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Abstract

In 1953 P. P. Korovkin proved that if (Tn) is a sequence of positive linear operators defined on the
space C of continuous real 2w-periodic functions and lim Tnf — f uniformly f o r / = 1, cos and sin,
then lim Tnf = f uniformly for all / e C. Quantitative versions of this result have been given, where
the rate of convergence is given in terms of that of the test functions 1, cos and sin, and the modulus
of continuity of / . We extend this result by giving a quantitative version of Korovkin's theorem for
compact connected abelian groups.

1980 Mathematics subject classification (Amer. Math. Soc): primary 41 A 65, 41 A 25; secondary 41 A
36, 43 A 70.

Throughout G will denote a compact Hausdorff abelian group, T its character
group, and C(G) the space of continuous functions on G with the uniform norm
II • ||. A linear operator T on C(G) will be called positive if Tf> 0 whenever
/ > 0. It is well known that such an operator takes real functions into real
functions, and | 7/ |< T\f\ for a l l /G C(G). In particular T is continuous with
IIr|| = IITill, where 1 denotes the constant function with value 1.

The so-called Korovkin theory is concerned with deducing convergence proper-
ties of a sequence (Tn) of positive linear operators from those of (Tnf) for /
belonging to a (small) subset S(G) of C(G). We refer to S(G) as a test set (for
(Tn)). Korovkin [6] proved that when G is taken to be the circle group T then
{1, ex) serves as a test set, where e,: e'x -> e'x. Subsequently this result was given
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[21 Approximation by positive linear operators 365

in a quantitative form by Shisha and Mond (see [10], Theorem 3 and [11]) in
which the rate of convergence of (Tnf) is estimated in terms of that of (Tnl) and
{Tnex) and the modulus of continuity of/. Censor (see [3], Theorem 2 and the
remarks immediately preceding it) gave a version of this result for the multi-
dimensional torus T". For other results along these lines, including the case for
algebraic polynomials on the unit interval, see [4], [6], [7], [8], [10] and [11]. In a
new direction Nishishiraho [9] has given a quantitative version of Korovkin's
theorem for compact subsets of a locally convex Hausdorff space, which includes
the case where the underlying space is real Euclidean space.

In [1] we considered the Korovkin theory on a locally compact abelian group
G, with test set S(G) given by a set of continuous characters generating F. Here
we shall make use of the ideas of Nishishiraho to recast these results in a
quantitative form. Our results will include those of Shisha and Mond, and Censor
for the periodic case. We shall also derive a corresponding result for the infinite
dimensional torus.

For a nonempty subset A of F denote by (A) the subgroup of F generated by
A, and by A(G, A) the annihilator of A in G (see [5], (23.23)). We define the
modulus of continuity of / G C(G) with respect to A by

where 8 > 0. It is clear that «( / , A, 8) is a nondecreasing function of 8.

LEMMA 1. For each subset A ofT and eachfE C(G) the function 8->u(/ , A,8)
is continuous at 0.

PROOF. Write K = A(G, A) = D {Cs: 8 > 0}, where

Q = {x GG: |y(jc) — 1| < 8 for all y E A).

We first show that for any open neighbourhood V of 0 there exists 8 > 0 such
that Q C K + V. Indeed if not then (Q \ (K + V): 8 > 0} is a family of closed
sets with the finite intersection property and, since G is compact,

K\(K+ V)= H {CS\(K+ F ) : 8 > 0 } * 0 ,

a contradiction.
Now choose e > 0 and an open neighbourhood V of 0 such that \f(x) — f(y)\

< e whenever x — y G V, and 8 > 0 satisfying Q C ^ + V. Then
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366 Walter R. Bloom and Joseph F . Sussich [ 3 ]

a(f,A,S)<snp{\f(x)-f(y)\:x-yGK+ V}

= sup{|/(*) -f(x+y) +f(x+y) - f(x + y + z)\:

x G G, -y £K, -z G V]

^snp{\f(x)-f(x+y)\:xGG,~y&K}

+ sup{|/(x) -f(x + z)\:x(=G,-ze V)

< « ( / , A,0) + e

and, since «( / , A, 8) is nondecreasing as a function of S, this establishes the
result.

