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Abstract

Let G be a semisimple complex algebraic group with Lie algebra g. For a nilpotent G-orbit O C g, let
do denote the maximal dimension of a subspace V C g that is contained in the closure of O. In this
note, we prove that dp < % dim O and this upper bound is attained if and only if O is a Richardson orbit.
Furthermore, if V is B-stable and dimV = % dim O, then V is the nilradical of a polarisation of O. Every
nilpotent orbit closure has a distinguished B-stable subspace constructed via an sl,-triple, which is called
the Dynkin ideal. We then characterise the nilpotent orbits O such that the Dynkin ideal (1) has the
minimal dimension among all B-stable subspaces ¢ such that ¢ N O is dense in ¢, or (2) is the only B-stable
subspace ¢ such that ¢ N O is dense in c.
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1. Introduction

Let G be a connected complex semisimple algebraic group with Lie algebra g. We
fix a Borel subgroup B C G, a maximal torus 7 C B, and the corresponding triangular
decomposition g =u~ @t ®u. Here Lie(B) =b=t®u. Let 9 denote the cone of
nilpotent elements of g and 9t/G the (finite) set of G-orbits in M. A subspace V of
g is said to be nilpotent if V.c . Then G-V is the closure of a nilpotent orbit. If
G-V = O for some O € N/G, then we say that V is associated with O. In general, one
has to distinguish the numbers dp = max{dimV | V C 5} and dp = max{dimV | V c
0&VNO+o)=max{dimV |G-V =0). Clearly, do < dp.

In this article, we study the set of nilpotent subspaces associated with a given O.
Our main observation is that if V c O, then dim V < % dim O and this upper bound
is attained if and only if O is a Richardson orbit. Furthermore, if V is B-stable and
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dimV = %dim O, then V is the nilradical of a polarisation of O (Theorem 3.2). In
other words, dp < % dim O and O c 9 is Richardson if and only if dp = dp = % dimO.
Our upper bound for dim V generalises a classical result of Gerstenhaber for s, [6].
Recall that O € 9t/G is said to be Richardson if there is a parabolic subalgebra p, with
nilradical p"!, such that O N p"! is dense in p"!. Then p is called a polarisation of O
and dim O = 2 dim p"!. Without loss of generality, one may assume that a polarisation
p is standard (that is, p D b) and then p"! ¢ u is B-stable.

This result suggests that it is interesting to study B-stable subspaces associated with
O. Let I(b) denote the finite set of all B-stable subspaces (= b-ideals) of u. If V
is nilpotent and B-stable, then V C u, that is, V € 7(b). Restricting ourselves with
the B-stable subspaces associated with O, we obtain a subset J(b)p and the partition
I(0) = [pen/c £ (b)o. We regard I (D) as a poset with respect to inclusion and then each
I(b)o is a subposet of 7(b). The sets 7(b)o were first considered by Sommers [12],
who called them ‘equivalence classes of ideals’. Using a suitable sl,-triple and Z-
grading of g associated with O, one defines a special element of 7(b)p, which is called
the Dynkin ideal, denoted cpy(O). We consider the following numbers related to 7(b)o:

e  dnin(O) =min{dimc|c€ I (b)p};
dpy(O) = dim cpy(O), the dimension of the Dynkin ideal;
o dnax(0) = max{dimc| ¢ € 7(b)o}.

Then dmin(0) < dpy(0) < dmax(O) < 3 dim O and dmax(0) = 5 dim O if and only if O is
Richardson. It is also interesting to study maximal and minimal elements of the poset
I(b)p and, we notice that if O is induced from a nilpotent orbit O’ in a Levi subalgebra
[, then the maximal elements of 7 (b;)o yield maximal elements of 7 (b)p (Lemma 4.3).

We say that O is extreme if dpin(O) = dpy(O). Using a general formula for diin(O)
suggested by Sommers, see Equation (5.1), and verified case-be-case in [5, 8, 12], we
provide two characterisations of the extreme orbits (Proposition 5.2) and classify them
in all simple Lie algebras. It is easily seen that the principal nilpotent orbit Oy, and
the minimal nilpotent orbit O, are always extreme. An intriguing a posteriori fact
is that if the highest root of g is fundamental, then there are exactly three extreme
orbits: Opr, Omin, and yet another one, which is said to be intermediate and denoted
Oima (Theorem 6.6). Moreover, the intermediate orbits admit a uniform description
via the principal nilpotent orbit in the Levi subalgebra associated with the highest root
(Proposition 6.5). The highest root is not fundamental if and only if g is of type A, or
C,.. The number of nonzero extreme orbits in sp,, is n; and, for sl,, this number is at
least [n/2], depending on the parity of n; see Theorem 6.2.

We say that O is lonely if cpy(O) is the only element of 7(b)o. Obviously, a lonely
orbit is extreme and, using our classification of extreme orbits, we classify the lonely
orbits in Section 7. It is easily seen that 1 is the only b-ideal associated with Oy,; hence,
O, is always lonely. A complete description is the following; see Theorem 7.14:

(1) forA, (n>1),B, (n>3),and F4, the only lonely orbit is O;
(2) forD,(n>4),Gy, and E, (n =6,7,8), the lonely orbits are Op, and Ojng;
(3) forC, (n > 1), all extreme orbits are lonely.
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In particular, Op, is lonely only for the symplectic Lie algebras. Recall that sl = sp,
and here Op; = Opin.

NotatioN. Associated with our fixed triangular decomposition, there are the following
objects: W is the Weyl group and A is the root system of (g,t). Then A* C A
corresponds to 1, IT is the set of simple roots in A*, and g” is the root space
corresponding to y € A. If g is simple, then § € A" is the highest root. If HC G
and e € g, then H, is the centraliser of ¢ in H and b, is the centraliser of ein ) = Lie H.

For any & c I1, p{8} stands for the standard parabolic subalgebra such that & is
exactly the set of simple roots occurring in p{8}"!. Then [(8} is the standard Levi
subalgebra of p{8} (that is, {8} Dt and IT \ 8 is the set of simple roots of [{8}). In
particular, p{@} = g and p{I1} = b.

Algebraic groups are denoted by capital Roman letters and their Lie algebras
are denoted by the corresponding small Gothic letters (and vice versa). Our basic
references for semisimple Lie algebras and their nilpotent orbits are [3, 16].

2. Preliminaries on nilpotent orbits

2.1. sl,-triples, gradings, and centralisers. Recall the Dynkin—Kostant theory on
slp-triples and nilpotent orbits; see [3, Ch. 3] and [16, Ch. 6, Section 2]. For e € 9t \ {0},
let {e, h, f} be an sl,-triple (that is, [h, e] = 2e, [e, f] = h, and [h, f] = =2f). The
semisimple element / determines the Z-grading of g = 691'62 a(h; i), where g(h; i) is
the i-eigenspace of ad /1 in g (hence e € g(h;2)). Set g(h; =k) = @i>k a(h; i). Replacing
{e, h, f} with a G-conjugate sl,-triple, we may assume that / is dominant, that is, h € t
and a(h) > 0 for all @ € [1. Such a triple is said to be adapted (to the chosen triangular
decomposition of g). Then a(h) € {0, 1,2} and the weighted Dynkin diagram (=wDd)
is obtained by putting the integers a(h) (a € II) at the corresponding nodes of the
Dynkin diagram.

