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Abstract  Let ¢ be a positive integer, let Z = Z(q) and J = J(q) be subintervals of integers in [1, ¢]
and let M be the set of elements of Z that are invertible modulo ¢ and whose inverses lie in [J. We
show that when g approaches infinity through a sequence of values such that ¢(q)/q — 0, the r-spacing
distribution between consecutive elements of M becomes exponential.
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1. Introduction

There are many sequences of interest in number theory that are believed to have a
Poissonian distribution, but in very few cases has one been able to prove the relevant
conjectures. We mention first of all the classical results of Hooley [10-13] on the distribu-
tion of residue classes which are coprime with a large modulus ¢, which will be discussed
in more detail below, and also the well-known conditional result of Gallagher [8] on the
distribution of prime numbers.

More recently, in [4], it was proved that the distribution of primitive roots mod p
becomes Poissonian as p — oo such that ¢(p — 1)/p — 0, while the distribution of
squares modulo highly composite numbers was shown to be Poissonian by Kurlberg and
Rudnick in [14]. Fractional parts of polynomial sequences {aP(n)}, n € N, provide
another class of sequences which are believed to have a Poissonian distribution. Rudnick
and Sarnak [16] proved that for almost all & € R the pair correlation of this sequence is
Poissonian (see also [1]). Here the degree of P is at least 2. If deg P = 1, the distribution
is not Poissonian. In fact in this case the gaps between the fractional parts {aP(n)},
1 < n < N, take at most three values (see S6s [17] and Swierczkowski [18]). In this
paper our aim is to find out whether the inverses, modulo a large number ¢, of integers
from an interval have a Poissonian distribution when the interval’s length is large enough.
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To make things more precise, let ¢ be an integer and let Z = Z(q) and J = J(q) be
subintervals of integers in [1, ¢]. For any integer n € [1,¢], (n,q) = 1, we denote by 7 the
inverse of nmod ¢, that is the unique integer from {1,...,q} satisfying nfn = 1 (mod q).
We consider the set

M=MZ,T,q)={v€T:(v,q)=1,7€T}

and suppose its elements v1,72,...,vnm are sorted in ascending order. (Here M =
IM(Z,T,q)| is the cardinality of M.) One might expect that if |Z| and |J| are suffi-
ciently large, then the elements of M are randomly distributed. Let

) @171

9 q
We think of 6 as being the probability that a randomly chosen integer from [1,¢] is
invertible modulo ¢ (i.e. it is coprime with ¢) and that its inverse modulo ¢ lies in
J. Then M should be about |Z|0 and the average distance between two consecutive
elements of M should be |Z|/M ~ 1/6. Thus, on these probabilistic grounds, concerning
the spacing between consecutive members of M one might conjecture that

A
#{% EM vy —v1 > 9} ~e *Z|6,

for each fixed A > 0. In particular, the proportion of gaps that are greater than the
average should be about e™'. This may be regarded as a generalization of the problem
studied by Hooley in [11] and [12], who investigated the case T = [1,q], J = [1,¢], that
is the set of reduced residue classes. He proved that the r-spacing distribution of the gaps
between reduced residue classes becomes exponential as ¢ — oo such that ¢(q)/q¢ — 0.
In this paper we show that this property is inherited by subsets naturally constructed
by the taking the inverse operation.

In [5], Erdos originally made a series of conjectures concerning the distribution of the
residue classes, the most celebrated of which was the special case o = 2 of the bound

S (s = ofo(22) (1)

i=1

where a1, ..., a,(,) are the reduced residues modulo ¢. Hooley proved (1.1) for 0 < o < 2
in [10], and in [11] he calculated the distribution of the consecutive differences a;11 — a;,
showing that they behave statistically like a gamma-random variable with parameter 1.
As a consequence he showed that for 0 < o < 2 the estimate (1.1) can be replaced by
an asymptotic formula when ¢(q)/q¢ — 0. In [12], Hooley proved more generally that
for any r > 1, the groups of r consecutive gaps between the elements of the sequence