In order to show that u(f,A,8) is subhomogeneous in 5 we require a
preliminary result concerning characters of compact connected abelian groups.

LEMMA 2. Let G be connected and choose n G N (the set of positive integers).
Then n{y~ ' (£ , ) : / = 1,2,...,«} is nonempty for every independent subset A =
{YpY2.---.Yn} ofT and for every {£„ £,, . . . ,£„} C T.

PROOF. Since A is independent we have that each y, is nonconstant and, using
the connectedness of G, that yt(G) — T. Choose JC, such that y^x,) = £, and
suppose that xk has been chosen satisfying yt(xk) = £, for / = 1,2,...,A:. We
show how to choose xk+i such that y,(xjk+1) = £,for i = 1,2,...,A: 4- 1.

First note that by [5], (24.10),

,̂ D ker(y,)

and, since A is independent and its elements have infinite order ([5], (24.25), we
must have y"+1 £ (y,, y2,.. -,yk) for all m £ N. It follows that for each n G N
there exists zn G n*= 1 ker(y,)\ker(Y^|!). In particular, since zn $ ker(y^ | ) , it
follows that the yk+\(jzn) are pairwise distinct for j ' — 1,2,...,«. Hence the
subgroup of T generated by {yk+i(jzn): j = \,2,...,n, n G N} is infinite and
thus dense in T. Consequently we can choose a sequence (yn) C n*=Iker(y,)
such that limnyk+l(yn) — £k+\yk+](xk). Using the compactness of D*=1ker(y,)
we have the existence of y G n*_, ker(y,) and a subnet (yn ) of (yn) such that
lima yna = y. From the continuity of yk+, it follows that yk+ ̂ y) = £k+ iyk+l(xk),
and yk+i(y + xk) = | A + 1 . We also have yt(y 4- xk) = yi(y)yi(xk) - | , for / =
1,2,...,A:, and thus xk+x —y + xk satisfies the required condition.

It should be noted that if for some compact abelian group G, H {y,T'(£,):
/ = 1,2,...,«} is nonempty for some subset A = {y,, y2 , . . . ,yn} of F and every
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{£,,£2,...,£„} C T then A must be independent with all its elements having
infinite order. Indeed suppose there exist integers mx,m2,...,mn not all zero such
that yr'V2m2 • • • Yn

m" = *> a n d choose £,, £2, . . . ,£„ G T satisfying £?>£?* • • • £?• *
1. By the assumption on A we have the existence of x G G such that y,(x) = £,
for i = 1,2,. ..,n. Then

contradicting our choice of the £,. Thus the y, do not satisfy any nontrivial
relation, so that in particular each yi has infinite order and A is independent. It
follows that if every finite subset of a generating set of F satisfies the above
condition then T is torsion free which, by [5], (24.25), implies that G is connected.

We can now prove:

LEMMA 3. Let G be connected and let A be an independent subset of T. Then, for
anyfG C(G),

«(/,A0,A«)<ir(l +*)«(/, Ao,«)

for all X, S 3= 0 and every finite nonempty subset Ao of A.

PROOF. Firstly we show that for any n G N,

« ( / , A0,n8) < w « w ( / , A o , 8 ) .

For n — 1 the inequality is evident, so take n s= 2 and suppose that x, y G G
satisfy \y(x) — y(y)\< nS for all y G Ao. Writing m — [jirn] + 2, where [X]
denotes the greatest integer not exceeding X, we can choose £,(y), £2(~f)>- • • >^m(v)
G T such that £,(?) = y(x), £m(y) = y(y) and

foij = l,2,...,m — 1. Using Lemma 2 we have the existence of *,, x2,. --,xm G G
with JC, = x, xm — y and y(Xj) — | y (y) for all y G Ao and each j — \,2,...,m.
Then

Zi \j\ j +1 / / \ j
7=1

in — l)w(/, Ao, 8) < irnu(f, Ao, 6).

\f(x)-f(y)\ =

Now take any X 3= 0 and put « = [X] + 1. Since w(/, Ao, S) is nondecreasing as
a function of 8 we have

« ( / , Ao, X«) < « ( / , Ao, ««) < irnu(f, Ao, 8) < TT(1 + \)a(f, Ao, 8).

https://doi.org/10.1017/S1446788700018796 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700018796


368 Walter R. Bloom and Joseph F. Sussich [51

For any positive linear operator Ton C(G) and nonempty A C F, write

T(A) = sup[ 2 [T\y ~ y(x)\ (x): y G AJ: x G G] .