If i is dominant, then the subspaces g(/; >k) are B-stable. Moreover, p;y := g(h; 20)
is a standard parabolic subalgebra, g(/;0) is a standard Levi subalgebra of p,, and
p?}qg = g(h; >1) C u. Furthermore, [g(%; 0), e] = g(h;2) and [pgy, e] = g(h; >2). In terms
of the corresponding connected groups G(h;0) and P, this means that G(h;0) - e
is dense in g(h;2) and P, - e is dense in g(h; >2). Note also that pgy = p{S;}, where
8y ={a € I1| a(h) > 0}. For an adapted sl,-triple, we have b = b(/; 0) & g(h; >1), where
b(h;0) = b N g(h; 0) is a Borel subalgebra of g(#; 0).

An element e € 9t (or orbit G - e) is even if the eigenvalues of ad /i are even. It is
equivalent to g(h; 1) = 0 or [pgy, e] = p?;}) Since dim g, = dim g(%; 0) + dim g(4; 1) and
dim g(h; i) = dim g(k; —i), we have dim g(h; >2) = (dim O — dim g(4; 1))/2. Therefore,
O is even if and only if dim g(h; >2) = % dimO.

2.2. Induced and Richardson orbits. Let O = G- e be a nilpotent orbit in g. Let p
be a parabolic subalgebra of g, [ a Levi subalgebra of p, and O" = L- ¢’ a nilpotent L-
orbit in [, 1]. Then O is said to be induced from (O’, 1, p) if O is dense in G - (¢ + p™).
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Basic results on the induction of nilpotent orbits can be found in [3, Ch. 7]. This
construction depends only on (the conjugacy class of) I. That is, if P is another
parabolic subalgebra with the same Levi subalgebra [, then the dense G-orbits in
G-(¢’ +p"yand G - (¢ + ") coincide. Therefore, one can omit p from the notation
and denote the induced orbit by O = Ind}(O"). Furthermore,

dimO = dim O’ + 2dim p"' = dim O’ + (dim g — dim I). 2.1

Equivalently, codimy(O) = codim;(O’). A nilpotent orbit O is Richardson if it
is induced from the zero orbit in some Levi subalgebra (that is, ¢’ =0 in the
above construction). Any of the corresponding parabolic subalgebras p is called a
polarisation of O. Then dimO = 2dim p"! and P - e is dense in p"!. Without loss
of generality, we may always assume that p is standard and hence p"! C u. An even
nilpotent orbit is Richardson, because one can take p(s = g(h; >0) as a polarisation.

If O cannot be induced from a proper Levi subalgebra [ C g and some O’ C 1, then
O is said to be rigid. All Richardson and rigid orbits are known and we will freely use
that information in what follows. Namely, Kempken explicitly described induction
in the classical Lie algebras in terms of partitions [9]; see also [3, Ch. 7]. For the
exceptional Lie algebras, the induction was investigated by Elashvili. An account of
his results is given in [14, pages 171-177].

2.3. Orbital varieties. For O € 9t/G, the irreducible components of O N u are called
the orbital varieties of O. It is known that O N u is of pure dimension % dimO[13, 15].
If O is Richardson and p is a standard polarisation of it, then phil ¢ uNO and
dim p"! = 1 dim O in view of (2.1). Therefore, p"! is the closure of an orbital variety of
O. In particular, for the Richardson orbits, the closure of an orbital variety is smooth.
We will prove below that the converse is also true.

2.4. The closure relation. Letting O; <0, if O C (72 we make 9t/G a finite poset.
For the classical Lie algebras, the description of (9t/G, <) via partitions is due

to Gerstenhaber and Hesselink; see [3, Ch. 6, Section 2]. Explicit results for the

exceptional types are due to Shoji and Mizuno. The corresponding Hasse diagrams are

depicted

in [14, pages 247-250].

3. An upper bound

In this section, we obtain an upper bound on the dimension of a linear subspace
sitting in the closure of a nilpotent orbit. We begin with a preliminary result.

Lemma 3.1. If O # {0}, then the closure of any orbital variety of O contains a line of the
form q%, a € IL. In particular, an orbital variety of a nontrivial orbit does not belong
to [u, ul.

Proor. For w € W, let "u denote the w-conjugate of u. That is, "u = @,. ,-1,ex+8”. By
[7, 9.6], the closure of an orbital variety is of the form B- (1N *u) for some w € W.
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The subspace u N"u is nonzero if and only if w is not the longest element of W, and in
that case u N"u contains a root subspace g for some « € I1. O

THeOREM 3.2. Let O = G - e C g be a nilpotent orbit and V a subspace in 0.

(i) Then dimV < % dim O and there is also a B-stable subspace in 19} of the same
dimension. If V is B-stable, then V C u.
(i) If dimV = %dim O, then O is Richardson; furthermore, if V is B-stable and

dimV = % dim O, then V = p"L where p is a standard polarisation of O.

Proor. (i) Consider V as a point in the Grassmannian Gry(g) of d-dimensional
subspaces of g, where d = dim V. By the Borel fixed point theorem, the closure
of B-{V} in Gry(g) contains a B-fixed point {V’}. Then V’ is a d-dimensional B-
stable subspace sitting in 0. In particular, V' is T-stable and nilpotent. Therefore,
V' = EByeM g” for some M C A. Assume thaty € M N A™. Thene_, €b, e_ (V') C V’,

and [e_,, e,] is a nonzero semisimple element in V’. Hence, M C A* and V' cun o.
Since dim(uN Q) = % dim O for any nilpotent orbit [13, 15], we conclude that dim V =
dim V' <  dimO.

(ii) By part (i), we may assume that V itself is B-stable and thereby V c un O. If
dimV = % dim O, then V is the closure of an orbital variety of O. Hence, V ¢ [u, u] in
view of Lemma 3.1. Set 1y = {a € I1| ¢* ¢ V} and let p = p{I1y} be the corresponding
standard parabolic subalgebra. Recall that IT\ IIy is the set of simple roots of a
standard Levi subalgebra [{I1y} =: 1 C p. Let L be the Levi subgroup corresponding
to I. Since V is B-stable, we have V > p™. Hence, V=(V N @& p"land V, =V N lis
a B N L-stable subspace of 1, :=uN 1.

Let O be the dense L-orbit in L- V. Then V| C O and the above description shows
that O = Ind}(Oy). Hence,

2dimV = dim O = dim O; + 2 dim p",

Since dim Oy = 2(dim V — dim p™") = 2 dim V}, we see that V, is the closure of an orbital
variety of O;. By the very construction of Iy, Vi does not contain simple roots of [;
hence, Vi C [uy, 1]. It then follows from Lemma 3.1 that O; = {0} and hence V; = {0}.
Thus, V = p"! and we are done. m]

We provide below some nice-looking consequences of this theorem.

CoroLLarY 3.3. If V € N is B-stable, then dim G -V > 2dim V. Moreover, the equality
holds if and only if V = p"! for a standard parabolic subalgebra p.

CoroLLARY 3.4. For a nilpotent orbit O, the following properties are equivalent:

(1) O s Richardson;
(ii) there is an orbital variety of O whose closure is smooth;
(iii) there is an orbital variety of O whose closure is an affine space.

https://doi.org/10.1017/51446788718000071 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788718000071

[6] Nilpotent subspaces and nilpotent orbits 109
Proor. (i) = (ii) We already noticed that if p is a standard polarisation of O, then p"!!
is the closure of an orbital variety of O.