ai, ..., Gp() are statistically independent, in the sense explained below. Later on, in a
famous article [15], Montgomery and Vaughan settled the conjecture by proving (1.1)
for all @ > 0.
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Here we show that the distribution function calculated by Hooley remains the same if
one picks up in the sampling only reduced residues from M. To see this, for Ay, ..., A, >0
we define

g(>‘13"'7>‘7") :g(A17"'7>‘7’;I7\77Q)

to be the proportion of v; € M which satisfies v;1; — vi1j—1 < A;/0, for 1 < j < 7.
Based on the presumption that the inverses from a sufficiently large interval are randomly
distributed in [1, ¢], one would conjecture that the differences of consecutive elements of
M are independent of one another, that is, one expects to have

g1, A = g(A) . g(An).

Theorem 1.1 below shows that this is true, providing additionally an explicit expres-
sion for g(A1,...,A). It also confirms that the same distribution is inherited by shorter
intervals, and that the distribution of r-groups of consecutive differences is essentially
independent of ¢ as ¢(¢)/q¢ — 0. (This was also conjectured by Erdds (see [6]) when

T =J =1, q] were complete intervals and ¢ was a product ¢ = 2-3- --- - p of consecutive
primes.)
Theorem 1.1. Let A1, ..., A\ > 0. Then, as ¢ — oo through a sequence of values such

that ©(q)/q — 0 and the lengths of the intervals T and J grow with q satisfying the
conditions |Z| > q'~ (/9008105 0)' ") ap |T| > ¢t~ (1/(o8los)*) e have

lim g(Ar,. . A, T, q) = (L—e) o (L—e™).
q—o0

2. Bounds for some exponential sums

Let A = {a1,...,as} be a set of integers and k = (k1,...,ks) a vector with integer
components. If z is an integer, we write * = (z,...,2), x + a = (¢ + a1,...,T + as)
and € +a = (r +ai,...,r + as). Here and later the bar represents the inverse modulo ¢
(most often) or modulo an integer understood from the context.

We consider the following exponential sum:

' (fur+k-x+a
S(u,k, A, q) = el —— ).
e

z=1

Here 3" means that the summation is only over those x for which (z 4 a,q) = 1 for
all @ € A. Using the Bombieri-Weil inequality [2, Theorem 6], we obtain (see [3]) the
following result.

Lemma 2.1. Suppose that aq,...,as are distinct mod p and p 1 (u, k1,...,ks). Then

|S(u, k, A,p)| < 2s/D.

These exponential sums behave nicely and, in particular, there is some sort of mul-
tiplicity. Using this property, in order to get bounds for a general modulus, one needs
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estimates only for sums with a prime power modulus. This subject was also treated in [3],
from which we quote the following three lemmas. The proofs of these lemmas are based
on the method used by Esterman in [7].

Lemma 2.2. Let qi,...,q- be pairwise coprime positive integers, ¢ = qi...qy,
d; = q/q;, and denote by z\9) the inverse of x modulo qj, that is 1 < ) < gj — 1 and
22) =1 (mod ¢;). Then

S(u,k, A, q) = HS (J)u q] kAqJ) (2.1)

Let L(y) be the polynomial given by

S

L(y) = (U_Z(gﬁ—a] )H (y+a;)?

Lemma 2.3. Letn > 2 and 0 < [ n| be integers. Suppose that all the coefficients
of L(y) are divisible by p" but at least one of them is not divisible by p"+!. Then

1S (u, ke, A, p™)| < 92s=1pn=(([n/2]=1)/(25))

Since from the hypothesis of Lemma 2.3 it follows that p" < (p[*/?! u), we have the
following.

Lemma 2.4. Let n > 2. Then
|S(u, k, A, p")| < 225—1(])[”/2]7u)l/(QS)pn—([n/Z]/(QS)).