When T is a convolution operator, given by Tf=p*f for some nonnegative
bounded Radon measure ju, then using

IT - Y(*) I = 2 - Y(X)Y - Y(X)Y

and applying T, we obtain

T ( A ) = ( 2 (2/1(1) - M(Y) - A(Y ): Y G A}) ' / 2 .

We define the modulus of continuity of / G C(G) with respect to T and A by

fl(/) = inf{«(/ , Ao, T ( A 0 ) ) : Ao C A is finite and nonempty}.

For a net (7^) of positive linear operators on C(G), rp and flp will be defined as
above with respect to each Tp.

LEMMA 4. Let A C F with ( A ) = F and let (Tp) be a net of positive linear
operators on C(G) such that hmrp(y) = 0 for each y G A. Then lim flp(/) = 0 for
allfe C(G).

PROOF. Let V be any open neighbourhood of 0 in G. We show that there exists
a finite nonempty subset Ao of A and 8 > 0 such that

(1) {x G G: |Y(X) - 1| < 8 for all y G Ao} C V.

First note that by the duality of G and F, (1) holds for some 8' > 0 and finite
subset A' of F (replacing 8, Ao respectively). Now take A 0 to be a finite subset of
A such that A' C <A0> and 8 = n~l8', where

n - max{*: y G A', y = y,y2 •••yi,yj' G Ao iorj = 1,2,...,/

and some choice of ey = ± 1};

in the above representation for y a word of minimum length appears. Then (1)
holds for this choice of Ao and 8, using the inequality

IT1Y2 • • ' T,• ~ 11 ^ 2 IY, ~ 11 •
7 = 1

Next consider/ G C(G), e > 0 and choose an open neighbourhood Vof 0 in G
such that x — y G Vimplies \f(x) — f{y) |< e, and then Ao C A finite nonempty
and 8 > 0 satisfying (1). Since lim rp(y) = 0 for each y G A we have the existence
of p0 such that

2 (#y£A0}<«
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161 Approximation by positive linear operators 369

for all p > p0, and it follows that for this range of p,

« ( / , Ao, T P ( A 0 ) ) < « ( / , Ao, 2 ( T P ( V ) : Y G A O } ) < e.

Our main result is an estimate of the rate of convergence of (Tp(f)) in terms of
that of («„(/)) .

THEOREM. Let G be connected, let T be a positive linear operator on C(G), and
take A to be any independent set generating T. Then, for f, g £ C(G),

(2) l|77-/g||<||/1l ||ri - g\\ + «\\T\

If (Tp) is a net of positive linear operators on C(G) such that limTp(y) = 0 for all
y E A and lim Tp\ = g then lim Tpf = fg for all f E C(G).

PROOF. Choose A0 to be any finite nonempty subset of A.
If T( A O ) > 0 then, using Lemma 3, we have for any x, y E G,

\f(x) -f(y)\<U(f, Ao, ( 2 {\y(x) - y{y)\2: y e Ao})'/2)

+ T ( A 0 ) - ' ( 2 [\y(x) - y(y)\2: y G A0))'/2]a,(/, Ao> T(A 0 ) ) .

Now apply T and evaluate at y to obtain

\Tf(y)-f(y)Tl(y)\

^v[n(y) + T(A0)-'r(2 { I T - Y(^)|2:y G AO})'/2(>,)]„(/, A0 ,T(A0))

the second step following from the Cauchy-Schwarz inequality for positive linear
functionals. Since these inequalities hold for ally E G,

(3) || ||

If T( A O ) = 0 then, for any e > 0 and x, y E G,

\f(x) -f(y)\ < *[l + e-( 2 [\y(x) - y(y)\2: y E Ao})1/2]co(/, Ao, e).

Applying T as above we have

\Tf(y) - f(y)Tl(y)\<vT\(y)o>(f, A0,e)

and, by Lemma 1, the same inequality holds with 0 replacing e.
Thus (3) holds for all finite nonempty Ao C A, from which (2) follows. The last

statement of the theorem is proved by appealing to Lemma 4.
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Of particular interest is the following special case of the theorem.