(i1) = (iii) Since O is a cone, the closure of any orbital variety X is an affine conical
variety with vertex {0} (that is, if x € X and ¢ € C, then 7x € X). As is well known (and
easily seen), an affine conical smooth variety is necessarily an affine space.

(iii) = (i) This is proved in Theorem 3.2(ii). O

Set dp = max{dimV |VcO & VNO # @} =max{dimV |G-V = O} and dy =

max{dimV |V C 5}. Then dp = max do', do < % dim O, and an obvious consequence
o0'co
of Theorem 3.2 is the following corollary.

CoROLLARY 3.5. The orbit O C N is Richardson if and only if dp = dp = % dimO.

For the non-Richardson orbits, we have dp < dp < % dim O, and it is not known to
the authors what is the precise value of dp and whether it is always true that dp = dp.

ExampLE 3.6.

(a) For g = sl,, the nilpotent orbits are parametrised by the partitions of n. Let
A= (4,...,4,) be such a partition and O(Q) the corresponding orbit. That s, Ay,..., 4,
are the sizes of blocks in the Jordan normal form for e € O(4). Let A= (c1y...,cm) be
the dual partition. By [6, Theorem 2], if V c O(Q), then

m

. 1 2 2 |
dimV < 5[ = > ) = 3 dimOw .

It is also shown in [6] that this upper bound on dim V is achieved for any A. Since all
nilpotent orbits in sl, are Richardson [3, 7.2], our Theorem 3.2 is a generalisation of
that classical result of Gerstenhaber to arbitrary semisimple Lie algebras.

(b) For g = sp,, (respectively g = sp,), the nilpotent orbits correspond to the
partitions A of 2n (respectively n) such that each odd (respectively even) part occurs
an even number of times [3, 5.1]. (Recall also that if A is very even in the orthogonal
case, that is, all A; are even, then there are two different corresponding S O,-orbits.) In
both cases, not all nilpotent orbits are Richardson. Therefore, the dimension formula
for O(A) [3, Corollary 6.1.4] does not provide a precise upper bound on dim V for all
orbits.

4. Posets of B-stable nilpotent subspaces

Let 7(b) denote the set of all B-stable subspaces (=b-ideals) of u (also called ad-
nilpotent ideals). 1t is a finite poset with respect to inclusion and there is a rich
combinatorial theory related to Z(b) that we do not touch upon here; see [1, 2]. Any
¢ € 7(b) is a sum of root spaces and we write A(c) for the respective set of positive
roots. That is, y € A(¢) if and only if g” C ¢. A usual partial order ‘<’ in A* is defined
by the condition that y < y if and only if u — y is a nonnegative linear combination of
simple roots. Then A(c) is an upper ideal of (A*, <) and therefore it is fully determined
by its subset of minimal elements with respect to ‘<’.
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If ¢ € I(b), then G- ¢ is closed and thereby is the closure of a nilpotent orbit. The
b-ideals ¢y, ¢; are equivalent if G - ¢; = G - ;. The equivalence classes are parametrised
by the nilpotent orbits and 7 (b)p stands for the class associated with O c N. That
is, 7(b)p={ceI(D®)|G-c= 5}. Clearly, Z(b)p is a subposet of 7(b) and, by
Theorem 3.2(i), it is also the set of all B-stable subspaces in O that meet O. The
classes J(b)p have first been considered by Sommers [12]. For ¢ € 7(b)p, we also say
that (the b-ideal) ¢ is associated with O.

If {e, h, f} is an adapted sl,-triple (e € O), then the b-ideal g(k;>2) belongs to
I(b)p; see 2.1. Hence, I(b)p is nonempty for any O. Following [12], we say that
cpy(O) := g(h; >2) is the Dynkin ideal associated with O = G - e (and an adapted sl,-
triple {e, h, f}).

Given O € 9t/G, we consider the following numbers related to Z(b)o:

e  dnin(O) = min{dim ¢ | c € 7(b)p};
e  dpy(0) = dim cpy(0), the dimension of the Dynkin ideal;
e  dna(0) = max{dimc| ¢ € I(b)p}.

Note that the definition of dp and dp in Section 3 exploits arbitrary nilpotent subspaces
V, whereas here we only allow B-stable subspaces. Obviously, dmax(O) < do. Hence,

drin(0) < dpy(0) < dmax(0) < dp < dp < 5 dimO. 4.1)

It follows from Theorem 3.2 that dmax(O) = % dim O if and only if O is Richardson.
Furthermore, as noted in Section 2.1, dpy(O) = % dim O if and only if O is even. As
we shall see in Section 8, it can happen that O; C 0_2, but dmax(O1) > dmax(0>). The
reason is that if V C 5, VNO+ @, and V' is a B-stable subspace in the closure of
B-{V} in the Grassmannian Grgp, v(g) (see proof of Theorem 3.2), then it is possible
that V' N O = @. That is, it can happen that dmax(O) is considerably less that dp.
However, the following is true.

PropostTioN 4.1. For any O € R/G, we have dg = max dmax(O").

o' co
Proor. If V. O and V' is a B-stable subspace in the clgsure of B-{V}, thendimV =
dim V’ and V’ is associated with one of the G-orbits in O. ]

Unfortunately, dmax(O) is not easily computable for non-Richardson orbits.
Therefore, this does not provide a quick way to compute dy for all nilpotent orbits.

Exampre 4.2. If p is a standard polarisation of O € 9/G, then " e 7(b)p and dim p™' =
dmax(0). Moreover, all elements of 7(b)p of maximal dimension are of this form
(Theorem 3.2(ii)). But there can exist other maximal elements of the poset Z(b)o
having a smaller dimension. For instance, if 4 = (2,2, 1, 1) for slg, then A= 4,2),
dimO(2) = 16, and dmax(O(2)) = 8. But Z(b)oy also contains a maximal b-ideal of

dimension 5. The two nilradicals associated with O(2) are HHH and -, while the
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five-dimensional ideal is E (in the usual upper-triangular matrix form). However,
we are not aware of examples of O such that 7(b)p contains a minimal element of a
nonminimal dimension.

If O is not rigid, for example O = Ind}(O’) for some O’ C I, then the knowledge of
associated bi-ideals for @ provides significant information on 7 (b)o.

Lemmva 4.3. Let p be a standard parabolic subalgebra of o, | a standard Levi
subalgebra of p, O' C 1 a nilpotent L-orbit, and O = Ind(O’). Then by=bN1lis a
Borel subalgebra of | and, if ¢ € I(b)o, then ¢ ® p"! € I(b)g. Moreover, if ¢’ is a
maximal element of I(0))or, then ¢ ® ™! is a maximal element of I(b)o.

Proor. The first assertion readily follows from the definition of induction. We have
only to check the last assertion. If © € 7(b;) and ¢’ C ¢, then T is associated with a
larger nilpotent L-orbit O, since ¢’ was maximal. Then Equation (2.1) shows that
dim Ind’(0) > dim O. Hence, ©® p"! is not associated with O. o

Remark 4.4. It is important in Lemma 4.3 that one can use different standard
parabolics p with conjugate Levi subalgebras. This yields different nilradicals p"!
and hence different (maximal) elements of 7 ().

It follows from Lemma 4.3 that if O is induced from (I, @), then
dimax(0) > dimax(0") + dim p™' = dimax(0') + 3 (dim g — dim ).

However, there can be several different ways to induce O from a smaller orbit (that is,
several essentially different pairs (I, 0")) and the numbers dpay(O’) + dim p™' can differ
for different pairs. Computations related to this observation suggest the following
assertion.

