
A GENERALIZATION OF WYTHOFF'S GAME* 

Ian G. Connell 

(received June 2, 1959) 

1. Wythoff' s game. W.A. Wythoff Cl3 in 1907 defined a 
modification of the game of Nim by the following rules: 

(i) there are two players who play alternately; 

(ii) initially there a re two piles of matches , an a rb i t r a ry 
number in each pile; 

(iii) a player may take an a rb i t r a ry number of matches 
from one pile or an equal number from both piles but he must 
take at least one match; 

(iv) the player who takes the last match wins the game. 

If, after his move, a player leaves one match in one pile 
and two in the other he can force a win; for if his opponent takes 
one match from the pile containing two he can take both remain
ing matches; and similar ly for the other possibi l i t ies . Thus 
(1,2) is called a winning pair and in Table I each pair (u.n,vn) is 
a winning pair in the following sense: 

(a) in a single move a player can change a non-winning 
pair into a winning pair; 

(b) any move will change a winning pair into a non-
winning pa i r . (These statements a re special cases of Theorem 
2 below). 

* Excerpt from Mas te r of Science thes i s , University of Manitoba, 
1959. 
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If a p layer ' s move resul ts in a winning pair (un , vn) his 
opponent's move will result in a non-winning pair which he can 
t ransform into a winning pair ( u n ' , v n ' ) on his next move. Thus 
he can force a win, for ultimately his move will result in the 
pair (0, 0) which means he took the last match . 

n 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 

un 

0 
1 
3 
4 
6 
8 
9 
11 
12 
14 
16 

vn 

0 
2 
5 
7 
10 
13 
15 
18 
20 
23 
26 

Table I 

The table was constructed by the rules: 

(1) u o = 0 ; 

(2) v n - u n + n ; 

(3) u n is the least positive integer distinct from the 2n 
integers uQ, u^ , . . . , un_ i, vQ, v^ , . . . , vn_ ^ . Thus each positive 
integer occurs just once in the sequences 

{u n } , {v-nJ , n = 1,2, 3, . . . , 

and for this reason {un} and {vn\ a re called complementary 
sequences . 

Explicit formulas for u n and v n a re 

(1) u n = [ | n ( l + A / 5 ) ] , 

(2) v n = [ i n < 3 + V 5 > ] , 

where square brackets denote the integral part function. (These 
formulas a re special cases of Theorem 1.) 
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2. The generalized game. Define the k-Wythoff game by 
the rules: 

(i) there a re two players who play alternately; 

(ii) initially there a re two piles of matches , an a rb i t r a ry 
number in each pile; 

(iii) a player may take an equal number of matches from 
both piles or a multiple of k matches from one pile but he must 
take at least one match; 

(iv) the player who cannot make a legitimate move loses 
the game. 

The original Wythoff game corresponds to k = 1. 

The set of all winning pai rs is character ized by the follow
ing three proper t ies : 

(a) an a rb i t r a ry pair is in the set or can be reduced to 
a pair in the set in just one move; 

(b) a move on a pair in the set produces a pair not in 
the set; 

(c) all pa i rs on which no legitimate move can be made 
a re in the se t . 

As we saw in the case k = 1, if a player !s move creates 
a winning pair his opponent's move will create a losing pair 
which he in turn can reduce to a winning pa i r . By repeated 
application of this s trategy he will ultimately win. 

Define the following k pai rs of sequences: 

(3) u i n = [ ( n + i/k) (1 + 1/A)] , 

(4) v i n = [ ( n + i/k) (1 +A)3 , 

for i = 0 , l , 2 , . . . , k - l , and n = 0 , 1 , 2 , 3 , . . . , where 

(5) A = | ( k + J k 2 + 4 ) . 
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For k = 1 , 2 , 3 , . . . A is i r rat ional since the continued fraction 
expansion is infinite: 

1 1 
A = k + 

k+ k + 
However we can show this direct ly . For suppose k^ + 4 = a^. 
If k is odd then k^ E. 1 mod 8 and BA = 5 mod 8, which is impos
sible. If k = 2ki then a = 2a^ and k ] ^ + 1 = a, , which is also 
impossible . Hence k^ + 4 cannot be a perfect square and A is 
i r ra t iona l . 

Now û  0 = 0 since 

H,o * L(l + 1/A) ( k - l ) / k ] , 

and we must show that 

(1 + 1/A) (k - l ) /k < 1 , 

i . e . . (k- l ) ( l + A) < kA, or k-1 < A, and squaring, this is 
- 2k + 1 < k^ + 4, which is t rue for k = 1 , 2 , 3 , . . . . 

Since 
1 + A = 1 + A" 1 + k, 

(6) vL = u + nk+ i . 
i , n i , n 

Thus v i j Q = i . 

Defining v^ n - l = v o n w e have, 

THEOREM 1. The sequences {14 n } and (vk-i , n - l l f ° r 
n = 1 , 2 , 3 , . . . and for each value of i = 0 , 1 , 2 , . . . , k - 1 , a re 
complementary. 

