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A b s t r a c t . The probability for collisional interaction of three body bina-
ries is calculated as a function of the physical radius and mass of the stellar 
objects and the depth of the cluster potential well. For typical cluster pa-
rameters, there is a significant chance of physical collision for objects as 
small as white dwarfs. One consequence of the collisions is to lower the 
amount of heat produced from hardening a binary, thereby diminishing the 
efficiency of the three-body heating mechanism. 

1. I n t r o d u c t i o n 

When a cluster undergoes core collapse stellar interactions tend to harden 
the binaries and some of these encounters lead to physical collisions. In 
this paper, we explore the frequency of stellar collisions involving binaries 
formed as a result of three-body encounters (3B binaries, hereafter). Such 
binaries are born when the core reaches high densities, interact predomi-
nantly with stars in the core and release heat at a rate that roughly balances 
the t ransport of energy to the outer regions of the cluster by gravitational 
relaxation (for a review Goodman 1989). Some of the encounters eject stars 
and /or binaries from the cluster center; some lead to physical collisions. 
Generally, it has been assumed that finite size effects are unimportant for 
the case of 3B binary heating, an assumption explored here in some de-
tail. By way of contrast, it is well-known tha t finite size effects are crucial 
to understanding the role of two-body binaries (binaries formed in dissi-
pative encounters of two single stars, hereafter 2B-binaries). For example, 
the cross section for the formation of 2B binaries is the subject of ongo-
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ing work to disentangle the events that lead to collisions and mergers from 
those tha t actually produce binaries (Kochanek 1992, Mardling 1995ab). 
Collisional processes will limit the ability to extract binding energy since 
a strong encounter with a free star often yields a complicated hydrody-
namical interaction instead of a more tightly bound binary (Davies, Benz 
and Hills 1993, 1994). Clearly, the efficiency of cluster heating is altered by 
these collisional effects. 

Under typical cluster conditions, newly formed 3B binaries have large 
semi-major axes compared to the stellar radii of main sequence or compact 
constituents. Let χ = Eb/msa

2 be the binary hardness, where E\> is the 
binary energy, ms is the mass of a single star, σ3 is the one-dimensional 
velocity dispersion of the singles and we assume that the translational de-
grees of freedom of binaries and singles are in thermal equilibrium. Then 
χ = 4 .4(AU/a) ( [ ra im2/m 3 ] /M0)( lO k m / s / a 5 ) 2 where a is the semi-major 
axis and m i and rri2 are the mass elements of the binary. 3B binaries form 
at small χ and harden until the recoil from a strong encounter liberates 
them from the cluster potential. For an average energy change of 0.4i?b, 
ejection occurs for hardness xc = 2.5(rai + rri2)(rai + rri2 + τη3)Φ(0)/τη2σ2 

where Φ(0) is the depth of the potential in the core. The corresponding 
semi-major axis is a c / A U = 2.1 x 10~ 2y(10 km/s/a 5 )

2 (14a 2 /<ï>(0)) , where 
y = ([6τηιπΐ2τη3/(mi + 777.2) (rai + 777,2 + m s ) ] / o r a c = 4.6#0 for the 
fiducial parameters. The experiments described in this paper show tha t re-
peated resonant encounters raise the probability for collision dramatically 
so tha t white-dwarf 3B binary systems will often collide before they harden 
enough to be ejected. (A more detailed report, Huang and Chernoff 1995, 
is in preparation.) 

2. B i n a r y H i s t o r y 

Assume a background of single stars with the following properties: homoge-
neous in space, steady-state in time, Maxwellian in velocity. Place a binary 
in the sea of stars and follow its history, assuming that the density is low 
enough tha t all changes may be described in terms of pairwise encounters 
between the binary and a single star. Each interaction alters the essential 
parameters of the binary (the semi-major axis, the eccentricity, the ori-
entation of the plane of the orbit, and so forth). Denote the sequence of 
parameter states tha t exist between the pairwise encounters as a "binary 
history." 