Conuecture 4.5. If O is not rigid, then there is always a pair (1,0’) such that O =
Ind?(O') and dmax(O) = dmax(O') + dim pml.

If true, this assertion would reduce the problem of finding dmax(O) to the rigid orbits.
(However, we do not know yet how to determine dnax(O) for the rigid orbits.) Another
simple but useful observation is the following lemma.

Lemma 4.6. Given O € 0t/G, suppose that ¢ € 1(b)o contains simple root spaces g*
(a € 8) for some 8§ C I1. Then O is induced from a nilpotent orbit in the Levi subalgebra
{8} of the parabolic subalgebra p{S}.

Proor. Since ¢ is b-stable and g* C ¢ for all @ € 8§, we have g* C ¢ whenever y € A"
has a positive a-coordinate for some « € §, that is, y > @. That is, p{S}nil cec Let
{8} be the standard Levi subalgebra of p{S}. As in the proof of Theorem 3.2, we have
¢ = p{8}"! @ ¢/, where ¢’ is a nilpotent b N [{S}-stable subspace of [{$}. If O’ is the dense
orbit in L{8} - ¢’, then O = Ind}(O"). ]

CoroLLARY 4.7. The orbit O € /G is rigid if and only if ¢ C [u, u] for any ¢ € I(b)o.
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5. Extreme orbits
DeriniTioN 5.1. A nilpotent orbit O = G - e is said to be extreme if dmin(O) = dpy(O).

Let B(G,) be a Borel subgroup of the centraliser G,. If ¢ € 7(b)p and e € ¢ N O, then
dim ¢ > dim B- e > dim B — dim B(G.). Hence, din(O) > dim B — dim B(G,). It was
conjectured in [12, Conjecture 5.4] that

dmin(0) = dim B — dim B(G,). (5.1)

This was verified for the exceptional simple Lie algebras in [8] (see also [12]) and for
the classical Lie algebras in [5]. That is, Equation (5.1) is completely proved via a
case-by-case verification. It might be very interesting to have a conceptual proof of
this equality.

Using properties of Z-gradings associated with sl,-triples, we derive from
Equation (5.1) some practical characterisations of the extreme orbits and classify them.

ProposiTION 5.2. Let {e, h, f} be an sly-triple and O = G - e. Then:
(i) dimg(h;2) + kG, > rkG and O is extreme if and only if

dimg(h;2) + rk G, =k G; (5.2)
(ii) O is extreme if and only if the derived group of G(h;0) acts trivially on g(h; 2).

Proor. (i) Let G, = Gzed x G% be a Levi decomposition (semidirect product), that is, G4
(respectively G™Y) is the unipotent radical (respectively a maximal reductive subgroup)
of G,. Then rkG* = rk G, and

dim B(G,) = dim B(G®?) + dim G“. (5.3)

Without loss of generality, we may assume that G* is the stabiliser of e in G(h; 0)
[3, 3.7]. Recall that dim G, = dim g(k; 0) + dim g(/; 1) and also

dim G}, = dimg(h; 1) + dim g(%; 2). 5.4
Therefore,
dim G- dim g(7;0)-2dim g(h;1)  dim G- dim G,— dim g(h;1)
dDy(O) = =
2 2
and
dim G- dim G,— di h;1 . .
0 < dpy(O)—dmin(0) = ——— 1 . MY _ gim B+ dim BG.)
dim 7 + di h; 1 . dim G,
_ _dim +21mg( )+d1mB(Ge)— im
_ dimGy +rkG,—dimT—dimg(h;1)  dimg(h;2) + rkG,—dim T
(5.3) 2 (5.4) 2 '
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(ii) Alternatively, we can write dpy(O)=(dim G+ dim g(4;0))/2— dim G, and then
similar transformations show that

0 < doy(©) ~ (@) = D =INT._ (dim G, — dim B(G)

=dim U(G(h; 0)) — dim U(G™%),

where U(-) stands for a maximal unipotent subgroup. Because G = G(h;0), C
G(h;0), the equality dpy(O) = dmin(O) exactly means that the derived group of G(h; 0)
is contained in G™4. ]

Remark 5.3. The property of being extreme is equivalent to that g(h; 2) has an open
T-orbit; that is, the roots of g(/; 2) are linearly independent. For the extreme orbits, the
Dynkin ideal g(%; >2) is both a minimal element and an element of minimal dimension
in the poset 7(b)p. But I(b)p may also contain some other b-ideals of minimal
dimension.

Using Equations (5.3) and (5.4), one obtains for e € O N g(k; 2),

diin(0) = dim B — dim B(G,) = dim B — dim B(G™") — dim G"
=dim B(h; 0) + dim g(h; >1) — dim B(Gfd) —dimg(h; 1) — dim g(h; 2)
=dim B(%;0) — dim B(Gfd) + dim g(h; >3)
<dim B(h; 0) - e + dim g(h; =3). (5.5)

This suggests the following approach to proving Equation (5.1) and also a more
precise (conjectural) statement. In order to obtain a b-ideal of minimal dimension
in Z(b)p, we attempt to reduce g(%; 2), while keeping g(/; >3) intact. If e € O N g(h;2)
is such that B(h;0), is a Borel subgroup of G(h;0), = G, then B(h;0) - e has the
minimal dimension among all B(k; 0)-orbits in O N g(k;2) and the equality holds in
Equation (5.5). Furthermore, if one can find e such that B(h;0) - e is a subspace, then
B(h;0) - e @ g(h; >3) is a required b-ideal for O. This provides our conjectural assertion.

CONJECTURE 5.4. Let g = ®ieZ g(h; i) be the grading associated with an sly-triple
{e,h, f}. Let B(h;0) be a Borel subgroup of G(h;0). Then there is a B(h;0)-orbit
of minimal dimension in G - e N g(h; 2) whose closure is a subspace of g(h;2).

Using the Jordan normal form, we can prove this conjecture for g = sl,. However,
our proof does not readily generalise to the other classical series. Therefore, we omit it.
6. Classification of the extreme orbits

Our next goal is to classify the extreme orbits in all simple Lie algebras. Clearly,
the trivial orbit O = {0} is extreme, with dpy(O) = dnin(O) = 0. We describe below all
nontrivial extreme orbits.

ExawmpLe 6.1. The principal O, and minimal Oy, nilpotent orbits are extreme. The
corresponding values are:
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o O dimg(h;2) =rkG, rkG, = 0;
e  Opin: dimg(h;2) =1, rkG, =rkG - 1.

THEOREM 6.2.
(1) For A, the extreme orbits O(Q) correspond to the following partitions:

— if g=sly, then A = (2m, 12072y withm = 0, 1,. .., n;
— if g = sbyyy, then A= 2m, 1" 122" withm = 0,1,...,n or

A=m2n+1-m)withm=n+1,...,2n0ord=2n+1).

(i) For C,, the extreme orbits O(Q) correspond to the partitions A = (2m, 12"=2™)
withm=0,1,...,n.

Proor. Recall that {e, &, f} is an sl,-triple and e € O(1). Let R(d) be the simple {e, A, f)-
module of dimension d + 1. The h-weights in R(d) are d,d-2,...,2—-d, —d, that is, the
h-weight ‘2’ occurs if and only if d is even.

