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1. Kontorovich-Lebedev Transforms
The Kontorovich-Lebedev Transform of a function /(/•), 0 < r < c o , may be

written in a general form as fg(n) where,

-f
Jo

(1)

GJjcr) is a Bessel function of order fi and argument kr and k = kt + ik2

is a complex constant. If /(/•) satisfies certain conditions then the inversion
formula corresponding to equation (1) may be written as

fir) = [/„ M.ikrj] = f"'+' (2)

where the path of integration is some abscissa fit in the plane of the variable
Akr) = $(ji)NnQcr) where <j)(n) is a constant or a function of

alone and N^kr) is a Bessel function of order fi and argument fcr.
Particular transforms off(r) may be written as

(c) fM =

(b)

(d) "£
,,.-(3)

where /^(itr) and rM(A:r) are Bessel functions of the first and second kinds
respectively and H^\kr), Hj,2\kr) are Bessel functions of the third kind.
Snow (1, § VIII (3)) has shown that provided/(/•) satisfies a number of well-
defined conditions then there exist the following inversion formulEe corres-
ponding to the transforms given in equations (3).

(4a,b,c)

(5a, b, c)
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(6a, b, c, d)

„ , „ \, -5<n1<8. (la, b,c, d)
Ai J

The value of b determines the strip or half plane of \i in which the corres-
ponding transform of f(r) is an analytic function of ji. In equation (4) b is
arbitrary and in equations (5), (6) and (7) b is positive. Some further useful
formulae given by Snow are

[/,-, J^\ = 0 , — b < fil < oo (8)

\_Ji, **[i J — \_J2> £*• ix J — L/>" *•fij — ^ ' — o < . H i <<o yya, o, c)

[/i> 0(AO#i2)] = \Ji> 9(Ji)H^'] = 0, — (5</i! <i5 (10a, b)

[/i> &(^)e' '" t^1)] = [/2> 6'(/^)e"''"t^2)] = 0, —b<ni<b ( l la , b)

where g(fi) is an even function of \i.
The imaginary axis is a possible path for the integrals (5, 6, 7, 9, 10, 11)

and also for the integrals (4) and (8) when <5>0. In some cases the integrals
may be reduced to those along the upper half of this axis. For example in
equation (6d) e1"" sin finH^\kr) is an even function of fi and taking the path
/z = 0 + ifi2 = ik we have

/• /•

Jo Jo
Similarly (Id) may be reduced to

f(r) = - \ j°° XeXn sinh (Xn)H}f\kr)dX \ f(i)H\l\k^)S,-ld£, (13)
Jo Jo

It is also possible to express the above results in terms of the modified
Bessel functions Ix(z) and Kx(z). If, for example, we set k = irj in equation
(4b) we find

f(r) = — nK^(rir)d[i f(c)Ili(t]Q)£~1di; (14)
^ ' Jpi-iao Jo

Examples of other formula which may be obtained in a similar fashion are

f(r) = — fil _ll(t]r)<l>([i)dn (15)

^ J in -ioo

J fVl-ioo
= — I /i//i(?/r)4>(/i)a'/i (16)
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s i n (A»«)K,0|r)* nW (17)= 4 I"" '" ̂  si
71 J/ii-ioo

I °
Jo

= 4 I A sinh (A7t)X,A(»;r)O(»A)dA (18)
Jo

where

Jo
Kontorovich and Lebedev (2) first reported formulae (1b, d) and Lebedev

(3), (4), (5) has given formulae (6b, d), (14) and (18). Turner (6), Wells and
Leitner (7) and Lowndes (8) have applied formula (16) to solve certain diffrac-
tion problems.

2. General Parseval Relation
In this section we obtain formally a general Parseval relation for the

transform pair given by equations (1) and (2).
If fg(n) and hg(fi) are Kontorovich-Lebedev transforms of the functions

/(/•) and h(r) and if L be the path of integration over which the inversion
formulae for/(r) and h(r) are defined then

f rt(tifjMhjUiW= f WKAO/.G')^ I"" K^G^kry-'dr (19)
JL JL JO

by the definition of hg(ji). Assuming that an interchange of the orders of
integration is permissible we have

f i»Kn)fjMhjMdp= [° h(r)r-Hr f
JL Jo JL

i define \jj(p) such that

J /x^(/i)/9(/x)G,(A:r)^ = f

i (20)
JL

If we now define \jj(p) such that

C

'Jj^MJikrWn =/(r) (21)

we find that the general Parseval relation is

H\l/(li)fg(n)hg(n)du= f(r)h(r)r~1 dr (22)
Jt Jo

3. Particular Parseval Relations
The particular Parseval relations are characterised by the function ij/(n)

and the path of integration L. These are listed in table 1 for some of the
transforms defined in § 1 and they are derived by means of the general method
outlined in § 2.

