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Abstract

We propose and study a number of layer methods for Navier—Stokes equations
(NSEs) with spatial periodic boundary conditions. The methods are constructed using
probabilistic representations of solutions to NSEs and exploiting ideas of the weak sense
numerical integration of stochastic differential equations. Despite their probabilistic
nature, the layer methods are nevertheless deterministic.
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1. Introduction

The importance of Navier—Stokes equations (NSEs) for various applications is undisputed
and there is a significant need for efficient direct numerical simulation of NSEs. The theory
and applications of NSEs can be found, in e.g. [3], [4], [11], [13], [30], [31]. The commonly
used numerical methods for NSEs include finite element methods (see, e.g. [6], [7], and [8]),
finite difference schemes (see, e.g. [6], [7], and [32]), spectral methods (see, e.g. [2], [6], [7],
and [26]), multilevel methods [4] and [32].

We consider the system of NSEs for velocity v and pressure p in a viscous incompressible

flow:
ov o?
— 4+ W, V)v+Vp— —Av=f, (1.1)
as 2
divv = 0. (1.2)
In (1.1)—(1.2) we have —T <5 <0,x e R",v € R", f € R", and p is a scalar. The velocity
vector v = (v, ..., v") T satisfies the initial conditions
v(=T,x) = px) (1.3)

and the spatial periodic conditions
v(s,x + Le;) = v(s, x), i=1,....,n, =T <s <0. (1.4)
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Here {e;} is the canonical basis in R” and L > 0 is the period. For simplicity in writing,
the periods in all the directions are taken the same. The function f = f(s, x) and pressure
p = p(s,x) are supposed to be spatially periodic as well. The system of NSEs (1.1) is
autonomous and, consequently, its solution does not depend on a time shift. The choice of
the interval [T, 0] is convenient for probabilistic representations of the solution to problem
(1.1)—(1.4) after a simple change of variables.

We deal with NSEs in the primitive variable formulation. In this respect we recall [13],
[32] that making use of other unknowns, such as the vorticity and stream function, can be
advantageous in some special cases, e.g. in two dimensions or when vortices play a key role.

In this paper we propose and study layer methods, which exploit probabilistic representations
of solutions to NSEs. We introduce function spaces required, recall the Helmholtz—Hodge
decomposition, and give the probabilistic representations in Section 2. Layer methods for
semilinear and quasilinear partial differential equations (PDEs) of parabolic type were proposed
in [14], [19], and [20] (see also [18]). A layer method for NSEs was first proposed in [1];
specifically, a first-order method which we briefly revise in Section 3.1.

Here we extend application of the probabilistic approach to NSEs in various directions. In
Section 3.2 we deal with the approximation of the pressure, which was not considered in [1].
In Sections 3.3 and 3.4 we exploit different probabilistic representations to that used in [1]
and propose new layer methods for NSEs. We also establish a relation between layer methods
and finite difference schemes. In Section 4 we exploit geometric integration of stochastic
differential equations developed in [17], [22], and [23] (see also [18]) in order to construct the
corresponding new layer method. We propose and study a second-order method for NSEs in
Section 5. In Section 6 we use the results of [15] and [16] to construct a new first-order layer
method specifically adapted to the case of small viscosity o>. We discuss implementation of
the proposed layer methods in Section 7. Results of some numerical experiments on a simple
test model of laminar flow from [29] are presented in Section 8.

In this paper we deal with NSEs with periodic boundary conditions (1.1)—(1.4). NSEs with
no-slip boundary conditions are treated in [21].

2. Preliminaries

In this section we recall the required function spaces [3], [4], [11], [30], [31], [32] and write
probabilistic representations of solutions to NSEs.

2.1. Function spaces and the Helmholtz—Hodge decomposition

Let {e;} be the canonical basis in R". We shall consider spatial periodic n-vector functions
u(x) = @' @), ..., u"x) " inR": u(x + Le;) = u(x), i = 1,...,n, where L > 0 is the
period in the ith direction. Denote by Q = (0, L)" the cube of the period. Of course, one
may consider different periods L1, . .., L, in the different directions. We denote by L.>(Q) the
Hilbert space of functions on Q with the scalar product and the norm

(u,v):/ douovi@ydx,  full = w2
Q=

‘We keep the notation |- | for the absolute value of numbers and for the length of #n-dimensional
vectors, for example,

() = [ () + -+ @ (0))*1V2
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We denote by H’Z,’ (Q), m=0,1,..., the Sobolev space of functions which are in L>(Q),
together with all their derivatives of order less than or equal to m, and which are periodic
functions with the period Q. The space H) (Q) is a Hilbert space with the scalar product and
the norm

(W, V) —/ Z 3 DYu D v ()ydx, = [ w)m] 2,

i= l[a' 1<m
where o :(a’l,...,a;), o:;. e {0,...,m}, [ai]:ot’i+-~-+ot;,and
i
. o i gle’l )
D* =D{"-- Dy = , -, i=1,...,n

d(xH™ - - -9 ()
Note that H),(Q) = L*(Q).
Introduce the Hilbert subspaces of H’[’} (0):
:{U:veH’,f(Q), divv = 0}, m > 0,

V(I), = the closure ofV;'}, m > 0in L*(Q).

Clearly,
V’;" = the closure of V’;’Z in ]HI’[',” (Q) for any my > mj.

Denote by P the orthogonal projection in HZ’(Q) onto Vﬂ (we omit m in the notation P
here). The operator P is often called the Leray projection. Due to the Helmholtz—Hodge
decomposition, any function u € H’I’,’ (Q) can be represented as

u=Pu+Vg, div Pu =0,

where g = g(x) isascalar Q-periodic function such that Vg € H';(Q). Itis natural to introduce
the notation Pu := Vg and, hence, write

u= Pu+ Pty
with
Prue (V)" ={v:veH(Q), v=Vg}.
Let
w) = w0 g = T g UIm gy
nez nez (2 1)
PM()C) — Z (Pu)nei@f[/L)(n,x)’ PJ_M(X) — Vg(x) — Z (Plu)nei(ZH/L)(n,x)
nezZ neZ

be the Fourier expansions of u, g, Pu, and PLtu = Vg. Here uy, (Pu)y, and (PLu), = (Vg)n
are n-dimensional vectors and the g, are scalars. We note that g¢ can be any real number,
but for definiteness we set g9 = 0. The coefficients (Pu)y, (Ptu),, and gn can be easily
expressed in terms of u,,:

T T
u,n 2 u n
(Pu)y =ty — 5n, (Pru)y = i=—gan = —"n
|n| L |n|
(2.2)
L u,Tn £0 0
= —1— s n s =0.
gn 27_[ |n|2 g0
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We have
Vel@T/Lnx) _ 0iC/L)(n.x) iz_”;
L

hence, u,e!?7/L.%) ¢ V7 if and only if (un, n) = 0. It follows from here that the orthogonal
basis of the subspace (V’;})L consists of nel @/ LX) e 71 g # 0; and an orthogonal basis
ofV;," consists of gu,e@/LD@Y) p— 1 n—1, n e Z" where, undern # 0, the vectors
xUn are orthogonal to n, i.e. (yun,n) =0, k =1,...,n — 1, and they are orthogonal among
themselves, i.e. (xUp, mun) =0, k,m = 1,...,n — 1, m # k, and, finally, for n = 0, the
vectors xug, k =1, ..., n, are orthogonal. In particular, in the two-dimensional case (n = 2),
these bases are correspondingly

I:UI] ei(Zn/L)(n,x) and |:_n2i| ei(2n/L)(n,x)’ n—= (nl’ nz)T. (23)
ny ni
2.2. Probabilistic representations
Introducing in (1.1)—(1.2) the new time ¢t = —s and the new function u(¢, x) = v(—t, x),
0 <t < T, we obtain
du o2
EJr?Au—(u,V)u—Verf:O, 2.4
divu =0, 2.5)
u(T, x) = p(x), (2.6)
u(t,x + Le;) = u(t, x), i=1,...,n,0<t<T. 2.7

In what follows we assume that this problem has a unique, sufficiently smooth classical solution
(see the corresponding theoretical results in, e.g. [4], [11], [30], and [31]).

Assumption 2.1. We assume that the solution of problem (2.4)—(2.7), (u(t, x), p(t,x)) has
continuous derivatives with respect to t and x up to some order forx e R", 0 <t < T.

Now we consider some probabilistic representations of the solution to (2.4)—(2.7).

