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ISOMETRIC CHARACTERIZATIONS OF /] SPACES

RYSZARD KOMOROWSKI

ABSTRACT.  The paper establishes some characterizations of ¢ spaces in terms of
p-summing or p-nuclear norms of the identity operator on the given space E.

In particular, for an n-dimensional Banach space £ and 1 < p < 2, E is isometric to
¢y if and only if m,(E) > n'/P and E* has cotype p’ with the constant one.

Furthermore, £}, spaces are characterized by inequalities for p-summing norms of
operators related to the John’s ellipsoid of maximal volume contained in the unit ball
of E.

Introduction. In this paper we establish characterizations of spaces ¢} in terms of
ideal norms of certain natural operators related to an n-dimensional Banach space E.
Some characterizations are given by conditions on p-summing and p’-nuclear norms of
the identity operator on E, combined with the assumption on the cotype of the space.
Other involve operators related to the John’s ellipsoid of maximal volume contained in
the unit ball of E. These characterizations generalize several known results for ¢7, and
27 (121, [3], [4], [7]). We also study similar problems also in the more concrete setting of
subspaces of L,-spaces.

Let us describe the content of the paper in more detail. Sections 1 and 2 contain no-
tations and preliminaries on p-summing norms. In particular we observe, in Proposi-
tion 2.1, an upper estimate of the p-summing norm of an operator by the p-th moment of
a related vector valued Gaussian random variable. This estimate appears several times
in further arguments.

In Section 3 we prove that if 1 < p < 2 and E is an n-dimensional Banach space such
that mp(id: E — E) > n'/p , then there exist ey, ..., e, in E such that for every sequence
of scalars ay, ..., a, one has

gaiei“ < (é lailp’> l/p"

(Here 1/p+ 1/p" = 1.) It turns out that the vectors ey, .., e, are the contact points of
the unit ball Bg of E with the John’s ellipsoid of maximal volume contained in Bg.

Section 4 is devoted to study of p-summing norms of operators related to the ellipsoid
of maximal volume. It is shown that some inequalities for these norms characterize ().
Finally in Section 5 we present some consequences of our results for subspaces of L,.
We also prove that if 2 < p < oo, then an n-dimensional subspace of L, with the
maximal Euclidean distance is isometric to £;. This complements a result obtained in
[I]forl <p <2
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1. Notation. Let (E,|| - ||) be a finite dimensional Banach space over either R or C
and let || -||2 denote the Euclidean norm on E induced by the ellipsoid of maximal volume
contained in the unit ball of E. Let (-, -} denote the induced inner product, let || - ||. be
the norm on E, dual to the original norm || - ||, and let izz: (E, || - |[2) — (E,|| - ||) and
ig» = (i2g) " be the formal identity operators.

Let 1 < p < oo and let X and Y be Banach spaces. For an operator S: X — Y set
mp(S) = inf ¢ where the infimum is taken over all constants ¢ such that

1.1) (ZHSXI'H”)I/” <e st}() (;Kxj,x*ﬂp)l/ll

fleli<1

for all finite sequences (x;) in X; if no such c exists then m,(S) = oo. If m,(S) < oo then
S is said to be p-summing and m,(S) is called the p-summing norm of S.

For a real valued random variable £ on a probability space (€2, P) we denote by E€ the
expected value of €.

Finally, let 7y, ...,7, denote real or complex Gaussian random variables on (€2, P).
For s > 1 set A, = (E[7,|*)'/%. For any orthonormal basis (¢;) in 23, let X denote the
{3-valued random variable defined by

n
(1.2) X-_—Z'Y,'e,‘.
i=1
Notice that the distribution of X does not depend on a choice of the basis (e;).

2. Preliminaries on p-summing norms. We start by stating a simple observation
which will be often used throughout the paper. It follows direction from the definition
(1.1) of the p-summing norms (cf. e.g., [9]).

PROPOSITION 2.1. Let 1 < p < oo and let T be an operator between two Banach
spaces X and Y.
(i) Suppose that there are functionals x},x5, . .., € X such that

| 7| < Z |(xF,x)[P forallx € X.
j

Then m,(T) < (5 ||x7[7)!/7.
(ii) Let & be a random variable on a probability space (Q,P) with values in
(X*,U(x*,x)) and suppose that || Tx||P < E|(&,x)|P for all x € X. Then m,(T) <

E[lgliry' .
Recall that X is the £5-valued random variable defined in (1.2). It is easy to calculate
that
Q2.1 lxll2 = A7 TE[(X X)) fors > 1.
Now, let us give some simple conclusions from Proposition 2.1 which we will need
further.
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PROPOSITION 2.2. The following equalities are true.
(i) my(id: €3 — €3) = ASVE[X[D',
(ii) mpid: £% — £2) = n'/? for 1 <p <2,
(iii) mp(id: £ — £2) = n'/P for 1 <p < oo,
(iv) mp(id: €8 — 3) = n'/? for 1 <p <2,
(v) mp(id: £y — £5,) = n'/? for1 <p < .
Equality (i) was proved in a slightly different formulation by D. J. H. Garling [5] (cf.
also, [9], p. 60).
Other equalities are well-known to specialists. For sake of the completeness we give
a sketch of the proof.

