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ON THE SPHERES CARRYING AN ALMOST 
CONTINGENT STRUCTURE 

BY 

K. L. DUGGAL 

1. Introduction. It is well-known that odd dimensional spheres carry a normal 
contact structure [6], Blair, Ludden and Yano [2] have recently studied a more 
general structure whose non-trivial example is an even dimensional sphere. 
Recently, the present author introduced the notion of almost contingent struc­
tures [8] with a view to develop a unified theory of various existing structures on a 
differentiable manifold. It is the purpose of this paper to show that even as well 
as odd dimensional spheres carry an almost contingent structure. In the sequel, 
each manifold introduced is C00, arcwise connected and satisfies the second axiom 
of countability. 

2. Almost contingent metric structure.1 Consider a differentiable manifold 
Vn on which there exists a vector valued function / , q vector fields, q 1-forms | a 

and if over Vn such that 

(2.1) J2 = A 2 J + * i y ®lfl (X£a9b,...9£q) 

(2.2) rf{^) = at, rank J = p, p+q = n9 

where we assume that X and e are non zero constants and A2+e=0. 
In the above case, we say that Vn is endowed with an almost contingent structure. 

The following identities follow from (2.1) and (2.2). 

(2.3) J£a = 0 ,7 foJ = 0 Va. 

By assumption, Vn admits positive definite Riemannian metrics of class C00. 
In particular, one can choose a metric m with respect to which each | a is a unit 
vector field. Explicitly, we have 

(2.4) rf = m(f., •)• 

THEOREM 2.1. Given Vn with an almost contingent structure, there exists a positive 
definite Riemannian metric g such that 

(2.5) V
a(X) = g(Ça,X) Va, 

(2.6) g(JX, JY)+eZ rfVQrftY) = eg(X, Y). 

Received by the editors September 26, 1973 and, in revised form, June 17, 1974. 
(1) In this paper, Vn belongs only to the second class. For details on classification of Vn, we 

refer to [9]. 
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Proof. Let m be a Riemannian metric over Vn satisfying (2.4). If we set 

(2.7) g(X, Y) = \[m(X9 Y)+± m(JX, JY)+% f]a(X)rja(Y)l 
S a 

then by virtue of (2.1)^(2.4), one can easily show that (2.5) and (2.6) are true. 
In the above case, we say that Vn is endowed with an almost contingent metric 

structure and g is called an associated Riemannian metric. If we set 

(2.8) Q(X, Y) = g(JX9 Y), 

then it is easy to show that the tensor CI is skew-symmetric. Consequently, the 
rank/? of / i s even. We call £2 the associated fundamental 2-form of the given struc­
ture. 

Operating (2.1) by / and then using (2.3) we get J3=A2/ . If we put XH—J2 and 
22m= — J2+A2/, J denoting the identity operator, then it is easy to show [8] that the 
operators / and m applied to the tangent space Mc

x are complementary projection 
operators which define distributions L and M respectively such that dim L—p 
and dim M=q. Converse is trivial. Further, one can easily verify that L and M 
are orthogonal with respect to g and g(Ju, Jv)=A2g(u, v) for every u,ve L. Con­
sequently, we can choose in L p=2r mutually orthogonal unit vectors (el9. . . , er; 
er+i, • • , e2r) = (eai; ea) and a basis (e2r+l9. . . , en)=(eaJ for M such that 
(eai; eaz; ea ) forms an orthogonal frame for Mc

x{\<al9 bu ..., < r ; r + 1 <C 
a2, b2,.. . , <2r; 2r+l<a3, b3,. . . , <n). Let us say that this frame is adapted 
to the almost contingent metric structure if Jea =i hea , Jea=— iXea and 
Jea =0 . / and g will have the following components with respect to this 
adapted frame. 

(Er 0 0 \ / 0 i IET 0\ 
(2.9) g = 0 Er 0 , J = - U £ r 0 0 

\ 0 0 Oj \ 0 0 0/ 

Er denoting the rxr unit matrix. With respect to another adapted frame the orthog­
onal transformation matrix T will be of the form 

/ Ar Br 0 \ 
(2.10) T = \-Br Ar 0 . 

\ 0 0 0,/ 

Thus, it can be shown that the set Ml(Vn) of the adapted frames relative to the 
different points of Vn has a natural structure of a principal fibre bundle with the 
base space Vn and the structure group U(r) x 0(#). The converse is trivial. This leads 
to the following. 