We also need partial sums, where the variable of summation runs over Z, a subinterval
of integers in [1, g]. We write

k -
Seluk Ag) =Y Q(W+w+a>
e’ q

where 7' = {z € Z: (x +a,q) = 1 for all a € A}. The estimation of the incomplete sums
can be reduced to that of complete ones. To see this, we write

Sr(u,k, A, q) = Clqu:/e<m+kqm> qu: ( x_z>

=1 z€Z l=1

Inverting the order of summation, we obtain

Sz(u,k, A, q) = ZZ <lz)z/e u+l:1:J;k :1:+a>

l 1z€eZ =1

qg—1

q €T q

Q|

=1z
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3. The s-tuple problem

The key to obtaining Theorem 1.1 is to solve the so-called s-tuple problem. In this
section our aim is to estimate Nz(A) = Nz(A;J,q), the number of n € T for which
all the components of the s-tuple (n + aq,...,n + a5) have inverses modulo ¢ in J. If
7 = [1,¢q|, we omit the indicial notation and for short write N(.A) instead of Ny 4(A).
For ¢ large and A a set of integers distinct modulo ¢, a probabilistic argument leads
us to expect that Nz(A) is about |Z|9M! when ¢ is prime, and for general ¢ it is a
similar term multiplied by a factor involving the prime factors of ¢. This is confirmed
by Theorem 5.5 below. The first step in the proof is to write Nz(A) in terms of the
exponential sums defined above. For this we introduce the characteristic function

)1 ifzeJ,
5(I){0 ifz¢J. (8-1)

This can be written as an exponential sum as follows:

B

k 1yeg

).
7). (32

If (x,q) = 1, this is

RN

k lyeJ
Then, by the definition of the Nz(A) and (3.2) we have

A=Y []éz+a)

z€ZacA

PN IP M

z€T' ac A k=1yeg

Inverting the order of summation, we get

T+ ay Ys — m
VIERD YD IS 9D MED o (e BRI (R
z€T ki=1  ky=ly1€T  ys€J q
k SJS8
:ZZ(ly1> Zz<y> —k, A, q),

kl 1y1€J k? _1y EJ
where k = (k1,...,ks). Here the main contribution is (we do not yet know that it is the
dominant term) given by the term with ky = -+ = ks = ¢. Isolating this term we obtain

I/ j S
q j=1 “k;j=1y,;e€T

https://doi.org/10.1017/50013091501000724 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091501000724

190 C. Cobeli, M. Vajaitu and A. Zaharescu

where the prime in the product means that the terms with k&4 = --- = ks = ¢ are
excluded.

In the next section we show that Nz(A) depends proportionally on |Z|, so it is enough
to estimate N(A).

4. Reduction to the case T = [1, q]
We need an estimate for |Z'|. Following Hooley [11], we introduce
v(id,A)={n:1<n<d, (n+a1) - (n+as) =0 (modd)}.
Clearly, if p is prime, then
1 <v(p, A) < min(p, s). (4.1)
Note that v(d,.A) is multiplicative, that is

v(dyds, A) = v(dy, A)v(ds, A) (4.2)

whenever (di,ds) = 1. Also note that if p is prime, then v(p, A) equals the number of
a € A that are distinct modulo p. We denote

(g, A) = H(l - '/(p’A)). (4.3)

p
plg

If IT;(q, A) # 0, then using (4.1) we get the following trivial lower bound for IT;(g,.A):

1 1 p-1
6 < HZ; = H(l » ) < (g, A). (4.4)

plq plq
A better bound is given by the following lemma.
Lemma 4.1. Suppose 0 < s < (logq)'/? and IT,(q,.A) # 0. Then for ¢ large enough
one has

ITi(q, A) > /(2.

Proof. We estimate the factors of the product (4.3) differently according to their size.
Correspondingly, we split IT;(q,.A) as follows:

Mg A= ]] (1 - M) 11 (1 - ”(p]’)A)) = PPy, (4.5)

p
plg plg
p<(log q)*/* p>(log q)*/*

say. Since v(p, A) < p — 1, for the first product we have

P> H (1—]9_1)2 H %. (4.6)

p
plg 2 p<(logq)?/3
p<(logq)*’*
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A trivial estimate for 7(z), the number of primes < z, gives

Hp < l,'n'(a:) < IZz/(loga:) _ e?z’
pP<ZT

for x > 2. By (4.6) and (4.7) we obtain

P, > e 200s0”? _ (=2/((log)'/*)

