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CHARACTERIZATION OF CERTAIN CLASSES OF SPACES
WITH G, POINTS AS OPEN IMAGES OF
METRIC SPACES

KENNETH C. ABERNETHY

1. Introduction. The study of metrization has led to the development of
a number of new topological spaces, called generalized metric spaces, within
the past fifteen years. For a survey of results in metrization theory involving
many of these spaces, the reader is referred to [13]. Quite a few of these
generalized metric spaces have been studied extensively, somewhat inde-
pendently of their role in metrization theorems. Specifically, we refer here to
characterizations of these spaces by various workers as images of metric
spaces. Results in this area have been obtained by Alexander [2], Arhangel’skii
[3], Burke [5], Heath [10], Michael [15], Nagata [16], and the author [1], to
mention a few. Later we will recall specifically some of these results.

In this paper we characterize several classes of generalized metric spaces as
open weakly continuous images of metric spaces. In Section 2, we give some
background results and some definitions. Several classes of spaces defined in
terms of open separating covers, including spaces with a Gj-diagonal, are
characterized in Section 3. In Section 4, we use a generalization of the definition
of Heath’s P-mapping [c.f. [10]) to strengthen one implication in his character-
ization of developable spaces, and derive some corollaries. Stratifiable, semi-
stratifiable, and K-semi-stratifiable spaces are all characterized in Section 5.
Throughout the paper, N stands for the natural numbers.

2. Background results and definitions. An open cover of a space is
separating if given x % y in the space, there is an element of the cover, say S,
with x € Sand y ¢ S. In a T space the concept of a separating open cover
generalizes the notion of a base. A space with G; points can be thought of as a
space with a separating open cover % such that given an element x, there is a
countable subcollection ., of . such that if x # vy, there is a S € ., with
x €S,y ¢S. Of course if we replace y with a closed set H, x ¢ H, we have
the definition of a first countable space. Thus spaces with G; points generalize
in a natural way the first countable spaces. In the same sort of way, spaces
with a point-countable separating open cover generalize spaces with a point-
countable base. Recalling the definitions (below), we notice that spaces with
a Gs-diagonal generalize developable spaces in this way also.
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Let X be a space with a sequence of open covers, (%,), for X. If givenx € X
and an open set U containing x, there exists # € N with st(x, &,) C U (recall
stx, 9) = U{G € 9 :x € G}), then X is said to be developable. If given
x # v in X, there exists n € N with x ¢ st(y, 9,), X is said to have a G;-
diagonal. Finally, if given x # v, there exists # € N with x ¢ st2(y, ¥,) then
X is said to have a G;(2)-diagonal (here, st’(y, ) = U{G € G :GN
st(y, 9) = 0.}).

Let us now mention some well-known results for reference. The following

characterization of first countable spaces was proved independently by Hanai
(8] and Ponomarev [17].

THEOREM 2.1. A T space Y is first countable if and only if there exists a
metric space X and an open continuous mapping from X onto V.

In the same paper, Ponomarev described spaces with a point-countable base
as follows.

THEOREM 2.2. A T space Y has a point-countable base if and only if there
exists a metric space X and an open continuous S-mapping from X onto Y.

Arhangel’skii [3], Heath [10] and Ponomarev [17] independently character-
ized developable spaces with the following theorem.

THEOREM 2.3. A T space Y is developable if and only if there exists a metric
space X and an open continuous P-mapping from X onto V.

We will derive analogues to each of these theorems for spaces with G; points,
spaces with point-countable separating open covers, and spaces with Gs-
diagonals, respectively, in Section 3.

By introducing the idea of a COC-function (COC = countable number of
open covers) we can unify the definitions of many spaces defined in terms of
sequences of open covers. It should be pointed out that many of the definitions
which follow are not the original definitions but are characterizations derived
in attempts to unify various concepts.

Let (X, T') be a topological space and let g be a function from N X X — T.
Then g is called a COC-function for X if it satisfies these two conditions:

1) € Ngn,x) forallx € X;
n=1

2) glmn+1,x) Cgln,x) forallm € Nandx € X.

