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A MULTIPLE CHARACTER SUM EVALUATION

D A E SAN K I M

We evaluate in a simple and direct manner a multiple character sum. a special case
of which can also be derived from the Mobius inversion and a result of Hanlon.

1. INTRODUCTION

Let F be a finite Abelian group with operation written multiplicatively, and let
X : T —> C x be a character of order m. Then we are interested in evaluating the
following multiple character sum

where the sum is over all (71 , . . . ,7n) € Tn satisfying 7, / jj for al i i , j (1 ^ i, j ^ n)
with i / j .

A special case of the sum (1) with n = m was introduced by Professor Fernando
Rodriguez Villegas in the number theory seminar on February 5, 2004 of University of
Texas at Austin. I would like, to thank him for drawing my attention to this problem.
He evaluated the sum (1) for n = m by using Mobius inversion and a result of Hanlon in
the early 1980's (see [2, Theorem 4, p. 338]). We shall briefly go over his method for the
special case of n = m.

A partition 8 of [n] = {1,2 , . . . , n} is a collection 0 = Bi \B2\ • • • \ Bk of nonempty,
disjoint subsets of [n] whose union is [n]. The set of all partitions of [n] is denoted by
Iln. n n is partially ordered by the relation:

P^fi <*=> /3 is a refinement of 8'.

Obviously, (Iln, ^ ) has the unique maximal element ^ — 12 • • • n, and the unique minimal
element 80 = 112| • • • | n. For 8 = B t \B2\ • • • | Bk e Un, let

= ia I ° '• M —^ r> °\Bi = constant},
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\ U

/(/*)= 5 1 xM1) "••*("))•'

Then

(2) Sn,n = / (A) -

Put

(3) <?(/3) = 5Z / ( ^ ) = 5 3 x(*(l) "•*(»))•

Then we claim that

(4) - « - , . „ f . .
otherwise.

For P — Bi \B2\ • • • | Bk and a G } J , let rij = |Bj|, <r|B. = ait for i = 1 , . . . , k. As x
fc

has order n, a H-> x(cr(l)" • ' c r (n)) = n X"^0^) •' / J —^ Cx is trivial <^ n = rij, for

a l l i ^ A ; = l<^/3 = A- This shows the claim in (4). Now, by (2), (3), (4), and Mobius
inversion,

)in,

where n is the Mobius function of the poset (Iln, <). The following is a special case
of a result of Hanlon (see [2, Theorem 4, p. 338]) which had been used repeatedly in
subsequent papers (see [1, Theorem 4.3, p. 293], [3, Theorem 2.4, p. 447], [4, Theorem
2.1.12, p. 7]).

THEOREM 1. (Hanlon) ^(A) = ( - l ) " " 1 ^ - l ) -

From (5) and Theorem 1, we get the following corollary.

COROLLARY 2 . Sn,n = ( - l ) " - 1 ^ - l)! |r|.

In the present paper, we show the following more general theorem in a direct and

simple manner.

THEOREM 3 . Let T be a finite Abeiian group with operation written multiplica-

tively, and let x : T —• Cx be a character of order m. Then the multiple character sum

in (1)

Sn,m = V] X(7l---7n),
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summing over all ( 7 1 , . . . . 7n) e F" satisfying ji ^ 7, for all i,j(l ^ i, j ^ n) with i ^ j ,
is given by

f ^ - 1)! nffi(|r| - (j - l)m)
(6)

0, otierwise.

2. P R O O F O F T H E T H E O R E M

The following lemma is elementary but will be useful.

LEMMA 4 . For an integer n > 1, and 7 € F, iet

Here tie sum is over all (71,.. -, 7n) € Fn satisfying j t ^ jj for all i,j(l ^ i, j ^ n) witi
i / j and aii 7i ^ 7. Tien

(a) S;,ra(7) = SB,m -
(b) sn,m=

As the result (6) in Theorem 3 for m = 1 is trivial, we may assume that m > 1.
Using (a), (b) of Lemma 4, the sum in (1) can be written as:

(7) Sn,m = 5>(7){Sn- l i m - (n - E
7er 7er

since x a a s order m > 1 and hence is nontrivial.

CASE 1. m > n. Applying (7) n — 2 times with (a) of Lemma 4 in mind, we have:

= 0,

as Si,m(7) = Ey^7X(y) = ~x(7) and x" is nontrivial.

CASE 2. m — n.

Sn,m = (-l)"-l(n - 1)! j;x"(7) = (-l)"-l(n - 1)! |
7er

as x has order n = m. This agrees with Corollary 2.
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CASE 3 . m < n. Write n = Im + r, 0 ^ r < m. Applying (7) m — 1 times, we get:

Sn,m = ( - l r - ' t n - 1) • • • (n - (m - 1)) £ Xm(7)S;_m,m(7)

= ( - l ) - i ( n - 1) ••• (n - (m - 1)) x £ { S n _ m , m - (n - m)x(7)S;_m_1>m(7)}
7er

(8) = (-l)m-l{n - 1 ) . . . ( n - (m - 1 ) ) ( | r | - (n - m ) ) S n _ m , m ,

by using (a), (b) in Lemma 4.

C A S E 3 ( a ) , r = 0 Applying (8) I — 1 times, we obtain:

Sn,m = I ] {(-I)"1"1 (* - 0' - l)m - 1) • • • (n - (j - l)m - (m - 1))

= I I {(-I)™"1 (n " 0' - l)m - 1) • • • (n - (j - l)m - (m - 1))

in view of Corollary 2.

CASE 3(b). r > 0 Applying (8) / times, we have:

(n - (j - l)m - (m - 1))

= 0

by Case 1 above. This completes the proof of Theorem 3.
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