(i) It is harmless but notationally more convenient to replace sl,, with gl,. Then
G=GL,. IfA=(1y,...,4,),thenrkG, = t and

t
al, = P R - DO R, - 1)
ij=1
as an (e, h, f)-module. The Clebsch—-Gordan formula implies that the subspace
of h-weight 2* in R(1; — 1) ® R(A; — 1) is of dimension A; — 1. Hence, the sum
@2:1 R(A; — 1) ® R(A; — 1) yields a subspace of dimension }i_,(4; — 1) =rkG —rk G,
in g(h; 2). Therefore, O(Q) is extreme if and only if neither of the remaining {e, i, f)-
modules R(1; — 1) ® R(12; — 1) with i # j has h-weight 2’. It is easily seen that the
h-weight ‘2° occurs exactly in the following cases:

(a) both 4; and 4; are even;
(b) both 4; and A; are odd and at least one them is bigger than 1.
Excluding these ‘bad’ possibilities, we obtain the required list of the A.
(ii) A partition A = (4y,..., ;) of 2n represents a nilpotent orbit O(1) = G - ¢ in sp,,
if and only if each part of odd size occurs an even number of times [3, 5.1]. Then

5Py = [ @ S2R(A; — 1)] ® [ PR -DORA, - 1)]
i=1 i<y

as an (e, h, f)-module. Using the Clebsch—Gordan formula, one verifies that the
subspace of h-weight 2” in 82R(4; — 1) is of dimension [1;/2].

(ii-1) Suppose that all A; are even. Then the sum @2:1 82R(A; — 1) already yields
a subspace of dimension %Z A; =n=rkG in g(h;2). Here Equation (5.2) is only
satisfied if £ = 1, that is, A = (2n) and e € O,.

(i1-2) Suppose that all A; are odd. Using a slightly different notation, we can write

A= (@m+ 1%, Qg+ 1P,
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with my > -+ > m, > 0. Here Gfd = Spyy, X -+ X Spy;, [3, Theorem 6.1.3] and rkG, =
%=1 kj. Then the sum @;1 $2R(A; - 1) = EB‘;:I 2k; 8*R(2m;) yields a subspace of
dimension Zj:] 2kjm;j in g(h; 2). Therefore,

dimg(h;2) + kG, > > ki(2m;+1) =n=rkG.

S

Jj=1

Furthermore, if m; > 1, then there is also a nontrivial contribution to g(4;2) from a
summand of the form R(2m;) ® R(2m,). Hence, the only possibility for Equation (5.2)
to hold is s = 1 and m; = 0, thatis, A = (1?") and e = 0.

(ii-3) The general case. Separating the even and odd parts of A, we can write
A = (A%; 21°Y9), which yields a decomposition

e=¢ +e" esp(V)dsp(V") C sp(V),

where V = V' & V” and dim V = 2n. Here ¢ € O(A%) c sp(V’) and ¢’ € O(A°Y) c
sp(V"). Using the equality of sp(V’) & sp(V”")-modules

sp(V) = 82(V) =8> (V)@ (Ve (V' @ V") ~sp(VY @ sp(V) & (V' @ V"),

one readily sees that if O(A) is extreme, then so are O(A%) and O(1°%). Then
combining parts (ii-1) and (ii-2) shows that ¢’ is principal in sp(V’) and e¢” = 0.
Therefore, if dim V’ = 2m, then A must be of the form (2m, 1>"~>") and this is also
sufficient for O(A) to be extreme. O

Remark 6.3. The partitions in Theorem 6.2 include those corresponding to O, and
Omin'
sl Opr = O(I’l), Omin = 0(2’ 1n—2)’
SP2y - Opr =0Q@2n), Onmin=0(2, 12n—2)'

THEOREM 6.4. Let g be an orthogonal Lie algebra.

(i)  For type B, the nontrivial extreme orbits O(A) correspond to the following
partitions A:

e (2,2,1°73) [Ominl;
e (2n-3,2,2) [‘intermediate’ orbit];
e (2n+1) [Op].

(ii) For type D,, the nontrivial extreme orbits O(A) correspond to the following
partitions A:

e (2,2,177 [Ominl;
e (2n-5,2,2,1) [‘intermediate’ orbit];
e (2n-1,1 [Op].

https://doi.org/10.1017/51446788718000071 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788718000071

116 D. I. Panyushev and O. S. Yakimova [13]

Proor. Recall that a partition A = (4,..., ;) of n represents a nilpotent orbit O(1) =
G - e in s, if and only if each part of even size occurs an even number of times [3,
5.1]. Then

50, = [@ AZR(A; — 1)] ® [ EB R - @R, - 1)
i=1 i<j

as an (e, h, f)-module. Using the Clebsch—-Gordan formula, one verifies that the
subspace of h-weight ‘2” in A2R(4; — 1) is of dimension [(4; — 1)/2]. The subsequent
argument exploits the same approach as the proof of Theorem 6.2(ii). Therefore, we
omit computational details in the rest of the proof.

First, we determine all possible partitions whose all parts are odd. The output is
(1,...,1),or(2n+ 1) for B,, or 2n—1,1) for D,,.

Second, we determine all possible partitions whose all parts are even. The only
output here is 4 = (2, 2).

Third, using the separation A = (1%'; 1°°°) and combining the above two possibilities
yields exactly the partitions in the formulation. O

/10dd

Suppose that g is simple and let § € A* be the highest root. Consider the root
subsystem A(0) = {y € A| (y,60) = 0} and the corresponding Levi subalgebra [ =t @
(@ye A©) g”). Let & be a principal nilpotent element of 1.

ProposITION 6.5. If 6 is fundamental, then the G-orbit O = G - is extreme, with
rk G;=1.

Proor. Since 6 is fundamental, there is a unique § € I1 such that (3, 8) # 0 and such S is
long. In particular, IT\ {8} C A(0) and rk A(0) = rk A — 1. Let {ey, &, fp} be an sl,-triple
containing ey € ¢? and f; € g7%. For the Z-grading of g determined by £,
2
o= (P athsi), a(h:0) = 1,9(1;2) = o = (ep).
i==2

Here 1 = [I,1] & (h), g(h; >0) = p{B} is the maximal parabolic subalgebra corresponding
to B, and p{B}"" is a Heisenberg Lie algebra. Let {&, , f} be a principal sh-triple in
[L,1]. Since [L, 1] is the reductive part of the centraliser of ey, the two sl,-triples under
consideration (pairwise) commute. Without loss of generality, we may also assume
that 2 € t c land a(h) = 2 forall @ € IT \ {B}.

Since & is principal in [, the h-weights in [ = g(h; 0) are even. If [ = P, (h; 2i),
then 1(%; 0) = t and 1(%;2) = @aen\{ﬁ} g*. On the other hand, g(k; 1) is a symplectic
simple [1, []-module. Since the triple {é, h, f } € [, 1] is principal, the iz-weights ing(h; 1)
are odd. Recall that [/, ey] = 0. Therefore, g(h;0) = g @t ® o’ and dim g(h; 2) =
dim[(h;2) = dimt — 1. It follows that g = (e, h, fs) and rkG; = 1.

Thus, rk G; + dim g(; 2) = rk G and we are done. O

The orbits considered in Proposition 6.5 are said to be intermediate and denoted by
Oimd. One easily verifies that the ‘intermediate’ orbits of Theorem 6.4 coincide with
those occurring in Proposition 6.5 in the orthogonal case.
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TasLE 1. The intermediate orbits in the exceptional Lie algebras.