A specific realization of a binary history involves generating the initial 
conditions for an encounter, integrating the three-body problem to find the 
final s tate and repeating. From the vast set of possible encounters, only 
those with pericenters < ζα in the two-body limit are considered. Here a is 
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the current semi-major axis and ζ is a constant, chosen to be large enough 
to include all "important" encounters. The mean rate of encounters is 

where Mt is the total mass of the stars involved and υ Β is the binary veloc-
ity. Specific encounters are realized as a Poisson process subject to the above 
mean rate. All initial conditions (impact parameter, velocity of approach 
at infinity, orientation angles) are drawn from the appropriate probabil-
ity distributions. The outcome of each encounter is calculated numerically 
by a three-body integration and the endstate is one of three types: flyby, 
exchange or ionization. In addition, the outgoing stellar velocity, binary 
center of mass velocity, closest distance of approach, and other quantities 
are calculated. A new encounter is realized and the process repeated until 
(1) a collision occurs, (2) the binary escapes, or (3) the binary is ionized. 

The value of ζ was fixed as follows. The rate coefficients for the aver-
age energy change, the mean square energy change, the average angular 
momentum change, and the mean square angular momentum change were 
calculated for hard binaries of a range of χ and for ζ = 4, 8, 12, 16 and 20. 
The error incurred for ζ = 12 wets less than 1% in all quantitites. In addi-
tion, the mean and mean square energy changes at selected χ agreed with 
the results of Heggie and Hut (1993) to within the statistically dominated 
errorbars. 

3 . S t e a d y - S t a t e 

Assuming a steady-state homogeneous, single star population, Goodman 
and Hut (1993, hereafter GH93) found the steady-state binary distribution 
/ ( # ) . At small χ the 3B binary creation rate is high but the probability 
of ionization is large; at large χ the creation rate is small but the survival 
probability is high. Eventually, for χ ^ xc recoil ejects binaries from the 
potential well of the cluster. The solid lines in Figure 1 display f(x) for 
three potential depths; there are many soft binaries and they are closely 
approximated by a thermal distribution (dotted line); the distribution func-
tion is flat at large z, corresponding to a constant net flux until ejection 
becomes possible. Binaries at large χ are immortal, i.e. they have virtually 
no chance of being ionized. 

A direct computation of the steady-state distribution has been carried 
out as follows. A number of binary histories (16,000) were created. The 
hardness at bir th wets distributed according to the 3B binary creation rate 
but confined to the range χ > 0.3; the eccentricity distribution was thermal. 
(The range in χ accounts for roughly 40% of the immortal binaries in the 

(1) 
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_ l I L_ 

Figure 1. The solid line shows the steady-state distribution funciton found by Good-
man and Hut (1993) for three different escape criteria (Φ(0)/σ^ = 6, 14 and oo). The 
lines through points with error bars are the same results based on the binary history 
(long-dashed, short-dashed and solid correspond to Φ(0)/σ* = 6, 14 and 128, respec-
tively). The dotted line gives the distribution in thermal equilibrium. 

GH93 solution but it is impractical to decrease the lower limit of χ by much, 
since the probability of survival for a binary with χ = 0.3 is ~ 2 χ 1 0 - 3 

and decreases rapidly. Tests briefly described below show that it is possible 
to "renormalize" the distribution function to include the effect of births 
with χ < 0.3.) The time span of the simulation was long enough to realize 
the steady-state binary distribution. The result is illustrated in Figure 1 
(see points with errorbars) and agrees in shape quite well with GH93 for 
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χ ^ 1. The discrepancy at small χ is a consequence of the truncated range 
of the bir th function. The fraction of binaries which are born with a given χ 
tha t go on to become immortal binaries agrees well with previous analyses 
(Hut 1985, GH93). About 1% of the histories yielded immortal binaries (on 
average, ~ 360 encounters per history) and the rest were destroyed (~ 170 
encounters). 