PROOF. (i) The upper estimate follows from (2.1) and Proposition 2.1(ii). For the
lower estimate observe that

EXIDY? = AT EIXIHP - sup (E](x", X)|)'/P.

x*||,=1

(iv) For x € (£} one has

| 1/2
R xa)P)

&=(£1,...,

S( > 5‘!
€=(£l,.,£1)

,,,,,

wa)

Again, by Proposition 2.1(i) we obtain

1 / l/p, ’
r(id: €y — £) < ( > ||e,~l|g,) —
G=(t1,... k1)
Conversely,
n N L/p n 1/p'
(Slediy) ™ =n'"7" sup (2 edl”) "
i=1 Iylly=1"i=1
We omit the proof of (ii), (iii) and (v). u

As an interesting consequence we get an isometric characterization of ¢% as follows.
2

COROLLARY 2.3. Let 1 < p < 0o. An n-dimensional Banach space E is isometric
to €} if and only if
mp((i2p)*) = mp(id: £ — £3).

PROOE. By (2.1) and Proposition 2.1(ii) we obtain

mp((026)") < A, E[XIN)P.
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Since ||x|| < ||x||» for every x € E, by Proposition 2.2(i) we get
A EIXIP)'7 < A, EXI'?
= mp(id: &5 — £5) = m,((i26)").

Combining the two estimates we have ||[X(w)|| = ||X(w)]|> almost everywhere. Hence,
by the continuity, || X(w)|| = ||X(w)||2 for every w € Q completing the proof. .

REMARK. For an n-dimensional Banach space E one has ) ((izE)*) < /nllie)*|| =
y/n. Corollary 2.3 says in particular that if the 2-summing norm of the operator (i2g)* is
maximal, then E is isometric to £3.

3. Characterizations of () in terms of ideal norms of the identity operator. In
this section we present characterizations of £} in terms of p'-summing and p-nuclear
norms of the identity operator on the space.

We refer the reader to [9] for the standard definition of the p’-nuclear norm.

The definition of type p and cotype g constants, T; and C;, respectively, used here,
differ from the usual ones by replacing the L;-Rademacher averages by the L,- and L,-
averages respectively (cf. e.g. [9] p. 14). The main result of the section states:

THEOREM 3.1. Let E be an n-dimensional Banach space. Let 1 < p < 2. The fol-
lowing are equivalent:
(i) p(E) > n'/P,
(ii) There exist vectors e, ... e, € E such that for every choice of scalars ay, . .. ,a,
one has

n n NP
max |a;] < ”Zaiei’ < (Z Iail”) ,
i=1,..,n i=1 i=1
(iii) vy(E) < n'/P.
Furthermore, E is isometric to EZ, if and only if E satisfies one of the above conditions,
and C;,(E) =1

For p = 1, implication (i) = (ii) was proved in [2] and [4]; implication (iii) = (ii) is
the isometric version of a classical P, problem, proved by Nachbin [7].

The proof of the theorem is based on several results of independent interest. Proposi-
tion 3.2 below is crucial for further investigation. It involves the operator ig; associated
to the ellipsoid of maximal volume. The case p = 1 was proved in [3] (¢f. also, [9],

p- 266).
PROPOSITION 3.2. Let 1 < p < 2 and E be an n-dimensional Banach space such
that
mlig2) > n'/".
Then there exists an orthonormal basis (¢;)_, in (E, || - ||2) such that |l¢j|| = |||l =

llejll2=1forj=1,....n
We only give a sketch of the proof of Proposition 3.2 since it is similar to the one in
the case p = 1.
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PROOF OF PROPOSITION 3.2. By the well-known John’s result (cf., e.g., [9], p. 118),
there exist a positive integer N, vectors x|, ...,ny in E and positive scalars cy,...,cy
such that |l5|| = [lx[l. = 1G = 1L,...,N), oY, ¢ = nand x = S, ci(x,x;)x; for
x € E.

We need the following lemma.