Alg. | Oimg WD of O dimOimg  d(h;1) d(h:2) tkG. dpy
G, | A 10 8 2 1 T
F, | C3  2-1e<0-1 4 4 3 119
E. | As 2‘1‘?‘1‘2 64 6 5 1 29
E. | D, 2‘2"‘§1*1‘2 118 6 6 1 56
Es | E, 2‘2‘2‘1‘?‘1‘2 232 6 7 1113

THEOREM 06.6. If g is simple and the highest root 0 is fundamental (that is, g # sl,
or spyy), then there are exactly three nontrivial extreme orbits: Oy, Onmin, and the
intermediate orbit Oipg.

Proor. For the series B, (n > 3) and D,, (n > 4), this follows from Theorem 6.4. For
the exceptional simple Lie algebras, one consults Elashvili’s tables in [4]. Those tables
include all the required information: the dimension of g(4;2) and the description of
G™4 for all nilpotent orbits. O

In Table 1, d(h; i) = dim g(h;i), i = 1,2, and dpy = dpy(Oima). The second column
contains the usual notation for nilpotent orbits in the exceptional Lie algebras
(see [3, 8.4]) and the third column shows the weighted Dynkin diagram (=wDd) of
Oimd.

7. Lonely orbits

DeriniTION 7.1. A nilpotent orbit O is said to be lonely if #(Z(b)p) = 1. In other words,
the Dynkin ideal is the only element of 7 (b)o.

Clearly, a lonely orbit is extreme. Therefore, to classify the lonely orbits, one has to
explore the explicit list of extreme orbits from Section 6.

ExampLe 7.2. The principal nilpotent orbit O, is always lonely, since u is the only
element of 7(b)g,,-

Lemmva 7.3. If there is a long root a € 11 such that (a,0) # 0 and « # 0, then Oy, is
not lonely.

Proor. Clearly, the root space g’ is the only minimal element of 7(b)o_. . Moreover,
if @ is long and « # 6, then the two-dimensional b-ideal (g?, 3°=%) also belongs to
I (b)()min . [m]

This lemma applies to the minimal orbits in all simple Lie algebras except sp,,
(n = 1). Note that sp, = sl,.
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Lemmva 7.4. If O C Yt is Richardson, but not even, then it is not lonely.

Proor. Since O C 9t is Richardson, dmax(O) = % dimO. If Ois not even, then g(h;1) # 0
and hence dmax(0) — dpy(0) = 5 dimg(h; 1) > 0. O

Lemma 7.4 applies to all noneven orbits in sl,,, but a stronger assertion is true.
ProposITION 7.5. In g = sl,, the only nonzero lonely orbit is Oy;.

Proor. Here all nonzero orbits O(A) are Richardson. If p is a standard polarisation of
O(Q), then p"' e T (®)oy- Therefore, if O(A) is lonely, then it has a unique standard
polarisation. This means that all the diagonal blocks of p must be equal, that is, 4 is
rectangular. However, O(1) must also be extreme. Comparing with Theorem 6.2(i),
we get only two possibilities: either A is a single row (that is, O(1) = {0}) or A is a
single column (that is, O(A) = Op,). O

ExampLE 7.6. For types B, (n > 3) and F4, the intermediate orbits are Richardson and
not even. Hence, they are not lonely. In both cases, the semisimple part of [ is of type
A;. The wDd of O;,4(F4) is given in Table 1 and the wDd of Oy (B,,) is (2 .210=1).

n—3
Thus, for A, (n > 1), B, (n > 3), and F4, the only lonely orbit is O;.

7.1. Lonely orbits in the symplectic Lie algebra. We use the embedding sp,, C
sly,, such that

snzn={(§ 3iq)lleGqun, B=i3,€=é}, (7.1)

where A - A is the transpose with respect to the antidiagonal. Then our fixed
Borel subalgebra b(sp,,) is the set of symplectic upper-triangular matrices. For the
roots of sp,,, we use the standard notation in which I1 = {a; =& — &, ...,@,-1 =
En1 — En, @y = 28,}.

Let O,,(n) denote the extreme orbit in sp,, that corresponds to A = (2m, 12=2"),
1 <m < n. In particular, O1(n) = Opin and O,(n) = Op;. Our goal is to prove that all
these orbits are lonely. Before starting the proof, we gather some relevant data.

1°. For m < n, the wDd of O,,(n) is (2 .210...0<0). For m = n, we have

n-m

O,(n) = Op; and hence wDd is (2...2¢2). The orbit O,,(n) consists of (symplectic
nilpotent) 2n X 2n matrices of rank 2m — 1.

2°. Using the above weighted Dynkin diagram, one readily determines the Z-
grading associated with {e, &, f}, where e € O,,(n). For instance, dim g(/; 1) = 2n — 2m,
dim g(h;2) = m, and dpy(O,,(n)) = dimg(h; >2) = (m - 1)2n—-m + 1) + 1.

3?. The orbit O,,(n) is rigid if and only if m = 1 and, for m > 2, O,,(n) is induced
from (C,-1, O,,—1(n—1)). Note that sp,, contains a unique standard Levi subalgebra
of (semisimple) type C; with k < n and hence the above induction is well defined.
Expanding the chain of induction, we see that O,(n) is induced from the rigid orbit
Onin = O1(n — m + 1) in the unique Levi subalgebra [ C sp,, such that [1, 1] = spy_pm+1)-
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m m
* * :
* * :
: m—1
* * :
ar * *
+TH]
Am—1 / \
Em+Em+1 2em
5p2n =y """"
n
7

FiGure 1. The Dynkin ideal for the extreme orbit O,,(n) in sp,,.

Actually, the pair (C,_,+1,01(n —m + 1)) represents the only possibility to obtain
O,,(n) via induction from a rigid orbit in a Levi subalgebra of sp,,.

Lemma 7.7. The extreme orbit O1(n) is lonely.

Proor. For sp,,, @] = &) — &; is the only simple root that is not orthogonal to 8 = 2¢y,
and a; is short. Since O;(n) consists of matrices of rank 1 and the unique two-
dimensional b-ideal (g?, 3°-%') contains matrices of rank 2, the root space g is the
only b-ideal associated with Oy (n). O

Since O,(n) is always lonely, this implies that all extreme orbits for n = 1,2 are
lonely.

Tueorem 7.8. The extreme orbits O,,(n) are lonely for all m < n.

Proor. Arguing by induction on n, we may assume that all orbits O,,(n") with n’ <n
and m < n’ are lonely. The cases with n = 1,2 form the base of induction.

Since O, (n) and O;(n) are lonely, we may assume that 1 < m < n. We know that
dmin(O(n)) = dpy(On(n)) = (m — 1)(2n — m + 1) + 1. The minimal roots of the Dynkin
ideal cpy(O,,(n)) are ay, ..., -1, 2&,. The corresponding root spaces are marked by
‘+’ in Figure 1. Here 2¢,, is the highest root of the regular simple subalgebra of type
C,—m+1 whose simple roots are @, ..., a,. This structure of ¢py(O,,(n)) and Figure 1
visibly demonstrate that O,,(n) is induced from the minimal nilpotent orbit in $py,_+1)
via the use of the standard parabolic subalgebra p{ay, ..., @;-1}.

