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Introduction. In this note a characterization of subnormality of operators on Hilbert
space is given. The characterization is in terms of a sequence of polynomials in the
operator and its adjoint reminiscent of the binomial expansion in commutative algebras.
As such no external Hilbert spaces are needed, nor is it necessary to introduce forms
dependent on arbitrary sequences of vectors from the Hilbert space.

Subnormality. Let H be a complex Hilbert space and let B(H) be the algebra of all
bounded linear operators on H. The operator A in B(H) is said to be subnormal if there
is a normal operator on a space containing H which leaves H invariant and whose
restriction to H is A. There are several characterizations of subnormal operators; e.g., [1],
[2], [5]. In most cases the characterizations involve representations of A on spaces
different from or, as in the classic characterization of J. Bram, assertions about large
families of multilinear forms. In this note we offer a characterization in terms of a
sequence of polynomials in A and A*. The motivation for this characterization may be
found in the following lemma.

LemMA. Let A be a subnormal operator on H with normal extension N on K=H.

Suppose that Re A=0 and Re N=0. Then for every n=0, Y (:)A*""‘A" =0.
k=0
Proof. Let P be the orthogonal projection of K onto H. We have for n=0,

Z (n)N*n—ka =(2 Re N)" ?0’
k=0 \k

hence

y <n>A*"“‘A"= y (:)(PN*""‘P)(PA“)P=P(2 Re N)"P=0.

k=0 k k=0

Now, for any operator A define S, =S,(A) to be ¥ (:)A*""‘A" and note that S, is
k=0

self-adjoint. The sequence {S,} may be obtained in the following way. Let {T,},~, be the
uniformly continuous semigroup T,=e *. One sees that S;=2Re A and S,,,=
2Re(A*S,). It then follows easily that, for each x in H,

(d"/dt")(Txl?) = (= 1)™(S,Tx, Tx)
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and so
(Spx, x) = (=1)"(d"/dt™ YU TxI?) |, =o-

In particular {S,} is a sequence of positive operators if and only if for every x in H, the
mapping t — || T,x||* is completely monotone (see [6; Cptr. IV]). Now it is known that the
C” function f on [0, ) is completely monotone if and only if there is a Borel measure:
on [0, %) such that f(t) =7 e™™ du(s). We have established the following result.

ProrosrTioN, {S,(A)} is a sequence of positive operators if and only if for each x# 0 in
H there is a Borel measure p = p, on [0, o) such that |le x> =3 e™* du,(s).

Before obtaining the promised characterization of subnormality, we associate with
the operator A a family of weighted translation semigroups. A semigroup {E} on
L([0, ), ds) is a weighted translation semigroup if there is a strictly positive continuous
function ¢ on [0, ) such that

(e(8)e(s—))f(s—1) (s=1),
(Ef)(s)=
0 (s<t).

These semigroups are discussed in detail in [3] and [4]. It is shown in [3] that E, is strongly
continuous if and only if there is an M >0 and a real number w such that, for all =0,
sup @(s+1t)/e(s)<Me™.

* Also, {E} is a semigroup of subnormal operators if and only if there is a Borel
measure p on [0,) such that ¢2(t) =[5 e dp(s) ((4]).

If {B,} is any strongly continuous semigroup on H and Ker B, =0 for all =0, ﬁx
x#0 and let ¢(t) =||Bx|. Then since B, is strongly continuous, ||B,||<Me"" for some M
and w. Thus <p(s+t)/<p(s)=l|B,Bsx||/||BSx||SMeW'. In particular the weighted translation
semigroup {E}} corresponding to ¢ is strongly continuous.

THEOREM. Let A be in B(H) with Re A=0. Then A is subnormal if and only if
S,.(A)=0 for each n=0.

Proof. The lemma above (together with elementary properties of the minimal normal
extension of a subnormal operator) shows that if A is subnormal, then each S, =0.
Suppose now that each S,=0. Let T,=¢™**. Then we know that for each x#0, the
mapping t — ||Tx|* is completely monotone and thus each of the weighted translation
semigroups {E’}} corresponding to ||T,x|| is subnormal. Fix x#0 in H. We have seen that
there is a Borel measure dp on [0, ) such that | T%x|]* =||T,.x||* = e ™™ dp(s).

Now it is shown in [§] that if Ker B =0, then B is subnormal if and only if for each
x#0 there is a Borel measure w on [0, ||B|], such that [[B"x|?=lf"s" du(s). After a
suitable change of variables we see that for fixed ¢, T; is subnormal and so {T;} is a
subnormal semigroup. But it is known that the generator of a subnormal semlgroup is
subnormal. Thus A is subnormal, completing the proof.
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ReMARK. The assumption that Re A =0 is of only technical importance since A and
A + af subnormally stand or fall together. Without this assumption the main result must
be rephrased as: A is subnormal if and only if for some a, S,,(A+al)=0 for all n; or

") B*S,_. =0 for all n.

equivalently, for some 8, ¥ (
k=0 \k
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