LEMMA3.3. Assumethatx,,... ,xyandci,...,cyareasabove. Let M C {1,...,N}
be a subset such that Yjcp c; = m, for some positive integer, and that

(x5,x;) =0 forx ¢ M, jEM.

Let Fy = span(x;j)jey and let P: (E, || - ||2) — (E, || - ||2) be the orthogonal projection onto
Fuy. If mp(Pig2) > m'/P, then there is a subset J C M with |J| = m such that (x;,x;) = 0
fori#j, i,j€J.

Obviously, Proposition 3.2 follows from Lemma 3.3 applied for M = {1,...,N} and
m=n. :

PROOF OF LEMMA 3.3. Proceeding by induction, assume that m > 1 and that the
lemma is true for m — 1. Pick a vector y € Fy such that a = ey ¢;](y, x;)|? is maximal
subject to Yjep ¢l (v, x;)|P = 1.

Since [|y[l3 <V, ;1 (v, x)|7||y|l3 " we geta < 1.On the other hand, for every x € E,
[1Pxll2 < a'/*(Sjem ¢;l(x, x;)|")! /7 which gives

1/p
m'/"Sﬂp(Pigz)Sal/z(ch) =a'?m'? and a=1.
jeM
Next, since (Sjear ¢ (0 %)% = (Sjenr | (%)) /7 and [y, x;)| < 1 it follows that
there exists a subset K C M such that

| A 1 forsekK
)l =10 fors € (1,...,N)\ K.

Let ko € K. Then forevery k € K, x; = ¢xy, With |¢,] = 1 and therefore we may assume
that y = x,.

Put M; = M \ K. Then (y,x;) = 0 for i € M. In addition, (x,,x;) = 0 for s € M,,
k¢ M and Yicp, ¢; =m— 1.

Finally, if Q:(E,|| ) — (E.|| ||2) is the orthogonal projection onto Fy, =
span(x;)iepm, then

mp(Qip) > (m—1)'/7.
Indeed, for every x € E one has
» 1/p
1P = x> < (X gl (el
jeK
and

/
7(Pit) < (m((P — Qiea)’ + m(Qiea)) -
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The last inequality can be checked using definition (1.1). By applying Proposi-
tion 2.1(i) we obtain the required inequality.

The inductive hypothesis applied to the subset M, and the projection Q yields that
there is a subset Jo C M, with |Jo| = m — 1 such that (xj,x;) = 6;, i,j € Jo. Then
Jo U {ko} obviously satisfies the condition of Lemma 3.3. "

In order to prove the next proposition we require the following lemma.

LEMMA 34. Let 1 <p < q < ooandlet (E,| - ||) be a normed space. Then for
every choice of vectors xi, . ..,x, € X the following inequality holds

P)I/P,

3.1) (ié“x,uq)n/q < <a§|[xi“”+ﬁ”iéxi

where o = 20/ and 3 = 1 — a.

PROOF. The lemma is obvious for n = 1. Proceeding by induction, assume that the
lemma is true for n — 1. Without loss of generality, we may assume that | < p < g < 00,
Yo |xl]9 = 1and 0 < ||xi]] < -+ < ||x]|. It is easy to see that to prove (3.1) it is
enough to check the following stronger inequality:

p) I/p

el =

n 1/q n n
(3.2 (o sll) ™ < (@3l 8l = [

Next, let us introduce the following notation:
(w)* = sign(w) - |w]* fors>1, weR;
n
A= s

i=2
n
DX
i=2

H)C]” =re[0,1].

a =

)

Observe that in the above terms the following formulas are true:

dﬁtlwi” =pwy " and wwy ' = |wl’.
Finally, we can rewrite the inequality (3.2) in the following way:
(3.3) 0<f(t)=a(” +A)+ 8|t —al’ — @+ 1Y/ wheret € [0,1].
To prove (3.3) observe that f(0) > 0 (by inductive hypothesis) and

f()=a(l+A) +8|1 —alP — (1 +1y/9>2a—20/4
—2.9orla=1 _orla —

(since A > 1).
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Now, let us suppose the contrary. There exists ¢ € (0, 1) such that f'(f) = 0 and
f(® < 0. Then
0=plt—a)-f1
=t —a)a " + 80— ap ™ — 47N + 1Pl
=a(t—a)f " —a@+A)+f(O)+ T+ 1P — 17— a) (1 + 1y
< —a(a '+ A)+ (7 + D1+ 197 g
<@+ —a™' —A+ 1+ a] (since (14 + 1)P/97' < a)
<@ 1yl g -,

To summarize, 0 < (14 + 1)?/4~ a(t*~" — "~ 1) which gives ! > ' and p > g. This
is contradictory to the assumption and completes the proof of the lemma. [

