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ON A SUM OF DIVISORS

HISASHI YOKOTA

ABSTRACT.  Let I(N, r) be the minimum number of terms needed to express r as a
sum of distinct divisors of N. Let I(N) = max{l(N,r) : 1 <r < N}. Then for Vose’s
sequence {N; }, I(N;) =< /log Ny, improving the result of M. Vose.

1. Introduction. For N a positive integer, we denote by /(, r) the minimum num-
ber of terms needed to express r as a sum of distinct divisors of N. Let I(N) =
max{I/(N,r) : 1 < r < N}. Then it is not hard to see that I(N) is defined for all N
with the property d;,; < th::ld,- +1,where ]l = dy < d, < --- < d, = N are the
divisors of N. For those N having the above property, we are interested in the behavior
of I(N). Note that if I(N) is defined, then I(N) < log N/ log?2. First question arises here
is the existence of N satisfying /(N) = o(logN). Erd6s [1, 2] answered this by showing
for N = n!

I(N) = l(n!) < n = O(log N/ log, N)

and conjectured
l(n!) = O(log, n!).

Furthermore, he asked the existence of N satisfying
I(N) = o(logN/ log, N).

Vose [5] answered the latter question by constructing a sequence {N, } of positive integers

satisfying
I(N) = O(y/log Ny),

and currently this is the best bound known for all sequences {N,} of positive integers.
Tenenbaum and the author [4] were able to show that for N = n!

IN) = I(n) = n/(logn)?* = o(log N/ log, N).

In this article, we first characterize a necessary condition for N to have I[(N) =
o(log N/ log, N) and then show the bound I(N,) = O(y/log N;) for the Vose’s sequence
{Ny} can not be improved.
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2. Main theorems. Before stating results, we establish some notation and termi-
nology. We use the standard notations f = O(g) and f < g to mean that |f| < Cg for
some positive constant C. The expression f = o(g) means that f/g — 0, and f =< g
means that f is of the same order of magnitude as g. As usual, we let log; denote the
Jjth-fold iterated logarithm. For real x, 1 < x < N, we let d”(x) and d*(x) be consecutive
divisors of N such that d—(x) < x < d*(x).

By Vose’s sequence {N;}, we mean by the following: N, = 22%¢ [1*_, p?, where
p2 < p3 < -+ < p are odd primes such that

(1) max z—_,. &-(logd*(i) —logd=()) < (2/3)

(2) logp; <1

(3) o may be any sufficiently large integer.

THEOREM 1. Let {N;} be a sequence of positive integers satisfying the following

conditions:
1) Ny =1, Ny|Niyp, (k= 1,2,...), log, Ny < logk
d—() 1
2) max, ;. Nko(l - d*(:)) <3

3) max\/,vkqsm(d*(i) - i) < igy for k > ko, where &, = exp{—(logk)®} with
0 < 3 < log, N/ (logz Ny — log2).
Then

I(Ny) < exp{log, N, — B(log; N, —log2)}.

In Theorem 1, the upper bound of /(N) is heavily dependent on the existence of a
divisor of N in the small interval near v/N. On the other hand, in the following theorem,
we obtain the lower bound of /(N) in terms of the number of divisors of N.

THEOREM 2. For all N that defines I(N),

logN (1 . log, N — logzr(N)>'

i) > log 7(N) 2log 7(N)

With Theorem 1, 2, we can show that the bound I(N;) = O(y/logN;) for Vose’s
sequence {N,} can not be improved. In other words, the algorithm used to obtain the
upper bound of /(N,) where {N,} is Vose’s sequence is best possible.

COROLLARY 1. Let {N;} be Vose'’s sequence. Then

I(N) = +/log Ny.
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3. Proof of theorems. We start with the proof of Theorem 1. Let  be an integer such
that 1 < r < N;. We will construct a strictly decreasing sequence d; > dp > -+ - > dj, of
divisors of Ny such that r = Y  di. Putr = ro, r; = r—Y_, di j > 1).Let Z = /Ny 11
Then r lies in one of the intervals of the form (1, Z], (Z, v/Ni1, (v/Ni, Ni / Z1, (N | Z, Ny .
We will show that r, < N, / Z with b < 1. Suppose that rgp > N; / Z. Otherwise put
b = 0. Let d; be the largest divisor of N, not exceeding rp. Then by condition (2),

rn=r—d <d,

and the equality is only possible if r; itself is a divisor of N,. If r; < d,, we iterate this

procedure and obtain
b Nk
rp=r—y.di<—.