THEOREM 2.2. Vn admits an almost contingent metric structure iff its structure 
group [5] is U(r)x0(q). 
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3. Submanifolds of codimension q of an almost product manifold. Let Vn+Q 

be an (n+^-dimensional almost hermitian manifold, that is, Vn+q carries a tensor 
field F of type (1,1) such that 

(3.1) F2 = I 

and a metric G satisfying 

(3.2) G(FX9 FY) = -G(X9 Y). 

Suppose that Vn is a submanifold with unit normals Cl9... , Cq and induced 
metric g. Thus, if B denotes the differential of the imbedding and X and Y tangent 
vector fields on Vn9 then 

G(BX9 BY) = g(X, Y). 

(3.3) G(Ca, Cb) = ôah9 G(BX9 Ca) = 0. 

We choose Cl9... , Ca in such a way that n+q vectors Bl9... , Bn9 Cl9... , Cq 

give the positive orientation of Vn9 where Bl9... , Bn are vectors of Vn. The 
transforms FBX and FCa can be expressed as 

(3.4) FBX = BJX+i 2 ri\X)Ca9 
a 

(3.5) FCa = -i Bia+2xabCb, Va, 
6 

where J is a vector valued function, each | a is a vector field, each rf- is a 1-form and 
oca& are q{q—\)\2 functions on Vn such that ocaa=0. Operating (3.4) and then (3.5) 
by F and manipulating, we find 

(3.6) J2 = I-2va®h-
a 

(3.7) rfoJ = 2^n\ Jia = 2»^b. 
b b 

(3.8) V%ia) = K + ZXa»«ci-
b 

On the other hand, from (3.3) we get 

(3.9) g(JX9 JY)+g(X9 Y) = 2 Va(X)rj%Y). 
a 

In the above case we say that Vn is endowed with an almost contingent metric 
structure in the broad sense (A=l, e= — 1). Consequently, we have proven the 
following theorem. 

THEOREM 3A. A submanifold Vn of codimension q of an almost product metric 
manifold admits an almost contingent structure in the broad sense. 

COROLLARY 1. A hyper surface of an almost product manifold carries an almost 
contingent Structure (A=l, £= — 1 andq=l). 
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Now let us apply the Gauss-Weingarten equations 

(3.10) Ç?Bx)Y = Iha&,Y)C„ 
a 

(3.11) VBXCa = -BHaX+2 lab(X)Cb, lm = 0, 
b 

where ha, Ha and lab are the second fundamental forms, corresponding Weingarten 
maps and the third fundamental forms respectively. Let us assume that Vn+q is a 
Kâhlerian manifold, that is, VF=0. Differentiating (3.4) covariantly along Vn, 
using above mentioned assumption, (3.10) and (3.11), we get the following dif­
ferential equations. 

(3.12) (VXJ)7 = i 2 [rja(Y)HaX-ha(X, Y)ia], 

(3.13) ( V ^ ) 7 = i +1 UX)r)XY). ha(X,JY)+Z*aA(X,Y)\ 
h J 

An almost product structure Fis said to be integrable [1] iff the Nijenhuis torsion 

DEFINITION 1. We say that an almost contingent structure J is normal if / 
satisfies 

(3.14) 5 J = [ J , J ] - 2 ^ a ® ^ a = 0. 
a 

A lengthy computation of [F, F] indicates that / is normal iff F is integrable. 
Furthermore, if Fis hermitian or Kâhlerian t h e n / will be called Grayan or Sasak-
ian respectively. 

Using (3.12) and (3.13) in (3.14), we find 

Sj(X, Y) = iZ [n\X){JH^HaJ)Y^\Y){JHa^HaJ)X] 
a 

(3.15) + 2 2 ujzrfty)- uWDlf, = o 
a Ty 

Let us assume that the connection induced in the normal bundle of Vn is flat, 
that is, we can choose each Ca in such a way that each / a 6 =0. This leads to the fol­
lowing theorem: 

THEOREM 3.2. A submanifold Vn of codimension q of an almost product manifold 
admits a normal almost contingent structure2 if V J F = 0 , each Ha commutes with J 
and the connection induced in the normal bundle is flat. 

Above theorem holds, in particular, for a totally umbilical or a totally geodesic 
submanifold [4]. 

(2) In the sequel, we shall drop the words "in the broad sense" unless any confusion arises. 
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EXAMPLES. A plane or a sphere of codimension q in a Euclidean space. 