Assume that there is another ¢ € 7(b)o, ). Since O,,(n) is extreme, we must have
dime>(m-1)2n—-—m+ 1)+ 1.
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e If A(¢c) contains a simple root ay, then O,,(n) is induced from a nilpotent orbit
in Hay} = gl ® $p,,_or; see Lemma 4.6. Since gl has no nontrivial rigid orbits
and the only rigid orbit from which O, (n) can be induced is contained in

5P2(n-m+1)> We must have k <m — 1 and a, . .., a1 also belong to A(¢). Then ¢ =
play, ..., )" @ ¢, where ¢ is an ideal associated with the orbit O,,_x(n — k) in
[Hay, ..., ok}, Qa, . .., ax}] = $Py(—k). By the induction assumption, O,_(n — k)

is lonely. Hence, ¢’ is necessarily the Dynkin ideal for O,,_;(n — k) and then ¢ is
the Dynkin ideal for O,,(n).

e [t remains to handle the case in which A(c) contains no simple roots, that is,
¢ C [u,u] =:1’. The dense Sp,,-orbit meeting 1’ corresponds to the partition
B = (n,n). For 2m > n, the largest part of B is less than that of A. Then the
description of the closure relation in 9t/Sp,, via partitions [3, 6.2] shows that
O,.(n) ¢ O_(ﬂ) that is, it cannot meet 1’. Hence, ¢ cannot lie in 1’ and thereby
O,,(n) is lonely whenever m > n/2.

o  Finally, we assume that m < n/2 and show that if ¢ is a b-ideal such that ¢ ¢ u’ and
rkA <2m —1forany A € ¢, thendimc¢ < (m — 1)(2n —m + 1) + 1 = dpy(O,,(n)).
The subsequent argument exploits (1) the chosen matrix form of sp,, and (2) the
fact that A(c) is an upper ideal of A™.

- If &, —€; (j=m+ 1) belongs to A(c), then ¢ contains a matrix of rank
> 2m. For the same reason, g, + &; (j > 2m) does not belong to A(c), too.
Therefore, all roots of c are of the formg; —g; (i<m—1and j>i)org; +¢;
i<m-1Doreg+eg(s<t<2m—-1).

- If the positive roots € + &, €2 + Exm—15---» Em + Em+1 belong to A(c),
then ¢ contains a matrix of rank 2m. (These roots are marked by ‘x’ in
Figure 1 and, since the submatrix B in Equation (7.1) is symmetric with
respect to the antidiagonal, this gives rise to 2m nonzero entries.) Hence,
at least one of them does not belong to A(c). Take the minimal i such that
& + &m+1-i € A(c). Since ¢ is B-stable (that is, A(c) is an upper ideal of
(A", <)), A(¢) is contained in

(fer—gjll<j&lI<i-1}Ules+&|s<t<2m—-i) \{ai,...,an1)}

and a direct calculation shows that dimc¢ < (i — 1)(2n —2m + (i — 2)/2) +
(2m + 1 =1)(2m — i))/2. Now the desired assertion that dim ¢ < dpy(O,u(n))
is implied by the next lemma.

Thus, our assumption that there is another ¢ € 7(b)o, ) leads to a contradiction and
we are done. O
Lemva 79. If 1 <i<m<n/2and m > 2, then

(i—l)(2n—2m+i_22)+(2m+1_i)(2m_i)

<m-D2n-m+1)+1.

2
Proor. The difference of the two quantities in question can be written as (m — i)
[2(n —2m) + m + i — 1] + i — 1, which is positive. O
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7.2. Lonely orbits in the even orthogonal and exceptional Lie algebras. Write
Oima(9) for the intermediate orbit in g with the fundamental 6. The algebras of type D,
(n>=5) and E, (n =6,7,8) have a unique standard Levi subalgebra [ with [[, [] = sog
and their intermediate orbits are induced from (I, Ojnq(s0g)). Moreover, this is the only
possibility to induce them from a rigid orbit in a proper Levi subalgebra. Using this
property, we prove below that the intermediate orbits in all D,, and E,, are lonely. It is
also easily seen directly that Ojnq(G) is lonely.

We use the embedding so,, C sl,, such that soy, consists of the skew-symmetric
matrices with respect to the antidiagonal. For the simple roots of sop,, we use the
standard notation in which @; = &; — ;11 (i<n-1)and @, = ,-1 + &,.

Lemma 7.10. The intermediate orbit in sog is lonely.

Proor. If O = Oinq(s0g), then dimO = 16 and dpy(O) = 5. The minimal roots of
A(cpy(0)) are @) + @, + @3, @) + @2 + @4, and @, + @3 + 4. This b-ideal is abelian,
that is, [¢py(O), cpy(O)] = 0. The orbit O is spherical [10, Equation (4.4)]. Actually, it
is the maximal spherical nilpotent orbit. By [11, Proposition 4.1], if g is simply laced
and O is spherical, then any element of 7(b)o is an abelian b-ideal. Here cpy(O) is a
maximal abelian ideal. There are also three other maximal abelian ideals of dimension
6 (their minimal roots are a, @3, and a4, respectively) and three other nonmaximal
abelian ideals of dimension 5 (their minimal roots are @ + a3, @, + a3, and a; + aq,
respectively). But all these abelian ideals are associated with smaller nilpotent orbits
(of dimension 12). Hence, ¢py(O) is the only element of 7(b)o and O is lonely. O

Set O, = Oima(s02,), n = 4. We know that O, is lonely and O, corresponds

to the partition 4, = 2n - 5,2,2,1). The wDd of O, is 2---- —2—1—9—1 and the
1

minimal roots of A(cpy(O,)) are @y, ..., U4, ¥p-3 + A2 + U1, Ap-3 + A2 + Ay,

and @7 + @,—1 + .

This structure of ¢py(O,) in Figure 2 visibly demonstrates that O, is induced from
(sog, O4) via the use of the standard parabolic subalgebra p{ay, ..., @,—4}. The central
square represents sog and the three marked roots inside it are the minimal roots of
cpy(O4). Using the wDd or Figure 2, one computes that dpy(O,) = n—-n-7mnz=4).

ProrositioN 7.11. If Os is lonely, then so are all O, with n > 6.

Proor. Arguing by induction on n, we may assume that Oy, ..., O,_; are lonely and
n > 6. Suppose that ¢ € 7(b)g, .

e If A(¢) contains an a; € I1, then O, is induced from a nilpotent L{ay}-orbit O’
in {ay} = gly ® s0y,-2; see Lemma 4.6. Since gl has no nontrivial rigid orbits
and the only rigid orbit from which O, can be induced is contained in the unique
standard Levi subalgebra of semisimple type D4, we must have k <n —4 and
@i, ..., also belong to A(c). Then ¢ = play,...,a )" @ ¢/, where ¢’ is an
ideal associated with O, in [[{ay, ..., ax}, Ha, . .., )] = s0pp—k) and n—k > 4.
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509, =

FiGure 2. The Dynkin ideal for the extreme orbit O, = Oima(s02,)-

By the induction assumption, O, is lonely. Hence, ¢’ is the Dynkin ideal for
O, and then ¢ is the Dynkin ideal for O,.

e Assume that ¢ c v’ :=[u,u]. The dense orbit in SO, -u’ corresponds to the
partition

P Qm-1,2m-1,1,1) if n=2m,
Tlem+1,2m-1,1,1) ifn=2m+1.

