9’(T (xl,ocz) T
Second, we evaluate the contribution from ¢ € T n P(m) with %
loglog T
log2

<m<

. We shall consider

f 1di < f (zm/IO%er(t))z[fm/zl] d
teTNP(m) teT

Following the previous argument in (6.5) with the exponential factor replaced by
1, one can show that meas(T nP(m)) « Te"2""" . So, for 2 > (loglog T)?, we see

meas(T N P(m)) « Te~(loslos 1 In addition, the Cauchy-Schwarz inequality tells
us that

J. exp(kae( > C?S(l(“‘ a2)logp) log(T% /p)
teTNP(m)

p<Ths p? +iiegr it (mra))  log Tho

2p1+i(2t+(a1+o¢2))

- cos((ocl—ocz)logp)))dt

p<log T

1
« eklogloglogT f exp (Zkiﬂe Z COS( (061 “Z)Ing) log(TﬁJ /P) ) dt
teTNP(m)

piThs p;+ﬂJ o7 Hilt+ 3 (ata)) log TBs

L 1 B H
« (loglog T)* (ftﬂm)(m) exp (4k9%2 > cos(a (a1~ o2) 108 ) log(T /p))dt)

piThs P;+ﬂJ 1ogT-H(t+ (a1+a3)) log TBs
x (meas(?’ﬁ?(m)))%.
(6.10)
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As Lemma 3.1 gives

cos(5 (a — az)logp) log(TP? /p) 2
4kR 2 dt T(log T 4k ,
fte%?(m) or ‘ pszm pri T it (ara))  log TR <« T(logT)

we see that (6.10) is bounded by
(6.11) <k T~ (loglog T)S/z.

Finally, we conclude the proof by combining (6.3) with the bounds (6.9) (0 < m <

2logloglog T 2logloglog T loglog T
%ggzog)and (6.11) (%ggz‘)g <m< Oﬁ);g )for [.p(my exp(@(t))) dt and the

bound (6.4).
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