Proof. By (4) 

(?) v k - i , n - l = C(n- i/k) (1 + A)] . 

Now U£ n >/ 1 for n ^ 1 and i = 0, 1, • • . , k - 1 . By (6) v^_£ n „ i Z 1 
for n -̂ 1 and i - 1, 2, • • . , k- 1 • Also v^ n - ^ - vQ n %- 1 for n ^ 1, 
Thus for a given i the two sequences consist of positive in tegers . 

Suppose the first N positive integers contain r member s of 
( a i , n } a n d s m e m b e r s of { v k - i , n - i } . Then by (3) and (7), 
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(r + i/k) (1 + 1/A) < N + 1 < (r + 1 + i/k) (1 + 1/A), 

or (r + i/k) ( 1 + A) < (N + 1)A < (r + 1 + i/k) (1 + A), 

and (s - i/k) (l + A ) < N + l < ( s + l - i/k) (1 + A). 

(Strict inequalities since A is i r ra t iona l . ) Adding the last two 
lines and dividing the resul t by 1 + A > 0 we get 

r + s < N + l < r + s + 2 

or , since all these quantities a re in tegers , 

r + s = N . 

Thus the first N integers contain N members of the two sequences. 
Hence the first N + 1 integers contain N + 1 members and this 
(N + l)st member must be the integer N + 1. Therefore each 
integer occurs precisely once and the sequences a re complemen
ta ry . 

THEOREM 2. The set of winning pairs for the k-Wythoff 
game comprises the k sets 

(8) ( ( u i , n ' v i , n ) i >n = 0 , 1 , 2 , 3 , , . . , 

for i = 0 , l , 2 , . . . , k - l . 

Proof. We deal separately with the three proper t ies which 
character ize the set of winning p a i r s . 

Proof of property (a): If (x,y) is not a pair of type (8) we 
must show that it can be reduced to such a pair by a single move . 
Clearly the order of the piles is immater ia l and we can assume 
x ^ y. Let y -x £ i mod k so that 

(9) y = x + i + rk , 

where r > 0 and 0 £ i ^ k-1 . 

By Theorem 1 either: 

" (i) x = 0 ; 
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(ii) x = U£>n , n £ 1; or 

(iii) x = v ^ ^ n . ! , n » 1. 

(i) In this case 
x = u i > 0 = 0 , y = i + rk . 

If r = 0 the pair (x,y) is the pair (u^ o ' v i , o ) which is of type (8). 
If r > 0 the pile y can be reduced by rk matches to give this pa i r . 

(ii) We distinguish three cases : 

(<*) Y > v i , n ' 

(/* ) y = v i , n i 

U > y < v i , n -

[ex.) y = x + i + r k = u * n + i + r k = Vj^n + (r-n)k. Thus the pile 

y can be reduced by r - n > 0 mult iples of k to yield the pair 

K,n> v i ,n)-

(/3 ) The pair (x,y) is a lready of type (8), 
{ % ) In this case r < n. Take s matches from each pile so that 
x -s = u-i n " s ~ a i r* Then y - s = x + i +. r k - s = u^ r + i + rk = v^ r , 
and the pair (x,y) has been reduced to (u^ r , v i j r ) where r > 0. 

(iii) Now 
y > x = T k - i , n - l > u k - i , n - l > 

so that y = x + i + rk = v^.^ n „ i + i + rk 

= u.^.^ n-1 + k - i + C11-1)^ + i + rk 

= u k - i , n - l + ( n + r ) k > 
and the move is obvious. 

Proof of property (b): We must show that a move on a 
pair of type (8) produces a pair not in the set . Now 

v i , n s * i , n + i *nod k 

and this congruence is p rese rved by any move, since 

v i , n ~ s s u i , n + i - s m o d k , 

v j ^ n - rk s ii£ n + i mod k , 
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and vi n =" ui n + i-*k mod k . 

The only pairs in the set (8) which satisfy this congruence are 
pairs of the types (UJ n>vi n1) a n c* (uk-i,nf > vk-ijn1)» t n e latter 
because 

vk-i ,n S uk-i,n + k " i mod k , 

i . e . , nfc-i.n1 s v k . i ^ ' + i mod k.. 

Suppose a move on the pair (UJ n v̂  n) gives the pair 
(uijii'jvi,!!1). Then n1 < n, u i j n ' < uj^n and vj^n, < v ^ s o t h a t 
the move must have removed s matches from each pile. By (6) 

v i ,n - s = a i ,n -s + nk + i > 

i . e . , vi ,n != ui,n ! + ^ + i > 

which is impossible by (6). 

On the other hand suppose the move yields the pair 
(uk-i fn«'vk-i,n'). Since u i > n < v i j n for all i and n 
(except u0 0 = v0 0 = 0), the move must have removed a multiple 
of k matches from the pile v̂  n so that 

u i ,n = vk-i,n> 

and vi,n -rk = u^.| ni . 

But the former equation violates the complementarity property 
of the sequences {û  n} and {v^-i ni} . 

Thus no move on a pair (û  n>V| n) will produce a pair in 
the set (8). 