Let (u(¢, x), p(t, x)) be a solution of problem (2.4)—(2.7). For the function u(¢, x), one can
use the following probabilistic representation of solutions to the Cauchy problem for equations
of parabolic type (see, e.g. [5] and [18]):

u(t, x) =Elo(T, X; x(T)) O x 1(T) + Z; x,1,0(T)]. (2.8)

Here X; x(s), Qi x,q(s), and Z; x y -(s), s > t, solve the system of It stochastic differential
equations

dX = (—u(s, X) —ou(s, X))ds + o dW(s), X(@) =x, 2.9)

dO=u'(s. X)QdW(s), Q1) =gq. (2.10)

dZ =(—=Vp(s, X))+ f(s,X)Qds + F(s, X)QdW(s), Z(t) =z. (2.11)

In (2.8)—(2.11), W(s) is a standard n-dimensional Wiener process, Q is a scalar, and Z is
an n-dimensional column vector; (s, x) is an arbitrary n-dimensional spatial periodic vector
function and F(s, x) is an arbitrary (n x n)-dimensional spatial periodic matrix function,
which are sufficiently smooth. Probabilistic representations (A) and (B) given below and used

for constructing layer methods in the next sections are particular cases of representation (2.8)—
(2.11).
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(A) For u(s,x) = 0and F(s, x) = 0, (2.8) gives the standard probabilistic representation

T T
u(t, x) = E|:(P(Xt,x(T)) - / Vp(s, Xi,x(s))ds +/ f s, Xix(5)) dS}, (2.12)
t t

where X; . (s), s > t, solves the system of stochastic differential equations
dX = —u(s, X)ds + o dW(s), X() =x. (2.13)

Let0 =1t <t < --- < ty = T be a uniform partition of the interval [0, T'], and
let h = T/N (we restrict ourselves to the uniform partition for simplicity only). Clearly,
analogously to (2.12), we can write the following local probabilistic representation of the
solution to (2.4)—(2.7):

Tk+1

u(ty, x) =E[u(tk+1,th,x(tk+1))—/ Vp(s, Xy x(s))ds
173

Tk+1
+ k f(s,sz,x(s))ds]. (2.14)

73

Representation (2.12)—(2.13) is used in a number of works (see, e.g. [1], [13], [25], and the
references therein).

(B) For 1t(s, x) # 0and F (s, x) = 0, representation (2.8) follows from Girsanov’s theorem.
In particular, for (s, x) = —u(s, x) /o, we have

u(t, x) = Elo(X; 2 (1)) Qr,x,1(T)]
T T
-HE[—/ Vp(s, Xt,x(s))Qt,x‘l(s)ds‘i‘/ 1, Xt‘x(s))Qt,x,l(s)dS], (2.15)
t t

where X; .(s) and Q; x.1(s), s > t (Q;,1(s) is a scalar), solve the system of stochastic

differential equations -
dX = o dW(s), X() =x, (2.16)

1
dQ = ——Qu' (s, X)dW(s), Q@) =1. (2.17)
o
The corresponding local probabilistic representation has the form
u(te, x) = Elulrs1, Xox 1) Qv 1 (trg1)]

Tkt 1
+E[—/ Vp(s, Xy.x(8) Qg x,1(5) ds +
173

Ti+1

f(S, Xlk,x(s))Qlk,x,l(s) ds:|
(2.18)

3

(C) We can also write the following probabilistic representation of the solution to (2.4)—(2.7):

u(t, x) = Eo(X; x(T))

T T
- ]E[/ (u(s, Xi,x(s)), VIu(s, X; x(s))ds + / Vp(s, Xix(5)) ds}
1 t

T
+]E/ f(s, X; x(s))ds. (2.19)
t

Here X; . (s), s > t, solves the system of stochastic differential equations

dX = ocdW(s),  X(t) = x. (2.20)
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The corresponding local probabilistic representation has the form
uti, x) = Butiyr, Xo x (tes1)

T+
—]E[/k I(M(S’Xt’X(S))’V)M(S’Xt,x(s))ds+/
173

73

Tkt

1
Vp(s, Xix(5)) ds]

Tk
+ E f(s, Xy x(s))ds. (2.21)

73

This representation is analogous to that used in [20] for constructing layer methods for quasi-
linear PDEs.

(D) Introduce the system of forward—backward stochastic differential equations (FBSDEs)
[12], [24]:

dX = —-Yds +o0dW(s), X() =x,

(2.22)
dY = (Vp(s, X) — f(s, X)) ds + ZdW(s),  Y(T) = o(X;.«(T)).

Here X, Y, W, f, and V p are column vectors of dimension n and Z is an n X n matrix (we
note that we use the same letter Z in (2.11) and (2.22) for two different processes, but this does
not lead to any confusion). Let u(z, x) be a solution of (2.4) and (2.6). It is straightforward to
prove that

k
XO =X YO =ul Xias), 29 =05, X)) (223)
X

is a solution of (2.22). Conversely, if (X (s), Y (s), Z(s)) is a solution of (2.22) then
u(t,x) =YY@ (2.24)

is a solution of (2.4), (2.6). Condition (2.5) is satisfied by choosing an appropriate pressure p.
In addition,

duk Ui
Mt x)=—24 ). (2.25)
ox/ o

One can use not only the FBSDEs (2.22) but also many others, among which is, e.g. the

FBSDEs

dX = o dW(s),  X@) =x,

1 (2.26)
dy = <Vp(s, X) — f(s, X) + ;YZ) ds + ZdW(s),  Y(T) = o(X,.(T)).

The relations between the solutions of (2.4), (2.6), and (2.26) are again given by the equalities
(2.23)—(2.25).

Connections between nonlinear PDEs and FBSDESs turned out to be mutually beneficial for
their numerics (see, e.g. [19], [20], and the references therein). An additional advantage of such
a numerical approach is the possibility of computing derivatives due to (2.25). Let us note that
in [9] regression methods for numerical analysis of BSDEs are invoked.

Below we construct a number of numerical methods based on the probabilistic representa-
tions (2.12)—(2.13), (2.15)—(2.17), and (2.19)—(2.20). Applications of the approach based on
FBSDEs will appear elsewhere.
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3. First-order methods

In this section we first revisit the first-order layer method for NSEs derived in [1]. Then
in Section 3.2 we consider approximation of the pressure, which was not addressed in [1]. In
Section 3.3 we obtain new first-order methods based on the local probabilistic representation
(2.16)—(2.18), and establish a relation between layer methods and finite difference schemes.
Section 3.4 deals with a new layer method based on the local probabilistic representation
(2.20)—(2.21).

3.1. A revisited first-order method

A probabilistic approach to constructing layer methods for solving nonlinear PDEs is
proposed in [14] (see also [18]). It is based on local probabilistic representations and on
the ideas of the weak sense numerical integration of stochastic differential equations. In spite
of the probabilistic nature the methods are nevertheless deterministic. Let us recall the first-
order layer method (see [1]) for constructing approximations of u(#;, x) based on the results
of [14].

For clarity of the exposition, we consider here the three-dimensional case although everything
in this section is true for any dimension.

Let us fix k for a while and assume that the function u(#;+1, x), as a function of x, is known,
i.e. we assume that the solution on the layer t = #;4; is known. A slightly modified explicit
Euler scheme with the simplest noise simulation applied to (2.13) gives

Xppox (tig1) = Xy x (tr11) = X — ultyy1, X)h 4+ o Ve, 3.1)

where & = (1,2, €37 and &!, § 2 &3 are independent and identically distributed (i.i.d.)
random variables with the law P(§' = £1) = %, i =1,2,3. We substitute X;, (fx+1) from
(3.1) into (2.14) instead of X, (#x+1), evaluate the expectation exactly, and thus obtain

u(ty, x) = v(te, x) — Vp(te, X\)h + f(tx, x)h + O(h?)
= Pu(ty, x) + Pf(tx, x)h + PHo(te, x) + PLf (1, x)h

— Vp(t, )k + O, (3.2)
where .
- 1
vt ) = Bultiest, X)) = 5 D ultirr, x —ultir, Oh +ovhg)  (33)
g=1
and & = (1,1,1)7,..., &g = (=1, —1,—1)T. Taking into account the fact that u(#, x) in
(3.2) is divergence free, we obtain

u(tp, x) = Po(t, x) + Pf(tg, x)h + O (h?). 34)

The remainders O (h2) in (3.2) and in (3.4) are functions of k, x, and 4 and they are of the second
order of smallness in / in the sense of the space L>(Q), i.e. |O(h?)|| < Kh?, where K > 0
does not depend on k and & (see a deterministic proof of this one-step error estimate within
Proposition 3.1 on the global error below). Neglecting the remainders, we get the one-step
approximations for u(fx, x) and V p(t, x)h. The corresponding layer method proposed in [1]
(we note that f = 0in [1]) has the form

i(ty, x) = o(x), i(tx, x) = Po(tg, x) + Pf (i, x)h, (3.5)
Vp(tx, x)h = PLo(te, x) + P F (e, x)h, k=N-1,...,0, (3.6)
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where
8

_ 1 _ _
01, %) = 5 D iyt ¥ = it D + o VhEy). 37
q=1
Knowing the expansions
o(ty, x) = Z l—)nei(2n/L)(n,x)’ f(lk,x) — Z fnei(Zn/L)(n,x)’
neZ? neZ?

it is not difficult to find u(#, x) and p(f, x). Indeed, using (2.1) and (2.2), we obtain, from

(3.5)-(3.6),

, =T T
At x0) = Y dpe @D G Gy fuh — '|’"|’2'n = h%n, (3.82)

n n

neZ?
Pl Oh=h Y pye@/Lm), (3.8b)
neZ3
_ L (¥n f.ln _

Pnh = ﬂﬂ( IZIQ h |;:|2 ) n#0, po=0. (3.8¢)

For the sake of simplicity, the dependences on k are omitted in the notation for the coefficients
in (3.8).