By (4.1), for P, we have

D log q

191

s s w(q) o 12/
> I (1 ~ ) > (1 ~ ()2/3> > e @/(osa)™)  (4g)

plg

p>(log q)?/*

because 1 — x > e~** for any = € [0,1/¢e]. Here w(q) is the number of distinct prime

factors of ¢. It is well known that

2logq

1 <w(q) <

= loglogq

for ¢ large enough. Using (4.9), (4.10) and our hypothesis on s, we obtain

1/3

Py > ex 2elog g (logq) _ —2¢/((loglog q)(log )

" loglog g (log q)?/3
The lemma then follows by (4.5), (4.8) and (4.11).

(4.10)

(4.11)

O

The next lemma gives an estimate for the number of admissible s-tuples, that is those

s-tuples with all the components invertible modulo gq.

Lemma 4.2. Let A= {a1,...,as} be a set of integers, T a subinterval of integers in

[1,q], and denote Z' = {n €I :(n+a,q) =1 for all a € A}. Then
12| = I1(q, A)|Z]| < (25)1

and
I1,q)'| = qII1(q, A).

Proof. Let P(z) = (x 4+ a1) - (z + as). Then we have

= 1= > wd)

xel z€Z d|P(z)
(P(z),q)=1 dlq
=Y ud) Y 1
dlg

zel
P(z)=0 (modd)

—Sua(Tea) XL

dlg 1<z<d
P(z)=0 (modd)
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where 6, are real numbers with |04 < 1. Using the multiplicativity of the sum

S

1<z<d
P(z)=0 (modd)

which coincides with v(d, A), we obtain

2= 1Y X )+ 3 w(harta, A)

dlq dlq
=17I][ <1 - ”(p];A)> + Y p(d)bav(d, A). (4.14)
plg dlq

We bound the last sum trivially:

S vt A < S, 4) = [T+ vl A)

dlq dlq plg
<JJ+5) < (1492 < (25)9(, (4.15)
plg

By combining (4.3), (4.14) and (4.15) we obtain (4.12).
Observing that if Z = [1, ¢] then in the above calculation 6, = 0 for all d|q, we see that
(4.13) follows as well. O

We return now to the s-tuple problem. By (3.3) we deduce that

T
‘NI(A) - L'N(A)‘ < By + B, (4.16)
where
g - |[ZHIPE 06T
| =
q° q q°
and

Jo 1/(2}: 3 e(qu‘%)) (SI(O,—ImA, q) — |qI|S(0, —k, A, q))’.

To bound F; we use Lemma 4.2 to obtain

G

S

IZ|

E, |11 (g, A) + 61 (25)“ @ — ?qﬁl(q,A) ;

where 6 is a real number with |0;| < 1. This gives

S
B, < @(23)“‘1). (4.17)
q

https://doi.org/10.1017/50013091501000724 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091501000724

Distribution of gaps between the inverses mod ¢ 193

To obtain an upper bound for Es we first use (2.2) to replace the incomplete exponential
sums by complete ones to get

n{zz(ﬂ%)} Sy e( ) stk 4|

kj=1y;eJ 1=1 2€T

E, =

Then we bound the geometric progressions to obtain

L H (Z win{ 71,5777} ) gmin{m ST 7T 150~ Al

k=1
(4.18)
where ||z|| is the distance of 2 from the nearest integer.

5. The estimation of Nz(A)

Our aim is to prove a result of the following type. Given the sequence of integers {qn, }nen
and a sequence {&, }nen of real numbers such that g, — oo and &, — 0, let us consider
the intervals Z,,, 7,, C [1, q,] with |Z,,|, || > ¢:=¢". Then, for any positive integer s and
any ¢ > 0 there exists an integer n(s,e) such that for any integer n > n(s,e) and any
An C [—¢Em, ¢5n] with | A,| = s we have

Nz (Axs Tos ) — |z(‘q7”'

)m(qn,An) <

ezn|("q7") Ty (gn, Av).

n n

To proceed, we need bounds for exponential sums, which, as we have seen, depend

heavily on the divisors of g, so we need to split the discussion up accordingly.