Note that if g is a COC-function for X, we obtain countably many open covers
of X by taking ¥, = {g(n,x) : x € X} foreachn € N.

Now let X be a space with COC-function g, and consider the following con-
ditions on g:

(A) v, € g(n, x) for each n € N implies that the sequence (y,) has x as a
cluster point;
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(B) g(n, x) N\ g(n, y,) #0 for each n € N implies that (y,) has x as a
cluster point;

(C) y, € g(n, x) and p, € g(n, y,) for each n € N implies that (p,) has x
as a cluster point;

(D) {g(n,x) : n =1,2,...} isa fundamental system of neighborhoods for x,
for each x, and x € g(n, y,) for each n € N implies that (y,) has x as a cluster
point;

(E) if H is closed and p € U {g(n, x) :x € H} for each n € N, then
p € H;

(F) x € g(n, v,) for each n € N implies that (y,) has x as a cluster point;

(G) if H is closed and K is compact with K M (U {g(n, x) :x € H}) = @
for all n, then K M H # 0.

If X is a space with COC-function g satisfying (A), X is called a first countable
space and g a first countable function for X; X is called a Nagata space and g
a Nagata function for X if g satisfies (B); if g satisfies (C), X is called a y-space
and g a y-function for X; if g satisfies (D), X is called a semi-metric space and
g a semi-metric function for X ; X is called a stratifiable space and g a stratifiable
Sfunction for X if g satisfies (E); if g satisfies (F), X is called a semi-stratifiable
space and g a semi-stratifiable function for X; and finally, if g satisfies (G),
X is called a K-semi-stratifiable space and g a K-semi-stratifiable function for X.

Ceder [6] first studied stratifiable spaces under the name ‘‘\j-spaces’’.
Borges [4] renamed them ‘‘stratifiable’’ and investigated them in more detail.
Creede [7] introduced semi-stratifiable spaces. Our definition of semi-metric
spaces is a characterization given by Heath in [9] where he studies semi-metric
spaces. Hodel introduced vy-spaces in [12]. Ceder [6] also introduced Nagata
spaces, but our definition is a characterization due to Heath [9]. Also our
definition of stratifiable spaces is a characterization due to Heath [11]. For a
discussion of K-semi-stratifiable spaces the reader should see Lutzer [14].

It is clear from our definitions that a space is a semi-metric space if and only
if it is a first countable semi-stratifiable space. Also it is true (c.f. [4]) that a
space is a Nagata space if and only if it is a first countable stratifiable space.

We now give two characterizations from [1].

THEOREM 2.4. A T, space Y 1s a Nagata space if and only if there exists a
metric space X and an open continuous N-mapping from X onto Y.

THEOREM 2.5. A T space Y is a semi-metric space if and only if there exists
a metric space X and an open continuous SM-mapping from X onto V.

In Section 5 we will similarly characterize stratifiable, semi-stratifiable, and
K-semi-stratifiable spaces using weakly continuous mappings.

3. Spaces with separating open covers. We begin with several definitions.

Definition 3.1. Let ¢ : X — V. Then ¢ is weakly continuous if given x € X

https://doi.org/10.4153/CJM-1975-128-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1975-128-3

1232 KENNETH C. ABERNETHY

and y € V with ¢(x) # y, there exists an open set V in x with X € V and
y € ¥(V).

The next definition is a generalization of Heath’s P-mapping to a non-
metric domain.

Definition 3.2. Let X be a space with COC-function g. Theny : X — Visa
P-mapping relative to g if for any y € ¥ and open set W containing y, there
exists an # € N such that U {g(n, x) : x € y~1(y)} Cy¢yY(W).

Definition 3.3. Let X be a space with COC-function g. Theny : X — Visa
weak P-mapping relative to g if given x 5 vy in ¥, there isan n € N with y ¢
Yv(U {gln, p) : p € ¢y x)}); Also ¢ is a sub P-mapping relative to g if given
x # yin Y there is # € N with

V(U {g(n, p) :p € 71 (0)}) MY (gln, p) 1 p € ¥ (0)}) = 0.