Notethatr, =r, 1 —dp, < dpand b < 1.

We will show that r;, < 1/Nj with h—b < exp{log, Ny—B(log; Ny —log 2)}. Suppose
that 7, > +/N;. Otherwise put & = b. Since Z < Ny /r, < 4/Ni, we let m; be the unique
integer such that

N,
Nm, < "_k S Nm,+l~
Tp

Note that ky < m; < k. Now by condition (3), we have

w(ﬂ) <Meiien).

Iy rp
Thus N N N
_ Yk Nk +( Yk
a em.)d*(rb) <t<d (rb).
Set dpyi = Ni/d*(Ni/rs). Then we see that dp. is a divisor of Nj since

d*(Ni/ ry)|Nm, | Ny by condition (1). Now

b+1
0<rpi=r—> di=ry—dp

=1
<rp—rp(l —&m)
= rbeml.

Note that dpyy < rp < dp. If rpey < /Ni, we put h = b + 1, otherwise we repeat the
application of condition (3) and produce

N N
d*(—i) <5 (1 +em)
b+l b+l

my such that \/Ny,+1 > Ni/Tpe1 > 15/ 1hi1 > 1/, Since 10g, /Nme1 <K logmy by
condition (1), we have

withdpsa = Ni/d*(Ni/rpe1) and O < rpyn = Fpii — dps2 < Fpr1€m, < T'bEm, Em, fOr some

em, = exp{—(logm)’} < exp{"(% logz(;,l,,_))ﬁ}

1
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for some positive constant ¢c. Moreover dpi2 < dps1 for o) — dpet < —(1 = 2ep, )1 <
0 < rps1 — dpyo. Iterating the procedure, we eventually obtain r, < \/_N—k Since rpy; <
TbEm Emy " * " Em; and kg < m < my < .-+ < m <k, we estimate i by using the
inequality

Toej < 1pYj,

where V; = €m,Em, ** * Em satisfies
Vir1 < 71'(”(1’{'(l logz(i))ﬁ}
c Y2
for some positive constant c. A simple computation yields log(1/7;) > j(logj)’. We
note that since r, < Ny, rp4; < +/Nj provided log(1/7;) > log N; /2. Now let

Jjo = exp{log, Ny — B(log; Ny — log2)}.

Then
log jo + Blog, jo = log, Ny — B(logs Ny — log 2) + 3logs Ny
B(log; Ny, — log 2)
log{1 — .
¥ og( log, Ni >

Since 0 < 3 < log, Ny /(log; Ny — log 2) by condition (3), we have
logjo + Blog, jo > log, Ni.

Thus we have ry,; < /Ni with j < exp{log, Ny — B(logz N, — log2)}.

We now show similarly that r,,; < Z holds with | < exp{log, N, — B(log; Ny —
log2)}. Let ¢; be defined by m <rp <4/Ng+1.Then g <k.If g1 < ko, then we are
done, so suppose otherwise. Then we can apply condition (3) to obtain

0 <rp1 =1y —dp < rpq,,

for some divisor dy.1 of Ny, |Ny. As before dp,; < dj since r, — d, < 0. Iterating, we

obtain
h+j

Thij =Th— ) di

i=h+1
< ThEq Eqy t  Egy
where k > g1 > g, > -+ > g; > ko. Suppose that [ can be defined by the condition
ThEg, ** Eq < Z S ThEq " Eq -

We reindex g; according to increasing size by letting e, = ¢,,_,.,. Let §; = &5, €5, - €p,s
where ko <py <p, <--- <p;--- <p; <k Then

5j+l = 6jEPj+l
= §;exp{—(logq;_)"}
< §;exp{—(logq;_j+1)"}

<s0n{~(Lios, )}
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for some positive constant c. Since /Ny, ., > ryyj and

Thit S htl—j€qij€qija """ Eq
= Th+l—j€p; " " " Ep2Epi»

we have
1

8ir1 <§; CXP{’(%IO&(EJ.))B}

for some positive constant c. As above we have log(1/6;) > j(logj)®. Since 0 < B <
log, N/ (logz N; — log2) by condition (3), we have r,,; < Z with [ < exp{log, Ny —
Blogs Ny ~log2)}.

It remains to show that r,, = O withm — (h+ ) < 1. Since ryy; < Z and djy; > rpy,
we let dj,;4; be the largest divisor of Ny not exceeding rp,;. Then by condition (2), we
have

Phatel = That — Aot < dpaiet < Thot < dpay.