5.1. More estimates for exponential sums

The first estimate is for the case when the modulus ¢ is square free.

Lemma 5.1. Let py,po,...,p, be distinct primes and ¢ = p1ps ...p,. Then

15(0,k, A, q)] < (25)%@ (2 max |a;|

s(s—1)/4 1
/2.1/2
1<;<s ) (klu"'7ksaq) q .

Proof. Let Li(z) be the polynomial given by

ky
L = .
1(z) (m+a1+ x+as>Hz+a]

We split S(0, k, A, ¢) using Lemma 2.2 and estimate the factors S(0, k, A, p) with p prime,
either trivially or using Lemma 2.1. Thus we have

- LA, if L =0 dp),
S(O,k,A,p)lé{p 5? ) 1 La(e) =0 (modp) (5.1)

2sp otherwise.
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Set
B ={p:p prime, plg, Li(z) =0 (modp)}.
Then Lemma 2.2 and (5.1) give

\S(o,k,A,q)|<H\5( Dk, A,p;)| <Ir]] 2" (5.2)

pEB  p¢B
Next let us denote
D; = [T(ai — a5)
i#]
and
A= H —aj).
1<J
With this notation the product over p € B in (5.2) can be written as
IIr= II » II » (5.3)
pEB pEB peB

P|D1"'Ds le"'DS

Note that p|D; - - - Dy is equivalent to p|A. This implies that

s(s—1)/2
[I »<ial<(2 max o) : (5.4)
pEB IS
p|D1-+-Ds

To estimate the other product in (5.3) we make the following remark, which will also be
referred to later.

Remark 5.2. If Li(z) =0 (mod p), then
0= Li(—an) =kn [ (—an+a;) =knDy (modp),
1<j<s
Jj#h
therefore p|k, Dy, for all h with 1 < h < s.
Now it is easy to see that Remark 5.2 implies that

I[I p<a.. ka0 (5.5)

peEB
ptD1-+-Ds
By (5.3)-(5.5) we obtain
k 5 s(s—1)/2 .
[Ip< (ko) (2 mas o)) . (5.6)
peEB
The lemma follows by inserting estimate (5.6) into (5.2). O
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Suppose from now on that the modulus ¢ has the decomposition ¢ = p?” R
where p1,...,p, are distinct primes. Here g is not necessarily square free. We use the

following notation:

QOZHP’ Q1=HP7

plg z;\q
P1q

and

e=[]r"  @=]]p".

plg plg2
2
g

It is clear that q192 = q.
To evaluate Eo we use (4.18), and this requires a bound for S(I, k, A, q).

Lemma 5.3. We have
1S(1,k, A, q)| < (gs)w(ql)g(%—l)w(qz)(qh1)1/2((12’l)l/(28)q1—(1/(65)).
Proof. First we split S(I, k, A, ¢) using Lemma 2.2:
Sk, A, q) = [ Se(p, @)l c(p, @)k, A, p) [ [ S(e@®s, @)l c(p°?, @)k, A, p°).
pla1 pla2

Here we used the fact that by their definition all the coefficients ¢(m, q) are relatively
prime to m. A simple calculation shows that

q}/2q2q~271/(2s) _ qq;1/2(j;1/(2s) < gt (W/©9), (5.7)

We then apply Lemma 2.1 for the primes p|¢q; and Lemma 2.4 for the primes p|g2 to

obtain
1S(1,k, A, q)| < H(zs(p’l)1/2p1/2) H(22sfl(p[ap/2],l)l/(28)papf([ap/2]/(28)))
pla plaz
< (2s)@(0)22s=1w(a2) (g, 1Y1/2 (g, 1)1/(2S)qi/2q2q~2—1/(25)_ (5.8)
The lemma then follows by (5.8) and (5.7). O

Finally, in order to apply (3.3) we need to estimate S(0, k, A, ¢) and this is done in
the following lemma.

