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Abstract

In this article we continue the study of weighted inductive limits of spaces of Fréchet-valued
continuous functions, concentrating on the problem of projective descriptions and the barrelled-
ness of the corresponding “projective hull.” Our study is related to the work of Vogt on the
study of pairs (E, F) of Fréchet spaces such that every continuous linear mapping from E

into F is bounded and on the study of the functor Extl(E , F) for pairs (E, F) of Fréchet
spaces.

1980 Mathematics subject classification (Amer. Math. Soc.) (1985 Revision): 46 A 06, 46 A 07,
46 E 40.

In this article we continue the study of weighted inductive limits of spaces
of Fréchet-valued continuous functions (see [4], [5], [6], [7], [8]), concentrat-
ing on the problem of projective descriptions and the barrelledness of the
corresponding “projective hull”>. We complete and extend certain results of
[4]. Our study is related to the work of Vogt on the study of pairs (E, F)
of Fréchet spaces such that L(E, F) = LB(E, F) and on the study of the
functor Ext'(E, F) for pairs (E, F) of Fréchet spaces (see [14], [15]).

To treat countable inductive limits of weighted spaces of continuous or
holomorphic functions, Bierstedt, Meise and Summers [2], [3] developed the
method of a “projective description”. One of the original aims was to give
a canonical and useful description of the inductive limit topology and its
continuous seminorms by associating a certain “projective hull.” A particular
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case of the problem of projective description stated in [2, 0.5] is the following.
Given a decreasing sequence 77 = (v,) of strictly positive continuous weights
on a locally compact topological space X and a locally convex space E
find conditions to ensure that the weighted inductive limit Z;C(X, E) is
a topological subspace of (or coincides algebraically with) its projective hull
CVyX,E).

The problem on the algebraic identity Z,C(X, E) = CV (X, E) for a
Fréchet space E has been completely solved by Bonet and the author in [7],
in connection with the identity L(E, F) = LB(E, F) for pairs of Fréchet
spaces E and F (see [14]). Bonet [6] proved that a condition introduced by
Vogt in [14] on a Fréchet space E and a sequence of weights 77 = (v,) on
N is necessary and sufficient for ky(?”, E) to be a topological subspace of
KO(_V, E), and the same condition works in the setting of co-echelon spaces
of order p, 1 <p < o0, as was proved in [8].

In Section 1 we shall use an adequate extension of this condition to func-
tion spaces to characterize when Z;C(X, E) is a topological subspace of
CVO(X , E), E being a Fréchet space (Theorem 1.1). Our new proof is
more elementary and differs from the ones in [6] and [8] in the sense that it
does not use duality. Our general characterization is complemented by some
evaluations of the conditions (see Corollary 1.3 and Observation 1.4).

We observe that if Z;C(X, E) is a topological subspace of CVy(X, E)
then CV,(X, E) is barrelled, but the converse do not hold (see, for example,
[4, 2.10]). In Section 2 we study the barrelledness of CV (X, E) for a
Fréchet space E and certain sequences 77 = (v,) of weights on X. We
apply the methods of [12] and [16]. The results we deduce complement and
slightly improve those obtained by Bierstedt and Bonet in [4] for the discrete
case.

Our notation for locally convex spaces is standard and can be seen in [10],
[11] and [13]. The notation for weighted inductive limits can be seen in [2],
and the vector valued cases in [5]. For a recent report on the projective de-
scription of weighted inductive limits of vector-valued continuous functions
see [4].

1. Projective descriptions of 7,C(X, E)

1.1. THEOREM. Let X be a locally compact topological space, 7" = (v,)
a decreasing sequence of strictly positive continuous weightson X . If E is a
Fréchet space with a fundamental system of seminorms (|| - ||,), the following

conditions are equivalent:
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(1) Z,C(X, E) is a topological subspace of CVO(X ,E);
(2) for every strictly increasing sequence (k(l)) in N there is k € N such
that for all n € N there are I, = l,(n), C, >0 with

D4l ¢ ¢ max (" by, ;o ,lo(n))

v(x) = " v(x)
forall xe X and ue E'.

REMARKS. (i) || - ||, denotes the dual seminorms of E'.

(ii) More information about condition (2) can be seen in [14].