We remark here that if the domain is a metric space (X, d) and we speak of
a P-mapping (weak P-mapping, sub P-mapping) without explicit mention of
g, we are assuming that g is given by g(n, x) = Bd(x, 1/#) = open d-ball about
x of radius 1/n.

It is not hard to see that every sub P-mapping is a weak P-mapping, and
that every weak P-mapping is weakly continuous. Furthermore if V is 77,
any P-mapping into Y is a weak P-mapping, and if ¥V is T, any P-mapping
into Y is a sub P-mapping.

Michael [15] proved a general theorem from which follow the necessity parts
of Theorems 2.1, 2.2, and 2.3. We now prove a similar result and derive some
corollaries which are analogous to the necessity parts of those theorems.

THEOREM 3.1. Let Y be a T, space, . an open cover of Y which is closed under
Jfinite intersections with the property that each y € Y is a countable intersection of
elements in . Then there exists a metric space X, a base B for X, and a weakly
continnous mapping ¥ : X — Y such that:

(1) Y(Z) =.%; hence Y is onto and open

(2) Forany E C Y,

card {BE€ X : BNy Y(E) #0} < Nocard {S €. : SN E = 0}.

Proof. Let ¥ = {S.:a € A}, assuming S, # S5 when «a # 8. For each
n€ N, let A, = 4 and let M = 112, 4,. Give M the Baire metric. Define

X={fe M:{S;:n=1,2,...} is decreasing and
N1 Sy = y for some y € V}.
Then define ¢ (f) = N1 Srew-

Define the base Z as follows: for each n € N and (e, as, . . ., o) € 115, 4,
for which S,y D S.; D ... D S,,, let
Blanas, ... ¢, ={f€X:f(d) =a;fori=1,2,...,n}.
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Notice that B(a, @s, . . ., a,) = Bd(f, 1/#) forany f € B(ey, .. .a,). Itis not
difficult to check that the collection of all such sets forms a base for X.

Let us now show that ¢ is weakly continuous. Let x # vy, and let
Np=1Sa, = . Then letting n, be such that x ¢ S.,, it is easily checked
that y € ¢(B(ay, ...,a,)). But letting f(n) = a, for each n we get
f€ Bl ... ay,) and ¢(f) = x.

Both (1) and (2) follow from the fact that ¢ (B(ai, . . ., a,)) = Sa,.. To check
this fact let x € ¢(B(ay, ..., @,)). Then there exists an f € B(ai, ..., a,)
with x = ¢(f) = Ni=1 S;xy C Sa,. On the other hand suppose x € S,,. Let
x = MNi=1Ss, with {Ss,} decreasing. Define

~ i if i > nwhere Sy, = S5,_, N S

Theny(f) =xand f € B(ay, ..., a).

COROLLARY 3.1. Let ¥V be a T space in which every point is a Gs. Then there
exists a metric space X and a weakly continuous open mapping from X onto Y.

Proof. For eachy € ¥V, lety = Ny, S,,, where each S, , is open. Let ¥ =
{S,y:m € N,y € V},andlet.” = the set of all finite intersections of elements
of . Applying Theorem 3.1 with the cover.¥’ proves the corollary.

The proof of the following corollary would be similar to that of Corollary
3.1. Showing that ¢ is an S-mapping uses (2) of Theorem 3.1. (Recall that
V¥ : X — Yisan S-mapping if y~'(y) is separable for each y € V.)

COROLLARY 3.2. Let X be a T space with a point-countuble separating open
cover. Then there exists ametric space X and an open weakly continuous S-mapping
from X onto V.

CoROLLARY 3.3. Let Y be a T spuce with Gs-diagonal. Then there exists a
metric space X and an open weak P-mapping from X onto Y.