It follows from (3.2)—(3.3) that the one-step approximation for u(#, x) of method (3.5)-
(3.7) is of second order. Then, heuristically, the method converges and it is of first order. In [1]
the following proposition is proved (for completeness of the exposition, we present that proof
here).

Proposition 3.1. Let Assumption 2.1 hold. Let

i (tx, x)

u(ty,x)| < K,
i, )| < o

<K, 3.9

where K > 0 is independent of x, h, and k. Then method (3.5), (3.7) is of first order with
respect to the velocity u, i.e.

(e, -) — ulty, )l < Ch, (3.10)
where the constant C does not depend on h and k.

Proof. We start with estimating the one-step error of method (3.5). This error on the kth
layer (on the (N — k)th step) is equal to Pv(tx,x) + Pf(tx,x)h — u(tx, x) provided that
u(tes1, x) = u(te1, x):

Pu(tg, x) + Pf(tr, x)h — u(ty, x)

=v(tg, x) — PJ‘v(tk, x)+ Pf(te, x)h — u(ty, x)
8

1
=3 > ulterr. x — uter, Y+ oVhég) — PHo(t. x) + f (6, x)h
qg=1
— P f (g, x)h — ulix, x). (3.11)
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Using Assumption 2:1, we expand the function u (#¢41, x — u(te+1, X)h + o\/ﬁéq) at (t, x) in
powers of & and —u/ (tg1, x)h + a«/ﬁéj, j = 1,2, 3, and we find that the terms with Vh and
h+/h in the sum 22:1 u(tps1, x — u(tys1, x)h + o\/ﬁ%‘q) are annihilated. We obtain

8
1
g 2l x — ulteyr, Mk + o Vhey)

g=1
0 1
= (1. %) + S (1 0k = (0, V)t D + 302 Mt D +r (e hi k), (G12)
where
Ir(x, hy k)| < Ch? (3.13)
with C being independent of x, &, and k. Since u(¢, x) solves (2.4), we get, from (3.11) and
(3.12),

Pu(ty,x) + Pf(tx, x)h — u(tg, x)
= Vp(tr, X\)h — PTo(i, x) — PLf(tr, x)h + r(x, h; k). (3.14)

Using the orthogonality of Pv(tx, x) + Pf (tx, x)h — u(tx, x) and Vp(tx, x)h — PLro(s, x) —
PJ-f(tk, x)h in H(;?(Q) (we recall that div(Pv(tk, x) + Pf (t, x)h —u(t;, x)) = 0), we arrive
at the estimate for the one-step error:

| Pv(te, -) + Pf (1, Yh — u(te, )| < Ch.

Here the constant C does not depend on 4 and k.
Now we will prove the global error estimate (3.10). Denote the error of method (3.5), (3.7)
on the kth layer as e(, x) := u(tx, x) — u(t, x). Thus, we have

u(ty, x) = u(ty, x) + e, x), Ute+1, %) = u(tet1, X) + &1, X).
Due to (3.5) and (3.7), we obtain
u(ty, x) + &(te, x) = u(ty, x)

= Pu(ty, x) + Pf(tx, x)h

8
1
= 5 2 Pl x = iltier, b + 0~/ heg) 4 Pf G, 2)h
g=1

8
1
=3 > Plu(tiqr, x — (i1, )b + ovhE)] + Pf (tx, x)h
g=1

> Ple(tiqr, x — iitesr. x)h + ov/hEg)]. (3.15)

q=1

0| =

+

Using Assumption 2.1, we obtain
u(teq1, X — utes1, x)h + O'\/Eé:q) = utps1, X — u(tiy1, x)h + O'\/Zf;:q) +rig(x), (3.16)
where

[7rg G| = lu(tiyr, x — u(teyr, x)h + U\/f_léq) —utps1, X — u(tiyr, x)h + O'\/Zéq)l
< Kle(tg+1, x)|h. (3.17)

https://doi.org/10.1239/aap/1377868537 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1377868537

Probabilistic methods for Navier-Stokes equations 751
It follows from (3.15) and (3.16) that

8 8
1 1

u(te, x) +e(te, x) = = ¥ Plutiqr, x — utis1, )h + ovVhE) + = Y Prig(x)
8 8

q=1 g=1

+ Pf(te. x)h + Z Ple(tis1. x — il(trs1, 0)h + o VhEQ]. (3.18)
q 1
Due to (3.3) and (3.14), we obtain

8
1
= Plu(tisr, x — ultesr, b + ovVhE)] + Pf (1, )k

Sq X
= Pu(t, x) + Pf (i, x)h
= u(tx, ¥) + Vp(te, )h — PLo(te, x) = PLf (e, Oh +r(e hik). (3.19)
Application of the operator P to the left-hand side of (3.19) does not change it, while its

application to the right-hand side results in the terms from (V([)) )* being canceled. Consequently,
we arrive at

8
%E:HMWHJ—umﬂpﬂhﬂﬂ@&ﬂ+Pﬂ%xmZMmJj+PMLMkL62m
g=1

where || Pr(x, h; k)|| < ||[r(x, h; k)| < Ch? due to (3.13). We obtain, from (3.18) and (3.20),

1 1
£t x) = 5 D Plelier, x — iltier, Mh + ovhég)] + 2 3 Preg(x) + O(h), (321)

q=1 q=1

where ||O (h?)|| < Ch?.
Now introduce

ek = lle(tk, )|l
Let us evaluate the norm || - || of the function §(x) := e(fx41, x — u(tx+1, X)h + oﬁéq). We
have 5
181> = f D L (trgr, x — (i1, )k + oV hE)) dx
Qi1
D(x!, x2, x3)
&' (ter1, M1 dy,
‘/ 22 * D(y',y2, %)
where

v =x) —i (g, Oh +ovhE],  j=1,2,3.

Due to condition (3.9) on the uniform boundedness of diz /dx/ and the fact that divii = 0, we
obtain

| hoat hoat hoa!
AP ax! ax2 oax3
D!, y2, -2 -2 -2
O y5y7) _ _hau | — hou _hau :14_0(}12).
D(x!, x2, x3) ax! ax2 ax3
hoi’ hoi’ hou’
- - 1 — ——
ax! ax2 ax3
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Therefore,
181 < ext1(1 + Ch). (3.22)

Since || P|| < 1, we obtain, from (3.17) and (3.21) (in addition we recall that e(¢y, x) = 0),
en =0, e <& +Kerpth+Ch%, k=N-—1,...,1,0.
Consequently,
& < %(eKT — Dh, k=N,...,0.
This completes the proof.

Remark 3.1. We have not succeeded in deriving the inequalities in (3.9) for the approximate
solution. At the same time, verifying (3.9) in numerical experiments is straightforward. We
also note that in the case of the Oseen—Stokes equations

av o?
— 4+ @, VyYv+Vp——Av=Ff
as 2

with conditions (1.2)—(1.4), where a = a(t, x) is an n-dimensional vector, we succeeded in
deriving such inequalities.