Lemma 5.4. We have

(s—1)(s+2)/4
1S(0, k, A, )] < (25) (235D (3 max |a))
IS

X (kla ey ksa q1>1/2(k1a ey k57 62)1/(23)q1_(1/(68))'
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Proof. We begin by splitting S(0, k, A, q) using Lemma 2.2:
S(0,k, A,q) = ] S(0,c(p, )k, A, p) [[ S(0,c(p°, 0k, A, p7).
pla plgz
To bound the first product we appeal to Lemma 5.1, which gives

s(s—1)/4
) (kla cey ksv Q1)1/2qi/2' (59)

1150, ¢(p, a)k, A, p)

pla1

< 290 (2 o o

To bound the second product we introduce the polynomial
kl ks > 2
Lo(a)= [ —2 4.4 s N2
2(x) ((:1:+a1)2 +-F (m+a8)2>jl:[1(m+aj)
Also, for the primes p|ga let 5, be such that
Ly(z) =0 (mod p°r) and Ly(z) 20 (mod pP»+1),

Then we apply Lemma 2.3 for the primes for which 8, < [o,/2], while for the other
primes we use the trivial bound. Thus we get

[T s cor k. Ape) = I |1 x [ I

plaz plaz plaz
ﬂp<[0¢p/2] 61)2[0‘?/2]
<20 Dwtag, [ (plow/2-5)-1@) (5.10)
plg2
Bp<lap/2]

Now using the same argument as in Remark 5.2 we see that if Ly(z) =0 (mod p°r),
then pﬁp|ijJ2» for any j (1 < j < s), which further implies that [ .. p% divides
(ki,...,ks)A2. This shows that

PGz

[T /20700 < ey, k@)A1 (5.11)
plg2
Bp<lep/2]
The lemma follows by (5.9)—(5.11) and (5.4). O

5.2. Reduction to the case T = [1, q]
By Lemma 5.3 and (4.18) we deduce that

S

q
w 2s—1)w 1—(1/(6s
s < (25)(0)2(2s=De(a2) 1-(1/(6) s+1H (Z {|j| ST /q})
S \e

q
Z 2” l/ H }(Q17 ) /2(627”1/(25)'
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The sums over k; are bounded by

(/2]
<1 + Z ) *(2 4+ logq)®,

while the sum over [ is less than

la/2] 1/2 1/(2s) la/2]
(q1,1) 2,1) 1/2 51/(2s) 1
Z SOIDIECED I
=1 dilq1 d2|q2 =1
)i
dall
1/2 (1/(28))—1 lg/(2d1d2)] 1
—ox a3
di|q1 d2|G2 m=1

< q(2+1ogq)o_1/2(q1)0(1/(25))—1(G2)-

We remind the reader here that ¢; and ¢» are coprime, so that d; and d, are. Putting
these together we get

By < (2)2(0)2Cs=00@2) 5y o (q1)0 (1 j(25))-1(G2) (2 + log q)* T g~/ (62,

We obtain the required reduction formula by combining (4.16), (4.17) and the above
estimation for Es:

¢ A)‘ < (25)9(0)+ @25 ule)

‘meq

X 0_1/2(q1)0(1/(25))—1(G2) (2 + log q)* T g =1/ ) (5.12)

5.3. Estimation of Nz(A)
Using the estimate provided by Lemma 5.4 in (3.3), we obtain

V) —atne. 0 (121

1
< = (25)@ (@)= 1>w<q2>(2 max |a|
q° 1<5<s

Z Hmln{|j 2||k'/ }( Saq1) 1/2 (k17~-~,ks,§2)1/(28).

k (modq) j=1

)(5—1)(5+2)/4q1_(1/(65))

(5.13)

To evaluate the last line in (5.13), call it II(s), we separate the sum of the terms with no
k; = ¢ in a sum, denoted by X4 (s), and the remaining terms in a sum, denoted Ys(s).
Thus we have

II(s) = 31 (s) + Za(s), (5.14)
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where

qg—1 qg—1 1 1

: (kh SERE) ks,(J1)1/2(k1, . ks’qz)l/@s)

2 2 okl 2kl

and
1 /
Xo(s) <s-|T|- ( mln{|j| })
kot ; -1 jHl 2||k; /qll
X (klv AR k37 Q1)1/2(k‘1, ey ksa 62)1/(23)_