Proof. Let (¥,) be a Gs-diagonal sequence for V. Let y € ¥, then y =
No-ist(y, 9,), i.e. each pointin Yisa Gs. Let. ¥ = U1 9, and let &’ =
{Se:a € 4} be the set of all finite intersections of elements of .. Then we
apply Theorem 3.1 with a slight alteration in the definition of X. We define

X=1{fe M:{S;m:n1,2, ...} 1is decreasing, Ni—1 S, = ¥ for
some y € ¥, and Sy, C G for some G ¢ ¥, for each n € N}.
Define ¢ as before. To see that ¢ is onto, let ¥y € V. Choose S, to contain y
and be an element of ¥,. Choose S, to contain vy and be an element of & ;

then let S, = S,y M Sye’. In general, choose Sy’ to contain y and be an
element of ¥, and then let S, = S/—1) M Sse’. Then we have

y € Ql Sf(n) C Ol St(yy gn) =Y,

ie. f € X and ¢(f) = y. It remains to show that ¢ is a weak P-mapping.
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Suppose x 5 y. Then there exists 7y, € N with y ¢ st(x, ¢,,). It is not hard
to show that y ¢ ¢(Bd(y¥~'(x), 1/ne)). For suppose f € y~'(x) and f(¢) = «;
for each 7+ € N. Then if g € Bd(f, 1/n0) = B(oa, ..., ay,), we have ¢(g) €
V(B .-y @) = San,e But Sa,, C st(x, 9,,) and so ¢(g) # y since
y ¢ st(x, g,,o).

Proof of the next corollary is similar to that of Corollary 3.3 and so we
omit it here.

COROLLARY 3.4. Let Y be a T space with G;(2)-diagonal. Then there exists
a metric space X and an open sub P-mapping from X onto Y.

We are now in a position to provide analogues to Theorems 2.1, 2.2, and
2.3. The necessity parts of the next four theorems are Corollaries 3.1, 3.2, 3.3,
and 3.4 respectively, and so we mention only the sufficiency in the proofs.

THEOREM 3.1. A T') space is such that every point is a Gs if and only if there
exists @ metric space X and an open weakly continuous mapping from X onto Y.

Proof. For sufficiency we actually only need a first countable domain. Let
y €Y, x€ X with ¢(x) # v. Now let {V,:# =1, ...} be a fundamental
system of neighborhoods for X. It is then easy to check that y = N ¢(V,)
using the fact that ¢ is weakly continuous.

THEOREM 3.3. A T space Y has a point-countable separating open cover if and
only if there exists a metric space X and an open weakly continuous S-mapping
from X onto Y.

Proof. For the sufficiency we need only that the domain have a point-
countable base {B,: a € A}. Then using the weak continuity of ¢, it is not
hard to show that . = {¢(B.) : @ € A} is an open separating cover of Y.
It remains to show that . is point-countable. Let y € ¥; then ¢~'(y) is
separable. Hence the collection F = {B,: B, M y~(y) # B} is countable.
Consequently, v € ¢(B,) for only a countable number of a.

PROPOSITION 3.1. Let X have a sequence of open covers {4 ,). For each x € X
and n € N let g(n, x) = st(x, 9,), and let y : X — YV be an open, onto, weak
P-mapping relative to g. Then Y has a Gs-diagonal.

Proof. Let £, = (¢(G) : G € ¥} for each n. Then (J#,) can be shown to be
a Gs-diagonal sequence for V, using the fact that ¢ is a weak P-mapping.

THEOREM 3.4. A4 T space Y has a Gs-diagonal if and only if there exists a
metric space and an open weak P-mapping from X onto V.

Proof. Set ¥, = {Bd(x, 1/2n) : x ¢ X}. Then st(x, ¥,) = Bd(x, 1/n).
Consequently an application of Proposition 3.1 completes the proof.

We can prove a proposition similar to Proposition 3.1 for spaces with a

G5(2)-diagonal and sub P-mappings and then derive the following character-
ization.

https://doi.org/10.4153/CJM-1975-128-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1975-128-3

SPACES WITH Gs POINTS 1235

TaEOREM 3.5. A T space Y has a G5(2)-diagonal if and only if there exists
a metric space X and an open sub P-mapping from X onto Y.