The results of the binary history may be used to examine how quickly 
memory of the initial conditions of a binary's birth are lost. For example, 
a population of newly formed binaries with 0.6 < e < 0.7 and 1 < χ < 2 
evolves a thermal distribution of eccentricity in the time necessary for ~ 42 
encounters (within 12a) for a binary with χ = 1. (The number of encounters 
for individual members of the population ranges greatly.) Detailed analy-
sis (see Huang and Chernoff 1995) shows that the memory of the specific 
initial conditions (x and eccentricity) is quickly lost so that the statistical 
properties of the binary population tha t have hardened to χ ^ 3 are nearly 
independent of the detailed form of the binary birth distribution. Since the 
issues of interest in this paper concern the binary behavior as χ grows large, 
we have simply renormalized the birth rate to yield the immortal birth rate 
from GH93. 

4. Close E n c o u n t e r s 

Consider the steady-state distribution of immortal binaries. At any instant, 
there will be a range of values of χ and range of values of d m ; n , the closest 
approach suffered by any star which is or was a member of the binary. Figure 
2a is a realization of the steady-state distribution of the values of (x, dmin). 

The evolution of the points as they age can be understood fairly simply: the 
hard binaries tend to move to larger values of χ (but not monotonically) and 
the value of dmin always decreases. Note that the objects tha t eventually 
disrupt are not included. The general flux in Figure 2a is down and to the 
right. Figure 2b is an analogous plot for the distribution of (Vmax, dmin) 

where Vmax is the maximum recoil the binary has ever suffered; all points 
move monotonically down and to the right. The rate of loss by ejection 
is the flux across the line Vmax equals the escape velocity. A vertical line 
is included in the diagram for illustrative purposes. Likewise, the collision 
criterion corresponds to the flux across a horizontal line at a given value of 

dmin-

It is striking tha t so many of the points in the steady-state snapshot 
have undergone close encounters. The collision probability for an immortal 
binary in a sea of similar stars may be inferred from the two dimensional 
distribution. Figure 3 illustrates the probability as a function of the size (in 
dimensionless units). For fiducial parameters of σ3 = 10 km/s , rmin = 2i2*, 
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Figure 2. Top: The steady-state distribution of hardness and distance of closest approach 
for immortal 3B binaries (with χ = SGm/Aaa'2, σ' 2 = σ\ and d m i n = Ada'2/3Gm). 
Binaries are born in range χ > 0.3. All points must lie below the solid line which is the 
condition a = dmin. Bottom: The steady-state distribution of maximum binary recoil 
(y/3Vmax / ) and distance of closest approach for immortal 3B binaries. The vertical 
lines mark the escape velocity in clusters with Φ ( 0 ) / σ 2 = 6, 14 and 128; the horizontal 
lines mark dmin for 0.05 and 1.35M© white dwarfs. 

then the abscissa is marked to indicate the location of neutron stars with 
1.4M0, iî* = 10 6 cm at —7.7 and and of main sequence stars with I . O M Q , 

i2* = at —2.7. In addition, white dwarfs span a range from —5.8 to 
—3.4 depending upon mass (heavy ones with 1.35AÎ0, R* = 1 ( T 3 Ä 0 lie at 
the small end, light ones with 0.05M©, i2» = 10 - 2 .R© at the large end). 
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Figure 3. The probability of collision of an immortal binary as a function of the phys-
ical distance of separation rmin that yields a collision. The arrows mark the location 
of neutron stars (NS), white dwarfs (WDs) and main sequence stars (MS) for fiducial 
parameters (see text) . The multiple lines correspond to different depths of the central 
potential Φ(0) /σ* = 2, 6, 11, 14 and 128 (right to left). 

