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ON THE ABSOLUTE NÔRLUND 
SUMMABILITY OF A FOURIER SERIES 

BY 

D. S. GOEL AND B. N. SAHNEY 

1. Let 2 An be a given infinite series and {sn} the sequence of its partial sums. 
Let {pn} be a sequence of constants, real or complex, and let us write 

(1.1) Pn = P0+Pl+-"+Pn. 

If 
1 n 

(1.2) *» = — 2 P * - A - * * 

as n~>oo, we say that the series 2 An is summable by the Nôrlund method (N, pn) 
to (7. The series 2 ^ « *s sa*d to be absolutely summable (N,pn) or summable 
|iV,/?J if o*w is of bounded variation, i.e., 

(1.3) X | A c r J = i K - o r w _ J < o o . 
n = l «=1 

2. Let / be a periodic function with period 2TT, and integrable in the sense of 
Lebesgue. The Fourier series associated with/, at the point x, is 

00 00 

(2.1) \aQ+ 2 (an cos nx+bn sin nx) == 2 ^w(x), say. 

We write 
# 0 = Ut) = H / (x+0+ / (* -0 -2 / (x )} . 

The following theorem has been proved by Hsiang [3]. 

THEOREM A. Let {pn} be a sequence of positive constants. If(p„—pn-ù to mono-
tonic and bounded, 

(2.2) T < co 

for some a>0, and 

(2.3) (log i j | Ut)\ = 0(1), as t -> 0+ 

then the Fourier series of/is summable \N,pn\ at x. 
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The object of the present paper is to generalize the above theorem of Hsiang 
and to give an alternate simple proof. 

We shall prove the following theorem. 

THEOREM. Let pn be a sequence of positive constants. If (pn—pn-i) is monotonie 
and bounded, and if 

oo 

(2.4) y -JL— < oo 

where H(u) is a positive increasing function such that 

(2.5) f n — du = 0 ( - ^ - i 
iH(u) \H(n)J 

and 

(2.6) H(J\ | ^ ( 0 | = 0 ( 1 ) as ^ 0 

then the Fourier series of fis summable \N,pn\ at x. 

3. We shall require the following lemmas for the proof of the theorem. 

LEMMA 1. [2] lfpn>0, {pn—pn-i} is monotonie and bounded, and if the series 

p 

where C=2fc=o (n~-£+l)^fe> then ^An is summable \N,pn\. 

LEMMA 2. If {2.5) and (2.6) are satisfied, then 

K = *»(*) = 2(n-k+l)Ak(x) = o M - ) 
fc=o \H(n)/ 

Proof. We have [1, p. 19] 

as n —> oo. 

sin2(n + l)-
7Tt„ = | Mt) ? dt 

sin -

U =jj(t) 

l ri/n r*\ s i n 2 ( n + l ) -

= + k o idt 
Uo Jl/n) . 0 t 2 t 

sin -

= h+h 
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Now, 

,J 4 
1/n s in2(n+l); 

\h\£\ M)\- • dt 

• 2 t 
sin -

2 

: sup woif 
0<t<(l/n) JO 

sinfy+l)1 

dt 
. 2 * sin -

because 

= 0( rc+l )o( -M = o ( - £ - ) as n -> GO by (2.6) 
\H(n)/ \H(n)/ 

_i_f 

ff(n)/ \fl(ny 

sin2(n+l)-
• dt=l, 

• it 
sin -

and 

. , s in 2 (n+ l ) -
\h = \ W) ; 2if+0(l), 

Jl/n f2 

sin2(n+l): . , smin+i; f , 1 
<£/•/» £ dt\ <, A\ \6(t)\ — df, (4 is a constant) 

< ^ 
1\,2 I if "If 

•dt 

therefore 

Hence 

= 0 ( - ^ - ) by condition (2.5) 
\H(n)/ H(n) 

/.-of-2-). 
\H(n)J 

' . - o f — ) • 
4. Proof of the theorem. By Lemma 2 and (2.4) we have 

P n \PMtf(n)/ 
where 2 nl{pnH(n)< oo. 

The theorem now follows by Lemma 1. 
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