3.2. Approximating pressure

Approximation of the pressure p was not considered in [1]. Let us proceed to this problem.
It follows from (3.2) that the one-step error of V p(#, x)h by (3.6) is O (h?); hence, the one-step
error of Vp(t, x) is O (h). That is why a proof of the convergence of method (3.6) requires
additional arguments. To this end, let us make use of the well-known equation

. . ou ou'
Ap(tie, %) = div [t x) = Y == (1, x) 7 (11, ). (3.23)
Pyt ax ax
In [19] we constructed, in particular, first-order approximate solutions u# to semilinear
parabolic equations by layer methods using a probabilistic approach. We proved there that
the derivatives di/dx' approximate du/dx" with the order 1 as well. In all probability such a
fact is correct here. If it is so, we can easily solve (see, e.g. [30, p. 10]) the equation

3 s .
. ) ou’ ou'
APt x) = div f (e, x) = D (15, ) 5 (1k, 2). (3.24)
Py 0x 0x
Indeed,
Blti,x) = ) pue! /D0,
neZz3 (325)
N L fin 1 T, - N '
Pu=iso o en X dnleimo om0 =0

m,leZ3, m+l=n

As a result, we obtain p(#, x) which approximates p(fy, x) with order 1. It is also possible
to prove in this case (i.e. assuming that the derivatives diz/dx' approximate du/dx’ with the
order 1) that p(#, x) from (3.6) (see in addition (3.8)) approximates p(fy, x) with order 1 as
well.
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The following result (of a less order of accuracy however) is rigorously proved, without
assuming that the derivatives dit/dx"' approximate du/dx"' with the order 1.

Proposition 3.2. Let Assumption 2.1 hold. Let

du (g, x)

ox!

9% (1, x)

i(te, x)| < K, -
| (1, x)| < Py

=K, =K, (3.26)

where K > 0 is independent of x, h, and k. Then p(ty, x) from (3.6) satisfies the inequality
15t ) = plax, Il < Ch?P, (3.27)
where the constant C does not depend on h and k.

Proof. Using (3.26), the error estimate (3.10) from Proposition 3.1, and Assumption 2.1,

we obtain
it i (tg, x +yh'Be;) — il (tx, x — yh'3e;)) 23
_ u' (tr, x + yh1/3ej) —u' (t, x — yh1/3ej) + O(h) n 0(h2/3)
2)//’11/3
= — (&, x) + O(h™°), (3.28)
dax/J
where y is a positive number. It follows from (3.28) that
it ou'
— (1, ) — — (1, )| < Ch*3. 3.29
)ax]u )= oo e = (329)

We have, from (3.2) (since div u (7, x) = 0, i.e. PLu(z, x) = 0),
Vp(te, x)h = PV p(ix, x)h = P, x) + PL f (e, x)h + O(h?),
and, from (3.6),
Vp(ix, x)h = PV p(tx, x)h = PYo(1, x) + P f (1., x)h.

Hence,
V(p(tk, x) = p(te, x))h = P(u(tg, x) — (g, X)) + O (h?). (3.30)
Furthermore, using (3.3), (3.7), Assumption 2.1, (3.26), and

divu(tys1, x + ovhéy) =0, divii(tys1, x + ovVhEy) =0,

we obtain
PH(u(ty, x) — B(tx. X))
8
1 _ _
= 3 > Pt x — ultirr, 0Oh + ovhég) — i, x = iltegr, ) + o vhég)]
g=1
h 0 9
= =5 22 P W (e, 1) 5 S utess, x + o Vhey)

g=1 j

. ad
= 1 (e ) 5+ oﬁ&z)} + 0>, (3.31)
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where ||O(h2)|| < Kh2. From (3.30), (3.31), (3.10), and (3.29), we obtain
IV (p(tr, x) = ptx, )| < Kh?,
whence (3.27) follows.

We observe that we have two ways of finding the pressure: either as a result of projection
(3.8) or via solution (3.25) of problem (3.24). Computationally, the second way is slightly more
expensive, but one can expect that it results in a more accurate approximation of the pressure,

though both approximations are of the same order of accuracy in 4.

3.3. New first-order methods based on the probabilistic representation (2.16)—(2.18)

Using the probabilistic representation (2.16)—(2.18), we consider three new first-order
methods. It is interesting that two of them are closely related to standard finite difference

schemes.

The first of these layer methods is based on a slightly modified explicit Euler scheme with

the simplest noise simulation applied to (2.16)—(2.17), i.e.

_ _ 1
Xpx(ter)) =x +ovhE,  Qui(ter) =1 — ;uT(rkH, x)Vhe,

(3.32)

where & is the same as in (3.1). Approximating X, r(fx+1) and Qy, x 1(fx+1) in (2.18) by

th,x (tx+1) and th,x,l (tx+1) from (3.32), we obtain

u(ty, x) = E[u(tk+1, x+ a«/ﬁg)(l - éuT(tkH, x)dﬁs)] — Vp(ty, x)h

+ f(te, x)h + O(h?)
8

1 h
=3 Zu(tk+1, x+ ax/ZEq) - %_v(tk, x) — Vp(tg, x)h + f(tx, x)h + O(h?),

g=1

where
8

(3.33)

1
vt %) = Elultiepr, ¥ + o VAEE Tulter, x) = o 3 ulterr, x +oVhéE ultirr, x).

g=1

It is useful to bear in mind that v(t, x) = oAU (tyg1, x), VIu(trs1, x) + O (3/?).

(3.34)

Using the Helmholtz—Hodge decomposition and taking into account the fact that div u (31,

x + o+/h&,) = 0, we obtain, from (3.33)~(3.34),
8
1 h
u(t, x) = ¢ 3 ultirr, x +ov/hég) - %Pv(rk, x) + Pf (g, X)h
g=1

- gPivak, x) 4+ PL f(tx, x)h — V p(ty, x)h + O (h?),

whence
8

1 h
u(ty, x) = 3 Zu(tk+1,x + U\/qu) — gpv(tk,x) + Pf(tx, x)h + 0(/’12),

q=1

Vp(tx, x)h = —%EPLv(tk,x) + PLf(tr, x)h + O(h?).
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Based on (3.35)-(3.36), we propose the following method:

u(ty, x) = ¢(x), (3.37)
1< N
it x) = = Y _ii(te1. x + ovhEg) — —Pilte. x) + Pf (tx, x)h, (3.38)
8 p o
V p(tx, x)h = —ﬂp%(tk,x) + Pt f (1, x)h, k=N-1,...,0. (3.39)
o
Here g
1
Bt 1) = > s, x + oVhENE i(tir1, x). (3.40)
g=1

Due to (3.35), method (3.37)—(3.38), (3.40) has the one-step error of order 2. Analogously to
Proposition 3.1, it can be proved that this method converges and is of first order. As to the
pressure, it can be evaluated according to (3.39), and, under the corresponding assumptions,
inequality (3.27) holds and the discussion before Proposition 3.2 is also valid here.

We note that the practical realization of method (3.37)—(3.40) is simpler than that of (3.5)—
(3.6). Implementation of layer methods in the considered periodic case relies on the Fourier
expansions (3.8). The realization of (3.5)—(3.6) requires substituting one Fourier expansion into
another to compute (3.7), while evaluating (3.40) in the layer method (3.37)—(3.40) requires
only multiplication of two Fourier series (see the further discussion in Section 7).

Let us discuss a relationship between layer methods and finite difference methods. For
simplicity in writing, we give this illustration in the two-dimensional case. It is not difficult to
note that the two-dimensional analog of the layer approximation (3.38) can be rewritten as the
following finite difference scheme for the NSEs:

”_t(tkv -x) - I’_t(tk+ls x)

h
i(tert, X' + oI, x2 4+ oh) + ii(tess, x' — oI, X2+ oNR) — dii(tesr, x*, x2)
- 4h
n ﬁ(fk+1,xl +U\/E, x2 —a\/Z) +ﬁ(fk+1,xl —G\/Z,x2 —o\/ﬁ)
4h
1
o
with
D(tk’x) _ Izl(tk 1 x)ﬁ(tk+1,xl +O'\/}—l,)€2 +O'\/E) — IZ([k_’_l,xl _O'\/E,)Cz +O’\/E)
ov/h o 4o/h
+121(tk ! x)’/_l(tk+1,xl +U\/E, x2 _O'\/E) _’Z(tk-i-lyxl —J\/ﬁ,x2 _O'\/E)
o 4o h
+ it (trs 1 x)b_t(thrl’x1 +ovh,x* +ovh) — (g1, x' + ok x* —ovh)
o 46N
+ it (g1 x)b_t(t]“rl’x1 — oVl x>+ ovh) =it x' —ovh,x* —ah)
o 4o /h ’
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As one can see, u(ty4+1,x) on the right-hand side of (3.41) is evaluated at the nodes
(x',x%) and (x' + ovh, x>+ a\/E), which is typical for a standard first-order explicit finite
difference scheme with the space discretization step /i, taken equal to o+/2 and & being the
time discretization step.