A detailed analysis of the factors that lead to the remarkably small dis-
tances of closest approach shows that three independent physical effects 
contribute. First, as is well-known, resonant encounters increase the colli-
sion probability as the three stars form a long-lived interacting three-body 
system. The cross section for two stars to pass within 0.01a when a hard, 
circular binary interacts with a third star is of order a 2 times the gravita-
tional focusing term. Hence, strong encounters immediately imply elevated 
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collisional cross sections. Cross section for close encounters have been de-
rived by Hut and Inagaki (1985) and Sigurdsson and Phinney (1993); our 
own calculations of these cross sections are in good agreement with the 
previous studies. 

Second, 3B binary hardening involves a large number of successive en-
counters. The repetitive nature raises the probability that at least one colli-
sion will occur as the binary ages (and is analogous to the effect of resonant 
interactions on collision probability). Although only a fraction of the sim-
ulated encounters with pericenter less than ζα are strong (roughly 3/ζ) , 
these significantly increase the cumulative probability of a collision for a 
binary of a given hardness. 

Third, the value of the binary eccentricity appears to play some role, 
albeit a subdominant one, in enhancing collisions. The cross section for 
close encounters depends upon e: the probability for an e = 0.7 (0.99) bi-
nary to suffer a collision is about 1.6 (10) times that of a circular binary. 
The 3B binaries have a nearly thermal eccentricity distribution and this 
raises the collision probability over estimates made based on purely circu-
lar calculations. A related but distinct physical effect is tha t most of the 
simulated encounters are weak, angular momentum changing events. Thus, 
the binary eccentricity undergoes some diffusion in the interval between the 
strong, resonant encounters. This diffusion provides a small enhancement 
of the collision probability because the binary explores some very eccentric 
configurations. 

Taken together, these factors appear to account for the high propensity 
for collisions to occur during the hardening process. 

5. Effect ive H e a t i n g 

When collisions occur the net heat extracted from an immortal binary is 
altered. Figure 4 illustrates the average change in binary binding energy per 
immortal binary until ejection or collision. All subsequent consequences of 
the collision have been ignored in so far as the heating is concerned (i.e. 
changes due to altered stellar evolution, mass ejected to infinity by the col-
lision, etc.). Also, no a t tempt has been made to differentiate the cluster 
heating via bound versus ejected single stars; the inferred heating is sim-
ply the average change in binary binding energy. The total heating (solid 
line) decreases as the finite size of the objects and the collision probability 
increases. Two contributions to the total are independently noted: the aver-
age heating by binaries ultimately ejected and by binaries tha t collide. The 
results are presented to allow one to estimate easily the steady-state heat-
ing rate as the generation rate of immortal binaries (ή = 0 . 7 5 n 3 G 5 r a 5 / a ^ 
GH93) times the mean heating per binary (dE/dt = ήΑΕ). 
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1 2 8 

l o g 1 0 (4 r m i n σ · « / 3 G m ) 

Figure 4- The change in binding energy per immortal binary is given as a function of 
the physical distance that yields a collision. The solid lines are the total heating; the 
heating of ejected binaries (long dashes) and of binaries that collide (short dashes) are 
independently noted. Groups of three lines are marked by the depth of the potential in 
units of Φ(0)/σ*. 

6. Conc lus ions 

The steady-state distribution of binding energy, eccentricity, distance of 
closest approach, and maximum recoil velocity for 3B binaries has been cal-
culated. This generalizes previous calculations of the distribution of binding 
energy for hardening binaries (Goodman and Hut, 1993) and estimates of 
the collisional probability based on averaged cross sections. The collision 
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probability (meaning the probability that two point masses pass within a 
distance of two physical radii) is significant for objects as small as white 
dwarfs in typical cluster potentials with typical velocity dispersions. The 
heating efficiency is diminished when collisions are included. When 3B bi-
naries are responsible for heating post collapse cores the results provide a 
direct relationship between the stellar collision rate, the stellar heating rate 
and the rate of energy transport through the cluster as a whole. 
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