(Here the prime means that the terms with k; = --- = ks = ¢ are excluded from the

summation.) If we delete ks from the greatest common divisors above, the right-hand
side increases and the sum is exactly IT(s — 1). Therefore,

Yo(s) <s-|TJ|-I(s—1), (5.15)
S0 it is enough to get an estimate for Y. A standard calculation gives

(q+1)/2 (q+1)/2 q
x v (ke ke q) Y (R R, o))
1 Z Z kl k 1 3 aql) ( 1 ) 7q2)
k=1 ko=1
(g+1)/(2d1d2) (g+1)/(2d1d2)

<@ Sy eyt Y Y F

dila1 dz|ds k=1 k=1 5
< q°0_1/2(q1)0(1/(25))-1(G2) (2 + log )°. (5.16)
By (5.14)—(5.16) we derive
11(s) < ¢°o—1/2(q1)0(1/(25))-1(G2) (2 + 1og q)° + s - [T | - 1I(s — 1),
from which, recursively, we get
II(s) < 25!¢°0_1/2(q1)0(1/(25))—1(G2) (2 + log q)*.
Inserting this estimate in (5.13), and then using (5.12), we obtain the following theorem.

Theorem 5.5. We have

TV (s—1)(s+2)/4
v - a4 () )

< 25!(23)‘”(‘11)2(28_1)“(‘12)(2 max |a;l

IS

X 0_1/2(q1)0 (1) (25))-1(d2) (2 + log q) *¢* /(=)
(5.17)

and
: (s—1)(s+2)/4
Nz(A) — |I|H1(q,A)<|j|> < 65!(23)‘”(‘11)2(25_1)”(‘12)(2 max |a]|)
q 1<j<s

X 0_1/2(q1)0(1)(25))-1(d2) (2 + log q) T g' ~(H/ (6,
(5.18)
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We will use the following consequence of Theorem 5.5, which gives a simpler form for
the error term.

Corollary 5.6. Let ¢ be a positive integer. Assume

s = |A] < L(loglogq)'/?, (5.19)
.A c [7q1/(1853)7q1/(1853)]’ (520)
7| = ¢t~ (/055 (5.21)
and

7] > 1/, (5.22)

Then s
N2(A) = 711 (4, A)('j') (1 + O~ /a3) o1/ (5.23)

q

Proof. First note that (5.19) implies
252 < 2loglogq — qo(l/s)’
log® g < g(1/9)((eglog@)*/(loga)) — go(1/5)
and
s < s° <log® g = ¢°M/9).
Using (5.19) and (4.10), we see that

(@) — go1/s),

and
22sw(q) < q2s(1+5)(10g q/ loglog q)(log 2/ log q) < ql/(365) )

By (5.20) we get

(s—1)(s+2)/4 s2/2
) < (2 max \aj\) < ¢!/ 369),

(2 max |a;| Jnax
WA

1<j<s
These show that the right-hand side of the relation (5.18) is
O(ql—(1/(68))+(1/(368))+(1/(363))+0(1/3)) - O(ql—(l/(9$))+0(1/$)).

Next, by (5.21) we see that
q S
L ql/(365)
(&)

q 1/(365)
— < q .
\Z|

and by (5.22) we have
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Using these and Lemma 4.1, we then get

Nz(A) = |Z|ITy(q, A) ( |‘q7|> (1 +0 ( ( 7 >Sg|q1—<1/<9s))+o<1/s>)>

= |I|H1(Q7A)(|‘Z|>( +O( —(1/( 185))+0(1/s)))

as required. O

6. A formula for g(A1,...,A)

With the notation as in § 1, for any integer r > 1 let y = (y1,...,y,) with y; = A;/6, for
1< j<r. Forany s = (s1,...,s,) with integer entries greater than or equal to 2, we
define