If in the weak approximation (3.32) we choose a different random vector & taking the values
=207, &H=(v20", &=0v)", &=0-v2",

with equal probabilities, then we obtain another first-order layer method which can be rewritten
as the finite difference scheme

’/_t(tkv -x) - I’_l(tk-Fls x)

h
i1, x4+ 0N2h, X)) +ii(tgr, x — 0 /20, x) — dii(tegr, x1, x2)
- 4h
+ ﬁ(t]('f']a -xlv-xz +ov Zh) + ﬁ(tk'f']a xl’xz — O 2h)
4h
1
- Po(t, x) + Pf (g, x) (3.42)
oh
with
V(g, X) e )ﬁ(thrl,xl + 0+/2h, x2) — i(tg 41, X' — o /20, x?)
——— = U Ug41,X
oh * 20/2h
ﬁ(tk+lvxlv-x2 +owv 2h) - ﬁ(tk+17-xla x2 — oV 2h)

+ i (gt 1, X)

20420

As one can see, u(fx+1, x) on the right-hand side of (3.42) is evaluated at the nodes (!, x?),
(x! £ 042k, x%), and (x!, x2 + 0+/2h), i.e. the space discretization step in (3.41) is equal
to am .

We recall [14], [18] that convergence theorems for layer methods (in comparison with the
theory of finite difference methods) do not contain any conditions on the stability of their
approximations. Using the layer methods, we do not need to a priori prescribe space nodes:
they are obtained automatically depending on the choice of a probabilistic representation and
a numerical scheme. We note that our results on convergence of the considered layer methods
with order 1 immediately imply first-order convergence of the corresponding finite difference
schemes (3.41) and (3.42).

To propose the third layer method based on the probabilistic representation (2.16)—(2.18),
we observe that

0(s) = exp(—ﬁ fs u'uds — %/S u' dW(s/)). (3.43)
t t

Approximating the exponent in (3.43) by an Euler-type scheme, we obtain

- h Vh
Okt1 = exp(—za—zﬂ(rkﬂ, X U(teg1, X) — Tumﬂ,x)s), (3.44)
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where £ is the same as in (3.1). The resulting layer method has the form

iy, x) = o(x), (3.45)
i(ty, x) = Po(ty, x) + Pf(tx, x)h, (3.46)
Vp(te, x)h = PLo(te, x) + P f (e, x)h, k=N-—1,...,0,
where
1 8
5@Jﬂ=§;;MMLx+od%ﬂ
h _ Vh _
X eXP(—FuT(tkH, X)u(tt1, x) — TMT(tkH, x)éq> (3.47)
and& = (1,1,1)7, ..., & = (=1, —1,—1)". We note that the layer method (3.45)—(3.47)

can have some computational advantages in comparison with method (3.37)—(3.40) since the
approximation of Q by (3.44) preserves positivity for all #. Analogously to Proposition 3.1,
we can prove that the layer method (3.45)—(3.47) is of first order.

We note that the layer method (3.45)—(3.47) as well as the layer method (3.5)—(3.7) cannot
be rewritten as a finite difference scheme.

3.4. First-order methods based on the probabilistic representation (2.20)—(2.21)

Using the probabilistic representation (2.20)—(2.21), we consider another first-order method
for NSEs. We apply the explicit Euler scheme with the simplest noise simulation applied to

(2.20): .

Xy x(tes1) = x + 0 VhE. (3.48)
Here £ is the same as in (3.1). Approximating X, . (f+1) in (2.21) by th,x (tx+1) from (3.48),
we obtain

u(ty, x) = Bultiy1, x + ovVhE) — Wtigr, x), Vu(tis1, x)h — Vp(te, x)h
+ f(te, x)h + O(h?)

8
1
= g 2_ e, x + oV hég) = @i, 1), Vultisr, )b =V plae, )h
q=1
+ f (i, x)h + O(h?). (3.49)
Using the Helmholtz—Hodge decomposition and taking into account the fact that div u (tx1, x +
Uﬂéq) = 0, we obtain, from (3.49),
8
1
ulte,x) = & 3 ultier, x +0vhEg) = Putirr, ), Vulier, )b+ Pf (te, x)h
g=1
- Pl(u(tk-Fls x)v V)u([k+1, )C)h + Plf(t]ﬁ X)h - Vp(tks X)h + O(hz)s

whence g
1
u(te, ¥) = & Y ulticsr, x + 0VhEg) = Plultesr, x), Vulterr, 0)h 150
g=1 ( . )
+ Pf (1, x)h + O(h?),
Vp(te, x)h = — P (u(tesr, x), Vutest, X)h + PL f(te, x)h + O(h?). (3.51)
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Based on (3.50)—(3.51), we propose the following method:

u(ty, x) = p(x), (3.52)
8
1
i1, %) = o > itrr, x + oVhEy) — Pli(ter, x), V)id(ier1, X)h + Pf (i, x)h, (3.53)
g=1
V p(tx, x)h = —PH(ii(tx 11, x), Vi(tea1, X)h + PLf (e, x)h, k=N-1,...,0.
(3.54)

Due to (3.50), the one-step error of method (3.52)—(3.53) is of second order:

qul

< Ch>. (3.55)

|3
H— D ultirr, x + o vhEg) — P(ulirn, x), Vultesr, x)h + Pf (i, x)h — u(iy, x)

Analogously to Proposition 3.1, we prove that this method is of first order.

Proposition 3.3. Let Assumption 2.1 hold. We also assume that u(ty, x) has derivatives with
respect to x up to some order for x € R", k = N — 1, ..., 0, uniformly bounded with respect
to all sufficiently small time steps h. Then method (3.52)—(3.53) is of first order with respect to
the velocity u, i.e.

llo(te, -) — ulty, )l < Ch, (3.56)

where the constant C does not depend on h and k.

Proof. Denote the error of method (3.52)—(3.53) on the kth layer as e(#, x) := u(tx, x) —
u(ty, x). Then (3.53) can be rewritten in the form

8
1
ute, X) + et X) = o 3 utirr, x + 0V hEg) = P(ultess, ), Vulterr, 0h
g=1
1 8
+ Pfte, 0h+ 2 > e(tigr. x + ovhEy)
g=1

— P(e(tey1, x), VIi(ti1, x)h — P(u(tyg1, x), VIE(tit1, x)h. (3.57)

‘We obtain, from (3.55) and (3.57),

8
1
elti, ) = 2 D elturr, x + 0 vhEg) = Peltir, x), V)i(tyr, x)h
q=1
— P(u(tiy1, X), V)e(trr1, x)h 4+ O(h?), (3.58)

where |0 (h?)|| < Ch?.
Introduce
ek = |le(t, ).

Thanks to the assumption on the spatial derivatives of it (#;, x), we obtain

1P (e(rs1, ), VIu(tiq1, )l < Kegpr. (3.59)
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Using Assumption 2.1 and the assumption on the spatial derivatives of u (¢, x), it is not difficult
to show that

8
1
3 § (tit1, X + 0vhEg) — Pu(tsr, x), V)e(tis1, X)h
g=1

0| —

8
Z Ple(tis1, x + ovhE; — u(ter, )R] + O(h?), (3.60)
g=1

where |O(h%)| < C h. Analogously to (3.22) from the proof of Proposition 3.1, we obtain
I Ple(tisr. x + oVhEg — ultipr, YW < exs1(1+ Ch). (3.61)

The error estimate (3.56) follows from (3.58), (3.59), (3.60), and (3.61). This completes the
proof.

As to the pressure, it can be evaluated according to (3.54), and, under the corresponding
assumptions, inequality (3.27) holds and the discussion before Proposition 3.2 is also valid here.

It is interesting to note the relationship between methods (3.37)—(3.40) and (3.52)—(3.54):
v(t, x) from (3.40) is a finite difference approximation of the term (s (tx+1, x), V)u(tx+1, x)h
in (3.52)—(3.53).

4. Liouvillian methods

Denote by X; . (s) the phase flow of the stochastic differential equations (2.13). Let D; € R”
be a domain with finite volume. The transformation X, . (s) maps D; into the domain D,. The
volume V; of the domain Dy is equal to

VS=/ dx‘---dx":/
Dy D,

Then, the volume-preserving condition consists of the equality
D(X'(s),....X"(s)| |
D(x!, ..., x") o
In the case of (2.13) (see [10], [18], and [23]) we have

DX', ..., X"

DG ) dx! ... dx”.
xooox

J(s) = ‘

J(s) = exp(— [S div u(s’, X(s")) ds/>.
t

Then, recalling that divu = 0, we conclude that the stochastic system (2.13) is phase volume

preserving (or in other words Liouvillian). Let Xz, k =0,..., N, k1 — Ik = hiy1,ty = to+T
be a numerical method for (2.13) based on the one-step approximation X; (¢ + h), so that
Xo=X@®0,  Xir1 = Xy x, (tes).