To obtain the Parseval relation for the transform (6b) for example, we
proceed in the following way. Since

fir) = [A,
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we have, by equation (21), to find a function \]/(JJ) such that

f
JL

= i f
J L

where L is the path Qil — ico, fi1 + ioo).

TABLE 1

Equation Number

a, b, c

d

a, b, c
7

d

12

13

15, 16, 17

18

i

— e'"" sin fin
Ai

-i

- e-'1"" sin /at
4i

-ie~*n sinh An

—JeA*sinhAn

— sin fin
n2

— sinh An
n

L

(A*I - »oo, ^ ! + joo)

(0,oo)

(jii-ico, fii + ico)

(0,oo)

Now

(23)

UJikr) = H?Xkr)+H?Xkr)
and therefore substituting for H^\kr) in the left-hand side of equation (23)
we have

JL
= 2 f

JL

-1 (24)

Equation (24) reduces to (23) if we choose \}i = \ since, in this case, by
equation (9a) the second integral on the right-hand side of (24) is zero.

In the following section a number of integrals will be evaluated with the
aid of two of the Parseval relations indicated in table 1.
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4. Evaluation of Integrals

Consider the transforms given in equations (13) and (18), i.e.

F i G O - [*Kr)H$Kr)r-ldr (25)
Jo

[fiDK^r-Hr (26)
o

where for simplicity we have taken k = 1, r\ = 1.
We shall use the following transform pairs

7i(a + r)

iexp | ^ ( j L + A + ^ | , fa0i) = K^KtJJI) (28)

= s e c h o*«)^-i+^) (29>

A F2W = K 2 l » (30)

where P^(z) is the Legendre function of the first kind. The result (27) is given
in (9, p. 381) and the results (28) to (31) can be found in (9, pp. 175-177).

Consider the integral

h = i f °° He** sech fcin) tanh (tin)H%X*)H%Xp)dn (32)
Jo

Using the Parseval relation given by (13, table 1), i.e.

i I™ iismh{nn)e»*F1{n)Hl(<n)dn= - f"'f(r)h{r)r-ldr
Jo Jo

and putting
Fifci) = sech Qm)Hl*Xa), H&) = sech (im

we see from the results (27) that

= i I""
Jo

^ sech Om) tanh
o

o (ct + r)(p + r)
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i( — ix) = — dX.

= 4 I °° ̂71 Jo

where £i(

A second integral is

h = 4 I ^ s e c h (/*«)tanh <J™)P-*+iJrf>)KtJ&dV (34)
J

Setting

F20*) = sech (/CT)P_i+I>(^), #2(ji) = sech (jat)

we find from equations (29) and (31) that

n2\2

Hence, using the Parseval relation (18, table 1) we have

/* sinh (nn)F2(n)H2(»W
o

= 4 f
= 4 ( f ) e"°n2\2nj J

o r + a
(35)

which is in agreement with a result given in (10).
Other integrals which may be evaluated using the Parseval relation for the

transform (18) are as follows:

2 f00

rc Jo

2 f /2aJ?V
73 = - J A* tanh (fi^P-^MK^K^PW = -2|) ^(z) ...(36)

J \Z7t /where z2 = ot,2+

J4 = 4 f" ^ s i n h Q**)K2i,(*)Ktjtf)Kifr)dti = f exp [ - ( - ^ 9 J .. .(37)
« Jo 4y L 2Vff)S J

where y2 = 4oP + <x2. The values for 73 and 74 are in agreement with results
given in (9).

4 P (38)2 f°°
75 = — JI sinh (

n Jo

where R2 = (<x/?+.

h = —2\ Vtanh (W)1

n Jo

- ^

OLjf^- iu\P)-*^- iu\ J i uV

:(<x2 + j?2)+ — (x2

K T a ^ + 1

°l_aV 2
The integral 73 is evaluated using the transform pairs (28) and (29), 74

using the pairs (28) and (30), 75 using the pair (28) and 76 using the pairs (29)
and (30).
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