ProoF. (1) implies (2). We suppose (77, E) does not satisfy condition
(2) for a given sequence (k(/)). We can assume k(1) = 1. Proceeding by
recurrence we can easily find sequences (n(i)) C N, (x;) Cc X, (¥;) C E',
such that

(1) for every i there is a compact neighbourhood U; of x;, with (U))
pairwise disjoint and

2 B4l e (Pl y )
TNEN ()

We put w, (i) := v,(x;) (n,i € N). Then w = (w,) is a decreasing
sequence of weights on N and we denote by W its maximal Nachbin family
[2]. We can apply [6, Theorem] to deduce that ky(w, E) is not a topological
subspace of KO(W, E). Let B a O-neighbourhood in ky(w, E) which is
not a 0-neighbourhood for the topology induced by KO(W, E) and let /(n)
be such that {z € ¢y(w,, E): supw,())liz({)ll, < 1} is contained in B,
neN.

We take 4, := {f € C(v,),(X, E): supvn(x)||f(x)||,(n) <1}, n € N.
Then A :=acx(|J(4,: n € N)) is a O-neighbourhood in Z,C(X, E) which
is not a 0-neighbourhood for the topology induced by C VO(X , E). In fact,
given U =infa,v, €V and k €N let We W be given by W := infa,w,, .
There is z € ky(w, E) such that supw(i)||z(i)||, <1 but z ¢ B. We can
find a strictly increasing sequence (n(i)) in N with an(,.)vn(i)(xi)||z(i)||k <1,
i € N. Let Q; be a compact neighbourhood of x;, Q; C U,, such that
vj(x)/vj(y) <2 forevery x,y €, andevery j=1,...,n(i). Let ¢, be
a continuous function with compact support contained in ,, 0< ¢, <1,
9 (x) =1 (i € N). Then f := } (9, ® z(i): i € N) is an element of
7,C(X, E) satisfying sup¥(x)||f(x)]l, <2, but f ¢ 4.

(2) implies (1). Let W be an absx O-neighbourhood in Z;C(X, E).
There is an increasing sequence (k(n)) of natural numbers such that {f €
C(v,)o(X, E): sup v, (x)|f(x)llg(, < 1} is containedin W, n € N. Apply-
ing condition (2) and a polarity argument we conclude that there is k > k(1)

https://doi.org/10.1017/51446788700032717 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700032717

236 Antonio Galbis [4]

such that for all n € N there are /, = [,(n), C, >0 with

o(”)

U 1Y (1)
22 e forevery x € X.

(1) v (x)C,

We take ¥ :=inf2"C,v, € V and fix f € C(X, E) with compact support
and satisfying supT(x)||f(x)||, < 1. We shall prove that f € SW. To do
this we observe that we can find m € N such that for every x € supp f
there is 1 < n < m with 2"C,v, | f(x)||, < 1, and we take an open cover
(Q I 1 < j <p) of supp f with the following properties.

(2) suppf is not contained in J(Q,:i#j), j=1,...,p.

(3) Cv,Nf(x)=fW, <1 forevery x,y € Qj . Consequently
(@) )| f(x) - SO, <1 and
(®) v,IF) = fP gy < 1-

(4) v;(x)/v,(y) <2 forevery x,y er, I=1,...,m.

Wefix x; € Q;, x; ¢ U(Q;:i+#)) and take (f;: 1< j <p) a partition
of unity subordinated to (Qj: 1<j<p), e:= f(xj). Now we put

p
=ij®ej.

Then g(x) e, supU(x)||lg(x)ll, < 2 (from (3)(a)) and f—g € W
(from (3)(b)) For every 1 < j < p thereis 1 < n(j) < m such that
2"0C, v, llell, < 2. Weset J, == {1 <j <p:n(j)=s} and

=ij®ej, (s=1,...,m).
j€J,
Given j € J_, we apply (1) to write

I(s)

U,
_ —s+1 =1~k
i E €j.1> ej,l€2 'Ul(xj).

We define
gs,,:=22fj®ej',, (1<s<m, 1<1<I(s)).
j€l,
Clearly
—1Y(x) —1+2
’U[(x)“gs,l(x)”k([) <2 ;f;(X)z 'U[(xj) <2 s xeX.
J&J,

Consequently every g belongs to 4W and we deduce g € 4W, which
implies f e 5W .
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Since the subspace of all continuous functions with compact support is
dense in Z;C(X, E) we conclude that Z;C(X, E) is a topological subspace
of CVy(X, E).