Itis clear that a method preserves phase volume (such methods are called Liouvillian [18], [22],
[28]) if its one-step approximation satisfies the equality
‘D()_(‘,...,)_(”)

D(x!, ..., x")

Taking into account the fact that there are no constructive Liouvillian methods for (2.13) of
dimension 3, we limit our consideration in this section to the two-dimensional NSEs (2.4)—(2.7).
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We apply an implicit phase area-preserving method of weak order 1 from [17] and [18] to
the two-dimensional system (2.13) and obtain the one-step approximation

Xix(t+h) ~ X, (t+h) = x—hu(t+h, e X'+ (1—a)x', (1 —a)X?>+ax?)+ovhE, (4.1)

where X = (X!, X*)T := X, ,(t + h), the parameter & € [0, 1], £ = (§',£%)T, and &', £2
are i.i.d. random variables with law ]P’(Si =41)= % It is known (see, e.g. [17], [18],
and the references therein) that area-preserving integrators have computational advantages
in comparison with usual numerical methods in long-time simulations. Then one can expect
that a layer method based on an area-preserving approximation of the associated stochastic
system has some benefits in comparison, e.g. with the layer method based on the Euler scheme
in Section 3.1.

Following the probabilistic approach, the area-preserving one-step approximation (4.1) leads
to a layer method for the NSEs (2.4)—(2.7) of the form

uty, x) = o(x), 4.2)
1 N
vt x) = 7 )l Xg) (4.3)
g=1

with
Xy =x—hii(ter1, X} + (1 —a)x', (1 — )X, + ax?) + ovhé,, (4.4)
U(ty, x) = Po(ty, x) + Pf(tx, x)h, 4.5)
Vp(tx, x)h = PLo(te, x) + PLf (e, x)h, k=N-—-1,...,0, (4.6)
where & = (1, l)T, vy &4 = (-1, —1)T. The approximation requires the solution of the

nonlinear equation (4.4) to determine the nodes at which the right-hand side of (4.3) is evaluated.
Analogously to Proposition 3.1, we can prove that the layer method (4.2)—(4.6) is of first
order.

5. Second-order method

Let us return to the spatial periodic NSEs (2.4)—(2.7) and to the local probabilistic represen-
tation (2.13)—(2.14) of its solution which we now write in the form

dX = —u(s, X)ds + o dW(s), X () = x,

5.1

dZ = —Vp(s, X)ds + f(s, X)ds, Z(tx) =0, ©.1
u(ty, x) = Elu(teyr, Xy x (1) + Z(trg1)]. (5.2)

System (5.1) is a system of equations with additive noise of the form

I
dY =a(s.Y)ds + ) yr dwe(s), (5.3)
r=1

where Y is a d-dimensional vector, the w,(s), r = 1, ..., [, are independent standard Wiener
processes, and the y,-, r = 1, ..., [, are constant d-dimensional vectors. For (5.3), let us write
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the weak Runge—Kutta method of order 2 (the one-step approximation of this method is of third
order):

! !

h

Yoyt =Y+ Y yenh'/? + —|:a(tk, Yi) + a<tk+1, Yo+ Y yvenwh'? + ha(teq, Yk)>:|-
r=1 2 r=1

54
Here the n,x, r =1, ..., [, are independent random variables satisfying
Eni =By =Eny =0, Enp =1, Epj =3,
e.g. they can be modeled by the law
P(p=0)=32,  Pn==v3) =1L (5.5)

Method (5.4) slightly differs from that given in [18, p. 113].
Applying (5.4) to (5.1), we obtain

n n
h
Xiy1 =x + E orneih'/? — z[u(tk,X) + u<tk+1,x + E ornrkh/? — hu(lk+1,X)>}

r=1 r=1

N h
=Xp - Eu(tk, X), (5.6)

h n
Zip1 = —= [Vp(tk, x) + Vp<tk+1, X+ oenuh'? = hu(tig, x))]
r=1

2
h n
+Ebwbm+fQHhx+Z}mmwﬂ—mmﬁhmﬂ
r=1

h
=Z - EVp(tk,x). (5.7)

In (5.6)—(5.7) n = 2 in the case of two-dimensional NSEs or n = 3 in the case of three-
dimensional NSEs, the 7, are distributed due to the law (5.5), and o7 = (0,0) ", 02 = (0, 0) "
ifn=2ando; = (0,0,0)", 00 =(0,0,0)T,03 = (0,0,0) " ifn =3.
From (5.2) and due to the fact that the one-step error of method (5.6)—(5.7) is o), we
have
w(ty, ) = Blu(tirr, Xer1) + Zis1 14 O0)

h h
= EI:M(I]H.], X;:+1 — Eu(tk,x)) + Z;{k+l — EVp(tk,x):| + O(h3) (58)

For simplicity in writing, we limit ourselves to the case n = 2 here. Introduce the vectors
A1, ..., Ag corresponding to the sums Zle o, nr; under the different values of the random
variables 11k, n2x so that

A P |
W[ e[ e[
w5} we[E] e[
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Denote the corresponding X | and Z;_ | by Xlt+1,q and ZZJFLq, g=1,...,9:
h
XZ‘JFLq =x+ aAqh]/2 — Eu(tk_i,_], x4+ crAth/2 — hu(tgy1, X)),
. ok 12 _
Zitig = Z[Vp(lk+1, X +oAsh hu (41, x))]

h
+ U (00 + f e, x + o Agh'? — hu(tiir, )]

Their probabilities are

PL=35  Pm=p=pi=ps=g5 Pe=pI=ps=po=3g

Hence, we obtain, from (5.8),

4 * h *
u(t, x) = 5 u\ fet1, Xk+1,l - Eu(fk,x) + Zk+1,l

5
1 h
- §[IX_;|:u(tk+1, Xiirg— Eu(tk,x)) - Z}{“H’q}
o h
+ 36 Z[u (tk+1, Xis1q — Ut X)> + Z}("H,q]

q=06
h 3
- EVp(tk, x)+ Oh”). (5.9
In (5.9), u(t, x) and V p(#, x) are unknowns and (5.9) is implicit with respect to u (#, x).

The idea of resolving the implicitness consists in using the one-step approximation i (#, x)
of the first-order method instead of the unknown u (¢, x) in (5.9). So, we introduce (see (3.3))

4
1
v(t, x) = 7 Zu(t/m, X — ulg+1, X)h + ax/f_léq),

qg=1
whereg; = (1, DT, &= (1, =D T, & =(—1,1)",and& = (—1, —1) T, and then (see (3.4))

u(ty, x) = Pv(tg, x) + Pf(t, x)h.

The error of i(#, x) is of O(h?). Therefore, substituting i (#, x) instead of u(;, x) into the
right-hand side of (5.9), we obtain the one-step approximation of third order:

4 i} I .
u(ty, x) = kK tiet1s X1 — Eu(fk,x) +Zi,

5
1 h _
+ §[IZ;|:u(tk+1, Xiirg— Eu(tk,x)) + Z}{“H’q}
1 o h
+ % Z[H (tk+1a X;:.:,_l,q - Eﬁ(tky x)) + Z;:—H’q]

q=6

— ng(tk,x) + o). (5.10)
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Based on the one-step approximation (5.10), we obtain the following method of second
order. Let u(ty, x) and Vp(ty, x) be determined by the initial data (2.6), i.e.

u(tn, x) = ¢(x), Vp(tn,x) = Vp?tn, x), (.11

where p? (tx, x) is found exactly using, e.g. the equation of the form (3.23) with ¢ instead of u.
Let u(tx+1, x) and V p(tx+1, x) for some 0 < k < N be known. We proceed to the first-order
method (3.7) and then (3.5) to first obtain

4
~ o _
Bt %) = 7 Y a1, ¥ = @i, 0h + o v/ hég) (5.12)
g=1
and then obtain
u(ty, x) = Po(ty, x) + Pf(ty, x)h. (5.13)

Following (5.10), we introduce

~ 4 vk hv 7%
v(tk,x)=§ u tk+1’Xk+1,1_§“(tk’x) +Zk+1,1

5
1A _ h _
+ 6;[u<tk+lv X;:—f—],q - Eu(tkv x)) + ZZ+1’q}
9

1 _ - h. -
+ 36 ;)[u <Ik+1, X}:Hﬂ - Eu(tk’ x)> + Z;;+Lqi|, (5.14)

where

_ h_ )
Xivrg=x+oAgh'? — S(trr, x + o Agh'/? — hit(tyt1, X)),
7% hos 1/2 -

Ziy1q = _E[Vp(tk-q—l,x +0Agh''” — hi(ty1, x))]

h _
+ U (020 + fltpn, x + o Agh''? — hit(tri1, X))].