Proof of property (c): All the winning pairs on which no 
legitimate move can be made are clearly 

(0,0) , (0,1) , . . . , (0,k-l) ; 

that is, (u0 j0 ,v0^0) , (u l f 0 ,v1 > 0) , . . . , (uk_lf 0 , Yk-i,0) > 

and these are included in the set (8). 

This completes the proof of Theorem 2. 

Following are short tables of winning pairs for the first few 
k-Wythoff games. They were constructed with the use of Theorem 
1, thus obviating the direct evaluation of (3) and (4). 
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n 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 

uo,n 

0 
1 
2 
4 
5 
7 
8 
9 
11 
12 
14 
15 
16 

vo,n 

0 ; 

3 1 
6 
10 
13 
17 
20 
23 
27 
30 
34 
37 

i 40 

ul,n 

0 
2 
3 
4 
6 
7 
9 
10 
12 
13 
14 
16 
17 

•I, n 

1 
5 
8 
11 
15 
18 
22 
25 
29 
32 
35 
39 

: 42 

n 1 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 

Uo,n 

0 
1 
2 
3 
5 
6 
7 
9 
10 
11 
13 
14 

i 15 

1 vo,n 

0 
4 
8 
12 
17 
21 
25 
30 
34 
38 
43 
47 
51 

ul,n 

0 
1 
3 
4 
5 
6 
8 
9 
10 
12 
13 
14 
16 

Vl,n 

1 
5 
10 
14 
18 
22 
27 
31 
35 
40 
44 
48 
53 

u2,n 1 

0 
2 
3 1 
4 
6 
7 
8 
9 
11 
12 
13 
15 
16 

v2,n 

2 
7 
11 
15 
20 
24 
28 
32 
37 
41 
45 

j 50 
1 54 
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n 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 

Uo,n 

0 
1 
2 
3 
4 
6 
7 
8 
9 
11 
12 
13 
14 

vo,n 

0 
5 
10 
15 
20 
26 
31 
36 
41 
47 
52 
57 
62 

ul,n 

0 i 
1 
2 
4 
5 
6 
7 
8 
10 
11 
12 
13 

i 15 

vl,n 

1 
6 
11 
17 
22 
27 
32 
37 
43 
48 
53 
58 

! 64 

a2,n 

0 
1 
3 
4 
5 
6 
8 
9 
10 
11 
12 
14 
15 

v2,n 

2 
7 
13 
18 
23 
28 
34 
39 
44 
49 
54 

: 60 
1 65 

u3,n ! 

0 
2 
3 
4 
5 
7 
8 
9 
10 
12 
13 
14 

1 15 

v3,n 

3 
9 
14 
19 
24 
30 
35 
40 
45 
51 
56 
61 

i 66 

It will be observed from the r emarks in part (b) of the 
previous proof that once i has been determined by the initial 
piles a player need only know two sequences of winning p a i r s , 
corresponding to i and k - i . (He need only know one sequence if 
i = 0 or i = k /2 and k is even). For example, if k = 3 and sub
scr ip ts W and JL denote winning and losing p a i r s , possible 
sequences of moves a re : 

(14 ,48) w -» ( . l l f 48) L - * ( l l , 3 ) w , i . e . , ( 3 , l l ) w ; 

(14 ,48) w -> (14,27)L - » ( 8 , 2 7 ) w . 

3. Concluding r e m a r k s . Setting i = 0 in Theorem 1, 
{ u 0 , n } a n c l £vk n-1^ a r e c o m p l e m e n t a r y . That is 

[n ( l + 1/A)1 and [n(l + A)] 

a re complementary for n = 1 ,2 ,3 , . . . . This is t rue for any 
i r ra t ional A > 0, as was first observed by S.Beatty [2 ) , and 
the proof of Theorem 1 may be used without modification. 

A theorem similar to Theorem 1 has been proved by 
T . Skolem [33 . 

Denoting the general complementary sequences of Beatty 
by 

u n = [n(l + l/o()] and v n = [n(l +<*) ] , 
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the values (5) of cC belong to a cer ta in c lass of quadratic surds 
for which 

a v n = "n + vn • 

We hope to publish elsewhere an account of this and other resul ts 
connected with Beatty sequences. 

The author would like to thank Dr . N . S . Mendelsohn for 
his advice and encouragement. 
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SOME PROPERTIES OF BEATTY SEQUENCES I* 

Ian G. Connell 

(received June 2, 1959) 

1. Introduction^ Two sequences of natural numbers a r e 
said to be complementary if they contain all the positive integers 
without repetition or omission. S. Beatty [ l ] observed that the 
sequences 
(1) u n = [ n ( l + 1/<X]| , n = 1 ,2 ,3 , . . . , 

(2) v n = | n ( l +ccj] , n = 1 ,2 ,3 , . . . , 

(where square brackets denote the integral par t function) a re 
complementary if and only if «C > 0 and o( is i r r a t iona l . We call 
the pair (1),(2) Beatty sequences of argument oc . 

^Excerpt from Master of Science Thes i s , 
University of Manitoba, 1959. 
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