1.2. REMARK. Let X be a locally compact topological space, 7" = (v,)
a decreasing sequence of strictly positive and continuous weights on X and
(U,) a sequence of open relatively compact pairwise disjoint subsets of X
satisfying 'Uj(x)/vj(y) <2 forevery x,yeU,, j=1,...,n (n€N). For
each n € N let ¢, be a positive continuous function with support contained
in U, and taking the value 1 at some point x, € U,. We define w,(i) :=
v,(x;) (i, n€N). Then w = (w,) is a decreasing sequence of weightson N.
It is implicit in the proof above ((1) implies (2)) that the map C(N, E) —
C(X, E), given by (z(i)) — Y.(¢, ® z(i): i € N), induces a topological
imbedding from ky(w, E) into Z;C(X, E) (E being an arbitrary locally
convex space).

Proceeding as [14, 4.2] and [14, 5.2] we obtain the following

1.3. CoROLLARY. Let X be locally compact, 0 < v < 1 a continuous
weight on X and 7" = (v,) defined by v, := v" (respectively v, = vV )
For a Fréchet space E the following holds. .

(1) If E has the property (LB*) (respectively property (Q)) (see [14])
then Z,C(X , E) is a topological subspace of CV (X , E).

(2) If there is a sequence (x;) C X such that (v(x,)) is decreasing and con-
verges to zero and sup(logv(x;)/logv(x;,): j € N) < o0 then the converse
of (1) holds.

The following result of universal type is a consequence of [17, 0.3] and
[S, 2.7] and can be deduced as in [8, 1.6]. In fact, that (2) implies (1) was
already extended in [7, 3.5].

1.4. OBSERVATION. Let E be a Fréchet space. The following conditions
are equivalent:

(1) Z;C(X, E) is a topological subspace of CV,(X, E) for every locally
compact topological space X and every decreasing sequence 7” = (v,) of
strictly positive and continuous weights in X ;

(2) E" is a quojection (cf. [1]).

2, Barrelledness of CV (X, E)

In this section we study the barrelledness of the projective hull CV (X, E)
of the inductive limit Z;C(X, E). We observe that C 70(X , E) is barrelled
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if Z;C(X, E) is a topological subspace of CVO(X , E) but the converse does
not hold, as an adaptation of a classical example shows [4, 2.10].

The following result improves [4, 2.10 (2)] and [12, Theorem 2.2, (1)
implies (3)].

2.1. LEMMA. Let X be a locally compact topological space, 7" = (v,)
a decreasing sequence of strictly positive and continuous weights on X, A =
(a,(j)) a Kéthe matrix (k €N, j eI) and E a Banach space. If (77, A(A))
satisfies the condition

(S) Yu3dn,,kVK,m3n,SVx,j:

—-1— < S max L L
a; (j)v,(x) ~ a (v, (x) " a,(j)v, (x)

and if F is a quotient of A(A, E), then CVy(X, E) is barrelled.

REMARK. Let B = (b,) be given by b,(x):=v,(x)”" (n€N, x € X).
Condition (S) is equivalent to (A(B), A(4)) € (S;) (see [16, page 359)).

ProOOF. (a) We first assume F = A(A, E) and we adapt the proof of [12,
2.2]. Let || - || denote the norm on E and

llly =D @ (Dllu@)ll,  wu=(u(i) € M4, E), k€N,
i=1

We set B, ,, :={f € C(v,)o(X, F): supv, (X)|lf(x)ll, <1} (k,meN).
Let T be a bornivorous barrel in CVO(X , E). We claim that there is k € N
such that T absorbes B, for every m € N. If this is not satisfied, we
can find an increasing sequence (m(k)) in N such that 7 does not absorb
Bk’m(k) and we can suppose, proceeding as in [12, 1.5], that

- < max ( L 27k I
(Vi) (X) ~ W1 (V1) (X) ' G DNVmige—1yx) )

We observe that, for given x, j,

1 1
- < -
G (N (*) ™ @y (Vi) (%)

(1)

implies

1 1

- < - forall/ >k
@) (V) (X) T @1y (J)V gy (%)
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and
1 —k 1
2 —_— <2 -
@ ak(l)vm(k)(x) - ak_l(J)vm(k_x)(x)
implies

1 <2 !
a](j)vmg)(x) - a[-](j)vmu_l)(x)
1. First we prove

By my C(N2By ity k <1<p)+[\2B) pyy: 1 <1< h)

for every k € N and every p > k (the closure taken in CW ) )o(X 5 F)).
To do this we fix f € B, ., ) with compact support, / > k, / € N, and
¢ > 0. We take an open cover (Q 1 < j < m) of supp f such that, for
each 1 < j<m, supp f is not contained in J(Q,:7#j) and

Uiy CONS(X) = S} < 80,4 (X) [V sy (V) < 2 fOrevery x, y € Q.