For n > 6, the largest part of B is less than that of 4,. Then the description of the
closure relation in 9t/S O,, via partitions [3, 6.2] shows that O, ¢ O(B), that is,
O, cannot meet 1. Hence, ¢ cannot lie in 1" and thereby O, is lonely whenever
nz6. mi

To complete the soy,-case, we have only to prove the following assertion.
Lemma 7.12. The intermediate orbit Os in soyq is lonely.

Proor. Let ¢ € 7(b)o,. Repeating the argument of Proposition 7.11, we conclude that
either ¢ = ¢py(Os) or ¢ C 1’. For n =5, the partition for the dense S Ojp-orbit in v’
is (5,3, 1, 1) and the partition for Os is (5,2,2,1). Hence, Os does meet 1’. Here
dimu’ = 15 and dpy(Os) = 13. Therefore, dim ¢ > 13 and one verifies directly that
all B-stable subspaces of u’ of dimensions 13 and 14 are associated with some other
orbits. O

ProrosiTioN 7.13. The intermediate orbits in E,, (n = 6,7, 8) are lonely.

Proor. The sequence Es = Ds, Eg, E7, Eg can be regarded as an ‘exceptional series’,
via the natural inclusions of the Dynkin diagrams. We argue by induction on n, using
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Lemma 7.12 as the base. As in Theorem 7.8 or Proposition 7.11, in all three cases,
the uniqueness of induction from a rigid orbit allows us to reduce the problem to the
assertion that an ideal ¢ € 7(b)o, ) cannot belong to u’. The dense G-orbits O’ in
G- are:

for Eg : O’ = E¢(a3); forE;:0O =Eg¢(a;); forEg:O =Eg(as).

The explicit description of the closure relation [14, Tables] shows that, for n =7
or 8, Oima(g) does not belong to the closure of O’, which immediately discards
the possibility ¢ C u’. The situation for E4 is similar to that for Ds (Lemma 7.12).
The orbit Ojnq(Eg) does belong to the closure of @’. But here dimu’ = 30 and
dpy(Oima(Es)) = 29; hence, dim ¢ > 29. Then an explicit verification shows that all
B-stable subspaces of 1" of codimension 1 are associated with some other orbits. O

Gathering together the previous results, we obtain the following classification.
Tueorem 7.14. For any simple Lie algebra g, the orbit Oy, is lonely. Furthermore:

o for A, (n>1), B, (n>3), andFy, the only lonely orbit is Oy,
o  forD, (n>4) E,(n=26,7,8), and G,, the lonely orbits are Oy and Oimg;
o all extreme orbits O,,(n) in C, (n > 2) are lonely.

=
=

As a by-product of our classifications in Sections 6 and 7, we note the following
property.
PropositioN 7.15. If O € N/G and dyin(O) = dmax(O), then O is lonely.

Proor. Indeed, such an O is extreme. And, if O is not lonely, then either it is
Richardson and not even, where Lemma 7.4 applies, or O = O, with g # sp,,,, where
Lemma 7.3 applies. O

This means that the case in which 7(b)p consists of several ideals of one and the
same dimension is impossible. It might be interesting to find an a priori explanation.

8. Some anomalies and problems

In this section, we compare the numbers dp and dnax(O) for different nilpotent
orbits. Clearly, if O; C 0,, then do, < dp,. Furthermore, if O; # O, and O, is
Richardson, then dp, < % dim O, < % dim O, = dp,. This is a sort of natural behaviour
that one could expect a priori. However, passing to the numbers related to B-stable
nilpotent subspaces, we encounter strange anomalies. For, it can happen that, for one
of the two orbits, dmax(O) is considerably less that dp.

ExampLe 8.1. We provide examples of two orbits O; C 0_2 such that dna(O01) >
dmax(0,). Using this, we also show that dnax(0,) < do,. We first describe a general
idea that allows us to detect such ‘bad’ pairs of nilpotent orbits. Suppose that
dim O, — dim O; = 2 and O is Richardson, whereas O, is not. Then

dmax(02) < $dim 0> — 1 = £ dim O = dmax(O)).
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TasLe 2. The Richardson orbits O in E,, related to Example 8.1.2.

Ale. | 0O WDdof O, dimO;  dmax(©1) || dmax(O2)  do,
Ec | Ay +A, 1‘1‘?‘1‘1 62 31 29 31
E, | Exa) 00792 156 58 56 58
Es | Egby) 2200202 53 115 113 115

In some cases, one can show that dmax(O,) is strictly less than %dim O, — 1, which
leads to the ‘desired’ inequality dmax(O1) > dmax(O2). Moreover, since dmax(01) <
do,, this also implies that dmax(0;) < do,; see (8.1.2) below. Even if dimO; —
dim O; > 4, but dnax(0,) is considerably less than % dim O,, one can still detect such
a phenomenon; see (8.1.1).

In the examples below, O, is lonely, so that dmax(O2) = dmin(O>) is known.

(8.1.1) g = sog. Here the intermediate orbit O = Oiyg corresponds to the partition
(3,2,2,1), dim O, = 16, and dmax(0;) = 5. The boundary 0_2 \ O; has three irreducible
components of codimension 4. The dense orbits in these components are even and they
correspond to the partitions (3, 1°) and (2*). (There are two different orbits associated
with the very even partition (2*).) If O is any of these three, then dim O, = 12
and dmax(O;) = 12/2 = 6. Hence, 6 = dmax(01) < do, < %dim O, — 1 =7. Then, by

Proposition 4.1, one actually obtains dg, = max dmax(O") = 6 (it cannot be equal to 7,
O’COQ

since O, is the only G-orbit of dimension > 14 in 0, and dmax(0>) = 5).

8.1.2) g=E, (n=6,7,8) and O, = Ojpng. The information on O, is presented in
Table 1. The boundary O_z \ O, is irreducible and of codimension 2, and we take
O to be the dense orbit in the boundary. Then O; appears to be Richardson, and
we present its relevant data in Table 2. Since O, is not Richardson, we know that

dmax(01) < dp, < % dim O, — 1 = dnax(O0y). Therefore, we also obtain the precise value
of dOZ = dmax(0)).

(8.1.3) g =350y, (n>5) and O, = Ojg. The corresponding partition is (2n —
5,2,2,1) and dnax(O2) = dpy(0>) = n*> —n—7. For n>5, the dense orbits in the
(reducible) boundary 0, \ O, are O; =0Q2n -5, 1°) and O =0@2n-17,3,3,1).
Both these orbits are even and their codimensions equal 4 and 2, respectively. The
situation with O (respectively Q) is similar to that in (8.1.1) (respectively (8.1.2)).
In particular, dmax(O) < do, < % dim O, — 1 = dmnax(O7). Hence,

n* —n—5=dnax(O0)) = do, = $ dimO, — 1.
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REMARK 8.2.

(1) Itis curious that, for all Richardson orbits of codimension 2 in Example 8.1 (that
is, Op in Table 2 and 0’1’ for soy, with n > 5), the semisimple part of a polarisation,
[L,1], is always of type A, + 2A;.

(i) In the above examples of orbits O, = Oyyg for E,, and so,, (n > 4), we know
the exact (different) values of dmax(O;) and dp,. But the intermediate number 6?02 is
unknown.

Some questions/open problems.

(1) The posets Z(b)p, O € /G, may have many maximal and minimal elements.
However, in all examples known to us, the Hasse diagram of 7 (b)p appears to be
connected. Is it always the case?

(2) Is it true that all minimal elements of the poset Z(b)o are of dimension dnin(O)?

(3) Isit true that dp = dp for all O € N/G?
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