Each of the kinds of mappings we have introduced is countably productive.
Consequently we can use the characterizations we have proved to prove that
(for T spaces) spaces with G; points, spaces with point-countable separating
open covers, spaces with G;-diagonal, and spaces with G;(2)-diagonal are all
countably productive (c.f. [1]).

4. Generalized P-mappings. In this section we study the question of when
finite-to-one and compact mappings are P-mappings or weak P-mappings and
derive some corollaries concerning images of spaces under such mappings.
First, we give a generalization of one implication of Theorem 2.3.

THEOREM 4.1. Let X be a space with a sequence of open covers (9 ,) and let
gn, x) = st(x, G,) for each n € N, x € X. If ¢ : X — Y is an almost open
P-mapping relative to g, then YV is developable.

Proof. Let y € ¥, n € N. Now there is a p, € y~'(y) which has an open
system of neighborhoods such that ¢ (B) is open forevery B € &.Let B, , ¢ &
be such that ¢(B,,) C G for some element G ¢ ¥,. Then define ., =
{(Y(Bn,) v € Yand m = n}. We will show that () is a development for V.

Let y € VY, W an open set containing y. Then there is an %, such that
U {g(ne,x) :x € ¢~ (y)} Ty (W). Nowlety € H € . Then H = (B, ,)
for some m = noand p € X. Lets € H; then thereisat € ¢y='(z) N B,,, CG
for some G € ¥,,. Also thereisa x € y='(y) N\ B,, C G. Thust € st(x, %,,)
C st(x, 9,,), (we may assume that %, refines ¥, for all n). Consequently
Y (t) = z is an element of

Yistlx, 9,,)) C¥(U {glne, x) :x € g1 (0)}) C W,
ie. HC Worst(y,#,,) CW.

THEOREM 4.2. Let X be a space with y-function g, lety : X — Y be a continuous,
compact, onto mapping. Then ¥ is « P-mapping relative to g.

Proof. Let y € ¥, W an open set containing vy, and let y~!(y) = K. Now
suppose ¥ is not a P-mapping relative to g, i.e. that U {g(n, x) : x € K} ¢/
Y~1(W) for any n € N. Then we can choose sequences (x,) C K and (y,) with
v, € g(n, x,)\¢~' (W) for each n. Now since K is compact (x,) has a cluster
point p € K. Then we can choose subsequences so that for every k, Xn, €
gk, p), ¥n, € g(k, x,,); hence p is a cluster point of (y, ) since g is a y-func-
tion. But y~!(WW) is an open neighborhood of p such that y, ¢ ¢='(W) for
any k, a contradiction.

COROLLARY 4.1. An almost-open, compact, continuous image of a metric space
s developable.
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Proof. Let ¥, = {Bd(x, 1/2n) :x € X}, and g(n, x) = st(x, &,) =
Bd(x, 1/n). Then g is a y-function. Now apply Theorems 4.2 and 4.1.

The proof of the following theorem is not hard, and so we omit it.

TaEOREM 4.3. Let X be a space with first countable function g; let ¢ : X — Y be
continuous, finite-to-one and onto. Then ¥ is a P-mapping relative to g.

COROLLARY 4.2. An almost-open, finite-to-one, continuous image of a develop-
able space is developable.

Proof. Let (4,) be a development for X, the domain. Then g(n, x) =
st(x, ¥,) is a first countable function. Apply Theorems 4.3 and 4.1.

A COC-function for a space X is called separating if Ny~ g(n,x) = x, for
all x € X. The following theorem is easily established.

THEOREM 4.4. Let X be a space with separating COC-function g, and let
¥ : X — YV be finite-to-one and onto. Then ¢ is a weak P-mapping relative to g.

COROLLARY 4.3. An almost-open, finite-to-one image of a space with a Gs-
diagonal also has a Gs-diagonal.

Proof. Use Theorem 4.4 together with Proposition 3.1 modified slightly to
get “‘almost-open’’ rather than “open’’, using a proof almost identical to the
proof of Theorem 4.1. Notice that if (¥,) is a Gs-diagonal sequence, g(#, x) =
st(x, ¥,) is a separating COC-function for X.