PROPOSITION 3.5. Let (E,|| - ||) be an n-dimensional Banach space and 1 < p <

q < 00. Suppose that there exists vectors ey, ...,e, € Eandej,... e, € E* such that
(¢f,ei) = by and|lei|| = ||ef|| = Lfori=1,...,n. Consider on E the £} norm, say || - ||,
induced by the basis (e;)!_,. Let igq4 denote the formal identity operator from (E, || - ||) to
E N lg)-

If m,(ig,) > n'/P, then for every ay, ... ,a, € C one has

(E1ot) " <[

*

PROOF. We will suppose that g < oo. In the case g = oo the proof is similar. First,
we will show that

n 1/p n
(3.4) 1y (Tigg) = (Z i) " where T = 3" ae} @ ;.
i i=1

i=1

Fix x € E. Then ||Tiggx|ly < (5L, |ailP|(x, €f)|P)!/? and so,

n l/
(3.5) mp(Tigg) < (Z ail”) "

i=1

To see opposite inequality, choose g; € C (i = 1,...,n) such that
max |a;| = (|lail” +[g")'/P.

Define an operator

n
SSE—E, S=) g Qe
=

Then for every x € £} one has

(3.6) max [ai] [lxlly < (T[] + (IS /7.
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Next, using definition (1.1) and (3.6) we obtain
max |a{myig) < (W(Tigg) + 78(Sieg)' "
Hence, from (3.5) and above it follows
n'/P max |a;| < max |ai|m,(ig,) < [7(Tigy) + 7 (Sigg)]"/?

u n /p
<[l + 2 1gil?] " = /7 max|a
i=1 i=1

and (3.4) holds as required.
Finally, using Lemma 3.4, one has

7 = (S K )e)
( é [(Tx,e}) ]”+BIZ (Tx,€!) !p)
= (@ la (i)l +8]{x Cae )

)l/P

Hence, the condition (3.4) and Proposition 2.1(i) give

(aé |a; e :)1/17 > mp(Tigg) = (g"; lail”)l/p

which completes the proof. =
Now we are able to prove Theorem 3.1.

PROOF OF THEOREM 3.1. The fact that (i) implies (ii) follows from Proposition 3.5
for ¢ = 2, Proposition 3.2 and the inequality

mp(ig2) > mp(E) > n'/P
Next, condition (ii) implies that the following factorization holds

E— 1, — ), —E
v A Py,

withv,(E) < ||Vi|| |A]| || V2]l < n'/?. Finally, (iii) implies (i) since
n = trace(id: E — E) < my(E)v,(E).
Before we pass to the second part of the theorem, observe that

3.7 C(E)=1 iff T(E)=1.
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This can be checked directly for two vectors, and by induction for more vectors. Suppose
that 7,(E) > n'/?; so, m,(ig2) > n'/P. Using Proposition 2.1(ii) and (2.1) we obtain

' < my(ip) < A VEXID'?P
o 1y.n p 1/p
= A; ([E./O *dr)

> riie;
<A YE . p p ]/p_ 1/p
<4 (EX Pl lei) ™ = n'.

i=1

Therefore, A, ' (E||X[|))!/P = n'/P = A V(E||X|2)! /7. Since |||, < [x[|. forevery x € E
we conclude that || - ||, = || - ||« as in the proof of Corollary 2.3. u

4. The ellipsoid of maximal volume and other characterizations of /; spaces. In
this section we give some characterizations of £ space in terms of p-summing norms of
an operator associated with the ellipsoid of maximal volume contained in the unit ball of
E.

Before we start, let us introduce some new notation. Let igo: (E, || - ||) — (E,]| - [|0)
denote the formal identity operator where the norm || - || is given by a fixed Auerbach
system on E. Similarly, we define ig-oo: (E*, || - ||«) — (E, ||  ||0)- Finally, let

ip2 = (ip)* and e = (ip)".

THEOREM 4.1. Let E be an n-dimensional linear space. Then for 1 < p < 2 the
following are equivalent.
(i) E* is isometric to (7,
(ii) mplig2) > n'17 and 7wy (ig2) > n'/7,
(iii) 7p(ig2) > n'/P and my(ing:) < n'/P,
Moreover, for 1 < p < 0o condition (i) is equivalent to
(iv) Tpligoo) > n'/P and my(igeo) > n'/7.

PROOF. By Proposition 2.2 we see that the condition (i) implies (ii), (iii) and (iv).
First, suppose that
mpliz2) > n'/7.

By Proposition 3.2 and Proposition 3.5, we conclude that
4.1 lIxl| < |lx]|,, forx € E.

Now, let us suppose that
mpisna) > n'l7.