Now it is natural (see (5.9)) to put

h
I’_l(tka-x) :ij(tkv-x)_zvﬁ(tkv-x)s (515)
whence
h
i(ty, x) = Po(tg, x), EV[J(tk,x) = PJ‘ﬁ(tk,x), k=N-1,...,0. (5.16)

Thus, heuristically, we have obtained the method of second order. Let us formulate this in the
following statement without providing a rigorous proof.

Proposition 5.1. Let Assumption 2.1 hold. We also assume that u(ty, x) has derivatives with
respect to x up to some order for x € R", k = N — 1, ..., 0, uniformly bounded with respect
to all sufficiently small time steps h. Then in the two-dimensional case method (5.11)—(5.16) is
of second order for the velocity u and it is of first order for the pressure p.

It is not difficult to also derive the second-order method in the three-dimensional (n = 3)
case.
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6. Small viscosity case

The main difficulty for computational practice of NSEs is that in practical problems the
viscosity o2 is very small (i.e. the Reynolds number Re ~ 1/02 is very large) with the
implication that a computational grid should have a very small spatial mesh size and a very small
time step. In the small viscosity case the It6 system (2.13) is with small additive noise. For
stochastic systems of this type, special weak approximations were proposed in [15]. Applying
these special approximations, layer methods for the Cauchy problem for semilinear PDEs were
proposed in [16]. If the solution of the Cauchy problem is regular (i.e. the solution and its
derivatives are bounded uniformly in o2 see, e.g. [27] and also [18, p. 443] for situations when
such an assumption holds) then it turns out that errors of these proposed methods have the
form of O(h? 4+ ¢'h9), where p > ¢, > 0, and  is a step of time discretization. Owing
to the fact that the accuracy order of such methods is equal to a comparatively small g, they
are not too complicated, while due to the large p and the small factor o/ at h9, their errors are
fairly low and, therefore, these methods are highly efficient. In [16] we tested these methods
on the Burgers equation with small viscosity and on the generalized KPP equation with a small
parameter. The tests gave quite good results not only in regular cases but also in singular cases.
In this section we exploit the results of [15] and [16] in order to construct a specific layer method
for NSEs with small viscosity.

Let us use the probabilistic representation (2.13)—(2.14). Applying the Runge—Kutta weak
scheme with the one-step error O(h? + o2h?) (see [18, p- 196]) to system (2.13), we obtain

_ h h
Xppox (1) = Xy x (tey1) = x — Eu(tk, x) — Eu(tk+1,x — hu(t41, X)) + ovhE,  (6.1)

where £ = (£1,£2,£%)7, &!,£2, £3 are i.i.d. random variables with the law P(§" = 1) = 1,
i =1, 2, 3. Besides, the equalities

Tkt h
E/ Vp(s, Xy x(s))ds =~ E(Vp(fb x) + Vp(tesr, x — hu(tyr, x))), (6.2)
173

Tkt1 h
E f(s, Xy x(s))ds =~ E(f(tk,x) + f(tes1, X — hu(tyyq, X)) (6.3)
3
hold with the same error O (h3 + o2h?).
Substituting X;, y(fx+1) from (6.1) into (2.14) instead of X, (#x+1), using (6.2) and (6.3),
and evaluating the expectation exactly, we obtain

8

1 h h
u(te, ¥) = o Zu(tk+1,x — St x) = Sultip1, ¥ = hu(teyr, X)) +aﬂsq>
q=1
h
- E(Vp(fk, X) 4+ Vp(tes1, x — hu(tps1, x)))
h
+ 5 () + f (1, = huliieer, X)) + O(h3 + o%h?). (6.4)

Equality (6.4) is implicit with respect to u = u(#, x). Let us assume (for a while) that
u(tys1,x), Vp(t, x), and V p(tr+1, x) are known and rewrite (6.4) in the form

u=®u;x,h, )+ OH +0°h?),

where ® is a known function determined by (6.4).
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Consider the equality
v=®; x, h, 1) (6.5)

One can use the method of simple iteration for solving (6.5) and show that
v—u= 00 +o*h?).

If we take u(tx11, x) as a null iteration v@ . the first iteration vV = (D(U(O); X, h, ty) provides
the one-step error O(h?) only. One can show that by applying the second iteration v® =
CD(U(I); x, h, t) we obtain

v—1v?® = 0%,  u—v® =00 +h>.

The first iteration has a comparatively complicated form. It is not difficult to prove that if one
takes the simpler expression

W (1, x) = utyrr, x — hulterr, x)) — hV p(tegr, X) + hf (teg1, x)

instead of the first iteration v(!) (note that to achieve the overall one-step accuracy O (h3+o02h?),
it is sufficient to have ) with accuracy O (h* + o2h)), then the iteration

8
- 1 h . h
v(2)([k,x) = 3 E u(tk_H,x — Ev(l)(z‘k, x) — Eu(tk_H,X — hu(ty41, x)) +U\/E§q)
q=1

h
- E(Vp(tk, x) + Vp(tig1, x — hu(tiyy, x)))

h
+ = (f @k, x) + f(tkt1, X — hu(tiy1, X))

2
satisfies
Bk, x) — u(ty, x) = O(h> + o2h?),
ie.
1 h h
u(ty, x) = gt;u(tkﬂ,x — Eﬁ(l)(tk,x) — zu(tk_,_l,x — hu(tk+1,x)) +G\/E%_q)

h
- E(Vp(tk, X) + Vp(tiyr1, x — hu(teyr, x)))

+ %(f(rk, ) 4 f st x — hulieer, ) + O + 6°h2).

It is natural that a method based on this one-step approximation is of order O (k> 4+ o2h). Also,
note that

5D (1, x) = ultyrr, x — hulterr, x)) — hV p(tis1, X) + hf (teg1, x)
= Pu(tyq1, x — hu(tps+1, x)) + hPf (tks1, X).

Let u(ty, x) and V p(ty, x) be determined by the initial data (2.6), i.e.
u(tn, x) = @(x), Vp(tn, x) = Vp¥(in, x), (6.6)

where p¥ (ty, x) is found exactly using, e.g. the equation of the form (3.23) with ¢ instead of u.
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At the next time layers we have

i(t, x) = Po(n, x), gVﬁ(tk,x) = PLon, x). k=N-—1,...,0, (6.7
where
1S h h
B, x) = ;ﬁ@ﬂ, x = it X) = St x = hit(teg, 1)) +o¢ﬁsq)
W ] . i
- EVP(IkJrla x — hit(tgy1, x)) + E(f(fk, x) + f(tkv1, x — hit(tgy1, X))

and
U(ty, x) = Pu(teq1, x — hit(tig1, x)) + AP f (try1, X).

We showed that the one-step error in approximating the velocity by method (6.6)—(6.7) is
O (h3 + >h?), which, analogously to convergence results in previous sections, leads to the
global error of order O (h?> 4+ o>h). We formulate the corresponding statement below without
providing a rigorous proof.

Proposition 6.1. Ler Assumption 2.1 hold, and let u(ty, x) and its spatial derivatives up to a
sufficiently high order be uniformly bounded. Then method (6.6)—(6.7) has the global error for
the velocity u estimated as

i, -) — u(te, )| < C - (B> + ah),

where the constant C does not depend on h, o2, and k. For the pressure, inequality (3.27)
holds.

We note that the method (6.6)—(6.7) is of first order for the velocity u# and, naturally, it is
simpler than the second-order method (5.11)—(5.16). At the same time, for sufficiently small
viscosity o2 the accuracy of method (6.6)—(6.7) can be comparable with the accuracy of (5.11)—
(5.16).