COROLLARY. Let G be connected and take A to be any independent set generating
F. For any net (Tp) of positive linear operators on C(G) satisfying Tp\ = 1 for all p
we have

(4) \\Tpf-A\^2nilp(f)

for allf £ C(C). In particular if lira Tp(y) = 0 for ally G A then lim Tpf - f for all
f e c(G).

There is no possibility of extending the result to groups that are not connected,
as the following example shows.

EXAMPLE. Consider the Cantor group D = II°Lt Z(2), where Z(2) denotes the
cyclic group of order two, and for each n £ N write Gn for the open subgroup
given by

G n = { ( x , ) e D : x , . = 0 f o r i < / ! } .

Denoting the characteristic function of Gn by \n we see that the

are nonnegative trigonometric polynomials, and Tnf' — kn* f defines a sequence
(Tn) of positive convolution operators on C(D). We observe that Tn\ = 1 for all
n G N and, since (kn) is a bounded approximate unit for L'(D), lim Tnf = f for
each / G C(D). We show that there exists / G C(G) and nQ G N such that (Tn)
cannot satisfy (4) for all n > «0 .

It is well known that TD s n Ji ,* Z(2) (the countable weak direct product of the
groups Z(2)). Writing yt for the continuous character of D that (under the above
isomorphism) has 1 in the /th entry and zero elsewhere, we see that A =
{Y,,Y2,...} is an independent set generating FD. Put / = 2°^, 2~' yt. Then
/ G C(D) and

= 2 2-\
i = n+ 1

using the property

{Y> Y (

0, otherwise.

Furthermore
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But the continuous characters of D t a k e the values ± 1 only, so that | y(x) — y(y) |

< 2 implies that x — y G ker(y). It follows that

1 2-<2(Y,(*)-Y,(>0)

Since limn 2°°=n+, 2~'\2f=n + 2 2 ~ ' V ' = oo it is impossible for (4) to hold.
Our theorem includes the known quantitative estimates for convergence of a

sequence of positive linear operators on C(T). Indeed A = {e,} is an independent
set generating Z, the character group of T. The modulus of continuity of / G C(T)
with respect to A is

which is just the usual modulus of continuity. Now an easy calculation gives

r (e , ) = 2sup{r(sin2 H * - *))(*): x G T } ' / 2 ,

and substituting into (2) gives Theorem 3 in [10].
We now consider the convergence of positive linear operators on C(T"). Take

A = {y,, y2,... ,yn], where y,: T" -> T is the projection onto the z'th coordinate,
i = 1,2,...,«. Then A is an independent set generating the character group of T".
The modulus of continuity of/ G C(T") with respect to A is

a(f,A,8) = sap{\f(x)-f(y)\:\xi-yi\<8fori = \,2,...,n),

where x = (x,, x2,... ,xn). We have

r(A) = 2sup] 2 T(sin22(xi~ti))(x):xETn\ ,
[i=\ J

and substituting into (2) gives [3], Theorem 2.
Finally we present an application of our results to the infinite dimensional

torus T00, the direct product of countably many copies of T. Take A = {y,, y2,...},
where y. is the /th coordinate projection of T°° onto T. Let (kn) be a sequence of
nonnegative continuous functions on T with || kn II, = 1 for all n G N, and define

Kn(x)=f[kn(xi), x = (xi)ETa>;

for a similar construction see [5], (44.53). We shall examine the convergence of the

positive convolution operators Tn given by Tnf=Kn*f,fG C(T°°). Suppose
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372 Walter R. Bloom and Joseph F. Sussich (9 ]

that lim,, £ n ( e , ) = 1, so that by Korovkin's theorem, l i m n £ n ( e m ) = 1 for all

m £ Z, where em = e™. We have

using the property that ^ n ( y , ) = fcn(e,) for / < M. Thus

for i = 1 , 2 , . . . , « } .

In particular if (&„) is the Fejer-Korovkin kernel (see [2], 1.6.1) then /cn(e,) —

£„(<?_,) — c o s w / ( « + 2) and

| j c / - ^ 1 . | < W n - I / 2 f o r i = 1 , 2 , . . . , « } .
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