N, = Ns(y7I7 j)

to be the number of sets {&o,...,&x, .. A —r} C M satisfying the following conditions:
§o < - <&,n—rs
'531 1= 50 Y1,
Esits2—2 — Es1—1 < Y2,

g)‘lv“-a)‘r_r - £51+"'+37-71*(7’71) < Yr-

Also, let G(A1,...,A.) denote the number of v; € M for which v;4; — virj—1 < A;/0,
forl <j<r. By definition, g(A,..., ) is the probability that an element of M is
counted by G(\q, ..., A.). Therefore,
G(A1y. 0 A)
g()‘lv'“a)"r): (61)
M

This shows that we need to know the size of G(\,...,\,), and ultimately that of Ny,
which is closely related to G(A1, ..., A.). Using the inclusion—exclusion principle, we get
a lower as well as an upper bound for G(Aq,...,A;). Indeed (see [9]), for any positive

integer n > 2r we have

G, A) = > ()M N 4 Z N, (6.2)

2r< A, A <0 ALy Ar=n

for some real number 7, with || <1

7. Estimation of N,

We first express Ns(y,Z, J) in terms of Nz(A) and then we use our earlier work to bound
Nz(A). We have

Ns(yrZ?j) = Z NI({Ovmla'"amkh-u,)\r—r})v

cond(s,y)
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in which cond(s, y) indicates that the summation is over the integers my,...mx, . r.—r
satisfying the set of conditions

0<my <---<mx,. x—r
Mg —1 < Y1,

Mgy tso—2 — Mg —1 < Y2,

AL Ap—r — Mg boets, —(r—1) < Yre

We wish to apply Corollary 5.6, and for that we need to make sure that the hypotheses
are satisfied. For this we take |Z| and | 7| large enough, specifically

7] > ql—(2/(9(10g10gq)1/2)) and | J| > ql—(l/(loglogq)2).

Then, since ¢(q)/q > b/logloggq, for some positive constant b, one can check all the
required conditions for A = {0,my,...,mx,.. . x.—r}. Substituting Nz(A) with the esti-
mate (5.23), we get

.....

Ao Ap—141
N L) = Y I|n1<q,u4>({') 1+ o(1)]

cond(s,y)

Ao Ae—r+1

I j 1 N

- () (X om)n+oa)

q q cond(s,y)

The sum above is in fact equal to Ng(y, [1,4],[1,q]), therefore we find that

J

Ns(y7I7 j) - (|

q q

In [11, §9, (22)] for r = 1 and in [12, §2] for r > 2, Hooley shows that if y; = ¢;q/¢(q)
for 1 < j < g, one has

Aoy Ap—r+1
_H ) Na(y, [L gl [L a1 + o(1)]. (7.1)

s1—1 s.—1

G @ o)

If further applied in (7.1), this estimation gives

No(y,[1,q],[1,q]) =

(T e g
T ) YT T ey
7\ q q (s1—1! (s = 1! '
(7.2)
With \; given by
S B |
70 p(g)
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for 1 < j < r, we get

s1—1 sp—1
/\1 >\7‘

Ng(y,Z = |Z|0 1 1)]. 7.3
. T.T) = [0y L+ o) (73)
8. Completion of the proof
The way we deduce the final expression of g(\1,..., ;) follows the procedure indicated
for r =1 in [11, § 10]. Substituting the estimation (7.3) in (6.2) we have, for any integer
n > 2r,
Gowod = Y (O )
b (51— 1)! (sp — 1)!
2r<Ay, .., Ar<n
)\51—1 )\sr—l
116 L e 1+ o(1)].
alllp S A gyl o)
Ay Ap=n
Since
0 As—1 Am—1
< ;
Z (s=1! = (m-=1)!

s=m
by taking n sufficiently large, we see that
n n
1

GO, ) = [Z10(1 — ). (1 — e ™) + |1|90,,<2! ot 2,> [1+ o(1)].

By letting n go to infinity, we find that

Gy M)

A —e ™M) (L—e )1+ o(1)]. (8.1)

On the other hand, although we know a sharp estimate for the number of elements of
M, for our needs it suffices to use (5.23), which gives

M| = [Z[[1 + o(1)].
By combining this with (6.1) and (8.1), we obtain
g, ) = (1 —e M) (1 —e )1 4 0(1)],

which completes the proof of Theorem 1.1.
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