Applying (4.1) and Proposition 2.1(ii) to (2.1) for s = p’ it follows that
' < i) < ANE|X)PH
<A EXIE)P = a7
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Hence, || - ||,y = || - ||. Next, let us suppose that (iii) holds. Again, by (2.1) for s = p,
we obtain
(4.2) n'? < my(ip) < A, NE]X]D)'P.

Using the Pietsch Factorization Theorem [8] (cf. also, [9], p. 47) one can find a probability
measure g on S5 ' = {x: ||x]]2 = 1} such that

1/p
* 1/p *\|p *
el < a2 ([ 10:8)P du)) " forx € £
By (4.2) and the above inequality one has
- _ 1/p
n'/P <AMEXID'P < ”l/pAp : ([E /5'2’" |y, X)IP dp(y)) =n'/P,

Therefore, E||X|[¥ = E||X||5 and || - ||« = || - ||, as before.
Finally, using Proposition 3.5 for ¢ = 0o we conclude from (iv) that

I, < |Ix*||« forx® € E*

and
x|l < |lx|| forx € E.

This implies that E is isometric to £,; completing the proof. [

5. Finite dimensional subspaces of L,. In the last section of the paper we apply
Theorem 3.1 to subspaces of L,. We also get a characterization of n-dimensional sub-
spaces of L, with the maximal Euclidean distance.

COROLLARY 5.1.  Let E be an n-dimensional subspace of L,(, ). Then E is isomet-
ric to £, if and only if my (E) > nl/p/f0r2 <p <ooormy(E*) > n'/”forl <p<2

The corollary follows immediately from Theorem 3.1 and the fact that 7}, (L,,(Q, u)) =
1.

PROPOSITION 5.2. Fix nand2 < p < oo. Then any n-dimensional subspace E of
L,(Q, 1) whose Euclidean distance is maximal, i.e., d(E, {3) = n!/2=1P s isometric to
£y

For 1 < p < 2, an analogous result was proved in [1].

The proof of Proposition 5.2 is based on well-known result of D.R. Lewis [6] which
states:

PROPOSITION 5.3. Fixnand 1 < p < 0o. Then for any n-dimensional subspace E
of L,(Q, 1) there exists fi, ..., fn € E such that

(5.1 [fiEFp”Z dp =65 where F = (zn: [f,~|2)l/2.
i=1
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PROOF OF PROPOSITION 5.2. Fix an arbitrary n-dimensional subspace of E of
L,(Q, 11). Denote d(E, {}) by dg. First we follow Lewis’ argument from [6]. Observe
that (5.1) implies

(5.2) | /

(5.3) IFll, = n'/?.

Define an operator T: E — Ly(€2, p) by Tf = fF#, for f € E. Using Holder’s inequality
itis easy to see that

n 2 n
2| 2 dn = o
i i=1

i=1

ITFI15 < IIFIGIFLD 2
Thus by (5.3), ||T|| < n'/21/p,
On the other hand, by (5.2) and Cauchy-Schwarz inequality we get, for every h =
YriiaficeE

= Afé%)zgatﬁ'p‘zdﬂ

2
Fy)—z d'u

(5.4) < (; tai|2)ﬂz—z / }Zlalf
= (351" = [/]3

2 aif
Thus ||771]| < 1, and so,

2 p/2 >
Yafi| P 2du] = 7
(5.5) dp <n'/>1/p,

Now, we proceed by induction in n. Assume that the proposition is valid for (n — 1)-
dimensional subspaces.

Let E C Ly(Q, i), dimE = n, dg = n'/>"'/? Then ||T~"|| = 1. Fix h € E such that
llhll, = ||Th||> = 1 and h = £, af; for some scalars a;, ..., a, where fi,...,f, are as
in Proposition 5.4. Since all the inequalities in (5.5) become equalities, it follows that
|h| = F a.e. in the support A of h.

Moreover, there exists a functional ¢ such that f; = ¢a; a.e.

Since the f;’s are linearly independent, we conclude that there exists ip € {1,...,n}
such that a; = é;;,. Without loss of generality assume that iy = 1. Therefore, |h| = |f;|
ae.andf, = f3 = --- = f, = Oa.e. on A. Next, observe that for any f € E, the restriction

[ xa of f to A belongs to the one-dimensional subspace [4] of L,(£2, i) generated by .
Summarizing, E = [h] @, E| where

Ei={f €E:f(w)=0ae. onA}.
It is not difficult to show that
1
dp < (L+dy™ ) 2,

By (5.5) for the space E; and above we obtain that dg, = (n — 1)!/271/7,
Finally, using the inductive hypothesis, we conclude the proof. n
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