5. Stratifiable and semi-stratifiable spaces. For reference we reproduce
several definitions from [1].

Definition 5.1. Let X and Y be topological spaces, let ¢ : X — ¥ be an onto
mapping, and let g be a COC-function for X. Then ¢ is an N-mapping relative
to g if given any y € ¥ and a neighborhood W of y, there is a neighborhood
V" of y and n € N such that g(n, x) N\ ¢~1(V) % @, then ¢(x) € W. Nore
simply, ¥ will be called an N-mapping if there is a COC-function g such that ¢
is an N-mapping relative to g. Also y is a SM-mapping relative to g if given
any ¥y € Yand a neighborhood W, there is an n such that g(n,x) M ¢~ (y) # @
implies that ¢ (x) € W. NMore simply, ¢ is an SM-mapping if there is a COC-
function g for X such that ¢ is an SM-mapping relative to g.

We now prove two theorems very similar to Theorems 2.4 and 2.5. In addi-
tion, the reader should compare Theorems 5.1 and 5.2 with results in Nagata
(16] (Theorems 3 and 1, respectively).

LemMA 5.1, Let ¢ : X — V, let h be a stratifiable function for Y, and define
g(n, x) = ¢ (hn, ¢(x)]). Then ¢ is an N-mapping relative to g.

Proof. Let y € ¥, W a neighborhood of y. Then there is an n, € N such that
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y & U {h(no, p) : p € Y\W}. Let
V=Y —Ufh(n,p):pc Y\Wh
Then if g(no, x) N Y= (V) # @, h(ny, ¥(x)) NV # 0, ie. Y(x) € W.

PRrRoOPOSITION 5.1. Let ¢ : X — Y be open. Then Y is stratifiable if and only if
¥ is an N-mapping.

Proof. The necessity follows from Lemma 5.1. For sufficiency, let y € ¥ and
n € N. Choose an s € y~1(y) and define k(n, y) = ¢(g(n, s)). Now let H be
closed in Y, and suppose that p € U {k(n, 2) : 2 € H}, for each n € N. If
p & H then there exists a neighborhood V of p and an %, such that if g(#, x) M
Y~U(V) # @ then ¢(x) € W = Y\H. Now since V is a neighborhood of p,
VN (U{k(n, 2) : 2 € H}) # 0 for each n € N. Thus there is a 2 € H such
that k(ng, 2) M V # 0. Therefore if ¢ is such that k(ne, 2) = ¥(g(n,, t)), we
have g(ny, t) N Y~1(V) # @. But this implies that ¢(¢) = z € W, a contra-
diction.

THEOREM 5.1. A T space Y is stratifiable if and only if there exists a metric
space X and an open N-mapping from X onto Y.

Proof. Sufficiency is immediate from Proposition 5.1. For the necessity
apply Corollary 3.1 and then Proposition 5.1.

We could state and prove analogues to Lemma 5.1 and Proposition 5.1 for
semi-stratifiable spaces and SM-mappings, thereby deriving the following
theorem.

THEOREM 5.2. A T space Y 1s semi-stratifiable of and only there exists a metric
space X and an open SM-mapping from X onto V.

We introduce another kind of mapping and use it to characterize K-semi-
stratifiable spaces similarly.

Definition 5.2. Let ¢ : X — ¥, and let g be a COC-function for X. Then ¢ is
a KS-mapping relative to g if given a compact set K in ¥ and an open set W
with K C W, there exists an n € N such that g(n, x) N ¢y~ (K) # @ implies
Y(x) € W. More simply, ¢ is called a KS-mapping if there exists a COC-
function on X such that ¢ is a KS-mapping relative to g.

Proceeding as for stratifiable spaces, we can prove the following.

THEOREM 5.3. A T space Y is ¢ K-semi-stratifiable space if and only if there
exists a metric space X and an open KS-mapping from X onto Y.

We remark that N-mappings, SM-mappings, and KS-mappings are all
countably productive. Hence we could use our characterizations to derive
countable product theorems, as mentioned in Section 3.
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