REMARK. A special case of this theorem appears in [3] where the dimension of a 
plane or a sphere is necessarily even. 

For a totally umbilical submanifold such that each lab=0, we have, for suitably 
chosen unit normals Ca, 

ha(X, Y) = hag(X, Y), Va 

and consequently (3.13) becomes 

FxVa)Y = i[hag(X, JY)+Zxaihhg(X, Y)]. 
b 

These equations give 

(3.16) ( V ^ r + C V ^ X = i 1 a aAg(X, Y), 
b 

which shows that each | a defines infinitesimal conformai transformation in Vn. 

4. Examples, (a) Odd-dimensional spheres. 
We have seen in §3 corollary 1 that a hypersurface of an almost product mani­

fold carries an almost contingent structure (A=l, £= — 1 and q=l). In this case, 
(3.10)^(3.15) will reduce to the following: 

(4.1) ( V ^ ) 7 = h(X, Y)C, VBXC = -BHX, where C1 = C and h1 = h 

(4.2) {VXJ)Y = i [rj(Y)HX-h(X9 Y)|], 

(4.3) (Vxrj)Y = i h(X, JY) 

(4.4) Sj(X, Y) = i [rj(X)(JH-HJ)Y-rj(Y)(JH-HJ)X]. 

Thus, the following theorem can easily be proved. 

THEOREM 4.1. An almost contingent structure on a hypersurface of an almost 
product Kâhlerian manifold is normal iff H commutes with J. 

DEFINITION 2. We say that a normal almost contingent structure is Sasakian if 

(4.5) (VXJ)Y = q (Y)X- i g(X, Y)f 

Let us assume that Vn carries a Sasakian structure. Using (4.5) in (4.2), we get 

i[rj(Y)HX-h(X, Y)£] = rj(Y)X-i g(X, Y)f 

Operating this result with rj and simplifying, we get 

(4.6) h(X, Y) = g(X, Y)+w(X)rj(Y), 

I* being a scalar field in Vn. Conversely, if the second fundamental tensor h of 
Vn is given by (4.6), then for a suitable choice of ju, one can easily verify that Vn 

is Sasakian. Thus we have the following 
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THEOREM 4.2. The induced Grayan structure in a hypersurface Vn in a Kàhlerian 
manifold Vn+1 is Sasakian iff h satisfies (4.6). 

COROLLARY 2. A totally umbilical hypersurface with positive constant mean curva­
ture in a Kàhlerian manifold has a Sasakian structure by means of the induced metric. 

This corollary says that an odd-dimensional sphere has a Sasakian structure. 
Thus, we have shown that an almost contingent structure (#=1) carries an odd-
dimensional sphere. 

In particular, let Vn+1 be replaced by Rn+1 regarded as a Kâhler manifold and 
Sn be a unit sphere embedded in Vn+1. If x is the position vector in Rn+1 determi­
ning Sn, then x • x=l and x • x ~ 0 , x — d^, / = 1 , 2 , . . . , n. The metric tensor g 
of Sn being given by xt • x,-. Now the mean curvature vector or outward normal C 
may be identified with x. Hence we have 0=yj(xi ' x)=(hHC) • C+xt • Xj and 
therefore h=—g. Thus, Vn can be replaced by an odd-dimensional unit sphere 
Sn. 

(b) Even-dimensional spheres. Let us assume that q==2 and Vn+2 is replaced by 
Rn+2 regarded as a Kâhler manifold where n in this case is even. Furthermore, let 
Sn be the unit sphere embedded in Rn+2 and Rn+1 be the hypersurface3 of Rn+2. 
We also assume that Rn+1 is a cosymplectic manifold [6], If Cx is the outer normal 
to Sn in Rn+1 and C2 the normal to jRn+1 in Rn+2, then 0 = V i f o -x)=(hjilC1+ 
hji2C2) ' C-L+Xi - Xj and 0=V,C 2 = —Hj2xi~hi2^i' Hence 1^= —g, h2=0 and /1 2=0. 
Thus, Vn can be replaced by an even-dimensional unit sphere Sn. As we have seen 
in section 3, the induced structure on Sn has x12=G(FC1, C2), that is, a12 is the 
cosine of the angle between FC± and C2. Thus, we have shown that even as well 
as odd dimensional spheres carry an almost contingent structure. 
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