Let x; € Q (Msupp f be a point which does not belong to (J(L;: i # j) and
take f Q1 < Jj < m) a continuous function with compact support contained
in Q 0< f 1, satisfying Z(f( :1<j<m)=1 on suppf and
E(f(x) 1<J<m)<1 on X. Wewnte

forevery2<I/<k.

Euﬂel €A(A, E)

(e; being the canonical unit vectors of A(4), u i €E ) and we suppose f €
By - We observe that

o0
U ®) D_ @Dl <1, 1<j<m.
—

We put N ' 1 ,
uj=uy if o) = B ) ?
uj; =0 otherwise,

- +
Ujp =ty = U,

and we define
fhi= Ef ® (Euﬂ ,) , =§ (iu],e,.) :

For k<! Sp, (1) implies

OISl < 2Zf<x (Znu,,nak VX, ))_2
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and for 1 </ <k, (2) implies

m

Uy S~ O, < Z (x) (Zuu,,uak(z )it (% ))

Then, g:= /" + f~ € (2B, 0 k <1 <) +N(2B,, ,): L <1 <k) and

Uity S ) = 8OOy = Uy ) [ 2 £(0) () = fx)]| <o
j=t

!
for every x € X .

2. Now we can proceed as in [19, 5.3] to derive a contradiction and
the claim is proved. Hence, we can find k € N, (a,: m € N), a, >0,
such that {f € C(v,,)(X, F): supa, v, (x)|[f(x)|, < 1} is contained in
T. Now we take U := inf 2"‘amvm . By a partition of unity argument one
obtains {f € CV (X, F): supii(x)||f(x)||k <1} c T (see[2, Lemma 1.1]).

(b) Now let us assume there is a quotient map Q: A(4, E) — F. Let
O denote the induced map 0: CVO(X AlA, E)) - CV, o X, F), Q(f) =
Qof . Let T beabarrel in CVO(X , F). Then Q (T) is a 0-neighbourhood
in CV(X, A4, E)) because of (a) and, since CV(X) is an e-space ([5,
2.4)), there is a 0-neighbourhood W in CV(X)®, F which is contained in
Q0™ (T)N(CVy(X)®, A4, E)CT.

At this point we observe that in a similar way to [4, 10] (also compare
with [12, 2.3]) it is possible to prove the following

2.2. PRrOPOSITION. Let X be a locally compact topological space, 7" =
(v,) a decreasing sequence of strictly positive and continuous weights on X
and F a Fréchet space. If CV (X, F) is barrelled then (7°, F) satisfies the
condition

vu Eno,kVK,mEln,SVxeXVueF'
(83) lully smax(”“”?< I ) .

v,,(x) ~ v,(x)’ U, (x)

2.3. OBSERVATION. Given Kothe matrices 4 = (a,(n)), B = (bj(n)),
(neN, i €I, je€ J) such that A(B) is a Schwartz space and given a
Banach space E, the following conditions are equivalent:

(1) L,(A(B), A(4, E)) is barrelled;

(2) (A(B), A4)€(S;).

Observe that our next result avoids the nuclearity assumptions in [16, 4.9)].
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2.4, CoOROLLARY. Let X be locally compact, 0 < v < 1 a continuous
weight on X and 7" = (v,) given by v, :=v" (respectively v, := v,
For a Fréchet space E the following hold. .

(1) If E has the property (Q) (respectively the property (Q)) (see [14])
then CV (X, E) is barrelled.

(2) If there is a sequence (xj) C X such that (v(xj)) is decreasing and con-
verges to zero and sup(logv(xj) / logv(xj +1):J € N) < oo then the converse
of (1) holds.

Proor. (1) If E satisfies the property (Q) and v, := v" (n € N) then

there is an index set I such that E is a quotient of /,(I)®s [18, 3.1] and
we can apply Lemma 2.1. If E satisfies the property (Q) and v, = p!olm
(n € N) then Z;C(X, E) is a dense topological subspace of CV,(X, E)

(Corollary 1.3). To prove (2) one proceeds as in [15, 4.1] and [15, 4.2].
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