We iterate this procedure and obtain in a finite number of steps

m
I'm = Thy — Z d;=0.

i=h+l+1

Thus m — (h +[) < 1. Therefore
I(Ny) < exp{log, Ny — B(logs Ny —log2)}.

PROOF OF THEOREM 2. Letl =d; < d; < --- < dyn = N be the divisors of N.
Then the number of distinct subset sums

T(N)
S(N) := card{}::1 die; : €i = Oor 1}

is at most 2"™. Since 2™ > N, we must have 7(N) > log N/ log2. Now let o(i, N)
denote the number of distinct subset sums of i distinct divisors of N whose sum is less
than N. Suppose that we can express all r,1 < r < N, as a sum of at most m distinct
divisors of N. Then the maximum number of distinct subset sums we can obtain by using
at most m distinct divisors of N whose sum is less than N is

m

3 0(i,N).

i=1

Since o(i,N) < ("™) forall i = 1,2,..., N, we have

i (T(l. ) > ia(i,m >N.

Note that we can assume 7(N) > 3m — 1, otherwise m >> log N and there is nothing to

prove. Then
m (r@) <2 <T(N)>.
i=1 1 m
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Thus
2(7(:"\/)) >N.
Now
)\ _ TN — 1) (TN) —m +1)
m | m!
_ ()"
- m!
erN)\m 1
S< m ) \/27rm‘

Thus we have

(eT(N))m > N\/22m >N,

m
Let
e — log N (1 N log, N — long(N)>
07 logr() 2logT(N)
Then

mo(logT(N)— logmg + 1)
_ logN log, N — log, T(N)
- ]ogT(N)(l BT )(logT(N) logmo +1)
log, N —log, 7(N) log, N —log, T(N) — 1
< —
- logN(] * 2logT(N) )<1 log T(N) )

<logN.

Thus
m >

logN <1 + log, N — log, T(N))
log T(N) 2logT(N)
Therefore

logN log, N — log, T(N)
N> e (1 T Zlogr V) )

PROOF OF COROLLARY. Since N, = 22%€ [T, p2, where py < p3 < --- < py are
odd primes such that

(1) max x—_ i (logd* (i) — logd™())) < (2/3)*

(2) logp <1

(3) a may be any sufficiently large integer,
we have .

log VN = ak?log2 + Y logp, < 2ak*log2
=2

for sufficiently large a. Thus

/Nk S 220‘/(2‘
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Therefore max, ., (1 —d=(i)/d*(i)) < 1/2is satisfied by the divisors of 22°%'. We

also have
20k* < logN, < dak?.
Thus
(log, Ny — log4a)/2 < logk < (log, Ny —log2a)/2.
Now by (1)

ox((5) < (5

where v/N;_; < i < 4/Ny. Since —logx > 1 — x, we have
i d*(i) 2\k
< —
1 log( i ) < ( >

At 3
which implies that for some constant ¢
1+ k
a@) | < c2 .
i = 3k — 2k

Let e, = exp{—(logk)’} = c2*/(3¢ — c2%). Then (logk)’ = klog(3/2) + log(1 —
c(2/3)") — logc. Thus

logk + 1og(1og(3 /2)+ (log(1 — c(2/3)¥) — logc) /k)
- log, k

Since (log, Ny — log4a)/2 < logk < (log, Ny — log2c)/2, we have

log, Ni — log4a + 1og(1og(3 /2)+ (log(1 — c(2/3)*) — logc) /k)

8>

= 2(logs Ny — log 2 +log(1 — log 2ar/ log, Ny)

and
log, Ny — log 2a + log(10g(3/2) + (log(1 — c(2/3)") — logc) /)

<

- 2(logy N; — log 2 + log(1 — log4ac/ log, Ny) ’
yielding

log, Ny — 2log4a <g< log, Ny — log 2«

2(logz Ny —log2) =" — 2(logzs Ny — log2 — 3log4a / 2log, Ny)
log, Nk

= 2(log Ny, — log2)’
Since Ni| N1, we may apply Theorem 1 to obtain
I(N;) < exp{log, Ny — B(log; N, —log2)}
< exp[ % log, Ny + 10g4a}

< (/log Ny
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On the other hand,
log T(Ny) = log((2ak® + 1)3*) < k

and k =< y/log N;. Thus by Theorem 2, we have

I(N;) > +/log Ni.
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