7. Numerical algorithms

Practical implementation of the layer methods (3.37)—(3.40) and (3.52)—(3.54) is straight-
forward and efficient. As an example, below we give such an algorithm in the case of method
(3.37)—(3.40). The other layer methods proposed in this paper require a more sophisticated
implementation. For this purpose, let us discuss, for instance, the first-order method (3.5)—(3.7)
proposed in [1]. One can introduce the space discretization xj. =jL/K,j=0,1,...,K—1,
i = 1,2,3, and complement the layer method with an interpolation (e.g. trigonometric
interpolation or linear interpolation) to get the values v(#, x;) at each time layer, as has been
done in the implementation of layer methods for semilinear PDEs [14], [18]. Then one can
accurately compute Fourier coefficients corresponding to v(#, x;) (preferably for the sake of
efficiency, making use of the fast Fourier transform) and project this approximate v on the
divergence free space. To maintain a sufficient accuracy, this implementation apparently has
comparatively large computational costs. The other possibility of implementing (3.5)—(3.7)
is to expand u(tx41,x — u(tx41, x)h + a\/ﬁ“;‘q) from (3.7) in h around x + o«/l_zé‘;q. The
resulting approximation will coincide with (3.52)—(3.54), whose practical realization is simple

https://doi.org/10.1239/aap/1377868537 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1377868537

Probabilistic methods for Navier-Stokes equations 767

and efficient. At the same time, we note that further development of numerical algorithms for
layer methods like (3.5)—(3.7) together with their numerical testing is needed.

The layer method (3.37)—(3.40) can be practically realized by the following algorithm which,
for simplicity, we write here in the two-dimensional (n = 2) and zero force (f = 0) case. We
choose a positive integer M as a cutoff frequency and write the approximation solution at the
time 7 as the partial sum

i(ty, x) = Z Z i (1) el FT/ D@, (7.1)

ni=—M n,=—M

where n = (n1, nz)T. Furthermore, we have

M—-1 M-l
1 .
_D<tk+1,x+afsq>_ S Y dutpeeninnl 3o
ni=—Mny=—M q=1
Then
1 &
0t x) = 7D iltest, ¥ + 0 VhEE] iy, x)
g=1
M-1 M-1 ) 13
= > > ﬁn(lk+1)el(2”/L)("’x)ZZel(zmﬁ/”("’s")é;ﬁ(tkﬂ,x)
ni=—N np=—N g=1
M—-1 M-1
= 3 Y eI, ),
ni=—M ny=—M
where

U (tx) = iy (1) — Z ei@rovh/L)(n, sps
q 1
Note that 1,, is a 2 x 2 matrix. Let

i(ty, x) = Z Z Ui (1)l FT/ D)) (7.2)

ni=—Mny=—M
Then
U(tg, x) = (g, X)it(tg41, X).

We obtain the algorithm

h
un(ty) = @n,  in(ty) = tin(ty) — %(Pﬁ(tk, X (7.3)
where -
(Pt X)) = g — 2
In|
and
_ . _ U, (f)n
Un(tr) = (i(tg, ) (teg1, X)ns - puti) = P # 0.
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To find v, (#r), one can either multiply two partial sums of the form (7.1) and (7.2) or exploit
the fast Fourier transform in the usual fashion (see, e.g. [2]) to speed up the algorithm.
Algorithm (7.3) can be viewed as analogous to spectral methods [2], [26]. It is interesting
that the layer method (3.37)—(3.38), (3.40) is related, on the one hand, to a finite difference
scheme (see the discussion in Section 3.3) and, on the other hand, to spectral methods.

We note that it is straightforward to practically realize the layer method (3.52)—(3.54) by an
algorithm analogous to algorithm (7.3). The realization of (3.52)—(3.54) requires evaluating
derivatives of the approximate solution u (fx+1, x), which is not difficult to do in the considered
periodic case.

We remark that the error introduced by the cutoff of frequencies in (7.1) is, in general, a
major problem for any direct simulation method of NSEs (see, e.g. [2], [4], and [32]). We do
not consider this problem here.

8. Numerical experiments

Consider the two-dimensional system of NSEs (2.4)—(2.7) with (see, e.g. [29])

Ftx) =0 ) Asi 2k x! 2k x2 A 2 xb | 27k X2 T @.1)
,x) =0, x) = sin cos , —Acos sin .
¢ L L L L

for k € Z and A € R. Itis easy to check that problem (2.4)—(2.7), (8.1) has the exact solution

l(t )= Asi 27k x! i x2 2 2wk 2(T " (8.22)
,x) = Asin cos expl—o°| — — , 2a

i L L P L

2 27k x| 2wk x2 o f 2K 2
u“(t,x) = —Acos sin expl-o°\ — ) (T —1) ], (8.2b)
L L L
. %) A2 4k x! n A x2 252 2K 2(T 0 (8.20)
= —| cos cos exp| — —_— — . 2c
PR =y L L P\ \ L

As one can see, initial condition (8.1) and the zero-force result in solution (8.2) which has
only those modes which are present in the initial condition. It is interesting that the new layer
method (3.37)—(3.38), (3.40) also possesses this property: the approximate solution obtained
by algorithm (7.3) has only those modes which are present in ¢ (x).

Proposition 8.1. The approximate solution of the problem (2.4)—(2.7), (8.1) obtained by
algorithm (7.3) contains only those modes which are present in the initial condition ¢(x).

Proof. For convenience, we first rewrite solution (8.2) in exponential form. To this end, let
us consider the solution of (2.4)—(2.7) which can be written as the sum of four modes, i.e.

u(t, x) = unl(t)ei(Zn/L)(nl,x) + u;:l(t)efi(b-r/L)(nl,x) + unz(t)ei(Zn/L)(nz,x)
+ u*z(t)efi(Zn/L)(nQ,x) (8.3)
n ? .
where the asterisk denotes the complex conjugate and

n' = Keq, n> = Kep, u, (t) = ar(t)es, u,2(t) = Br(t)er,

2
r(t) = Aexp(—02<2nTK) (T — z))
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oof) -]

We note that the orthogonality of «,,1(¢) and n' and of u,2(t) and n? implies that u(¢, x) from
(8.3) is divergence free (see (2.3)). Furthermore, it is easy to check that u(z, x) from (8.3)
together with the corresponding pressure p(¢, x) is a solution of (2.4)—(2.7) with f = 0 and
the initial condition equal to u (T, x) from (8.3). One can see that ¢(x) from (8.1) coincides
with u(T, x) from (8.3) when

with

1
=B=—. 8.4
a=p=r (8.4)
Suppose that the approximate velocity from algorithm (7.3) can be written in the form (8.3)-

(8.4), ie.

. . : 2
iQr/L)(n' x) 'HLT —i@n/L)(n',x) + Azelel(zn/L)(n x)

u(te+1, X) = Aeze

4 Aﬁele*i(z”/”("z’x) (8.5)

ene

with some complex A; and A,. Note that the initial condition in (8.1) guarantees that u(¢y, x)
is of the form (8.5) with the appropriate A; and X,. Recall that

4

_ I - .
Bt x) = 3 ) Wl x + oVhEE i1k, x)
q=1
with &1 = —&, = e; and &3 = —§4 = e;. Introduce a, := SJZZ(Ik+1, x). We have
4] = —ay = 2hrelCT/D@ ) | ZAée—i(Zn/L)(nz,x)’

a3 = —ay = 21 CT/D@L) 4 ZXTefi(Zn/L)(nl,x).

Furthermore,
W(tkg1, % + ONVRE) = Ajege@T/D@ D gidmo /L | ;) o=i@n/L)(n! ) g —idmo/hic/L
+ Azeleian/u(nz,x) +ater e—i(Zn/L)(nz,x),
i(trs1, X + 0VhEY) = Ajerel @D D midmoVhi/L 4 5%, o=i2m/L)(n!x) idmo /L
+ Aye @I/ LmX) e [ei@r/L)@’x)

and we obtain
2
> iiltesr. x + oV hEE it x)
q=1
_ alez(ei4naﬁx/L . e—i4naﬂx/L)(Mei(zn/L)m',x) . X]ke—i(Zn/L)(nl,x)).
Calculating 23:3 U(te1, x + a\/ﬁéq)é(;ﬁ(tkﬂ , x) analogously, we arrive at

Bt x) = (eToViK/L _ o—idmo/hic/Ly

) {|:(1)i| ()xlkzei(4n/L)Kx' _ ATA;e_iMH/L)le)

n |:(1)] (ATA2e—i(4n/L)Kx2 _ M)L;ei(mu)uz)}
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Clearly, Pv(tx, x) = 0 (see (2.3)), and, therefore,

4
1 h
it %) = 3 D iltesr, x +ovhég) — %Pﬁ(n{,x)

q=1

4
1 _
= 1 E u(tk+1,x—l—0\/ﬁéq).
g=1

Then
1 &
it %) = 3 Y ilteyr x + oV hg)
g=1
_ M(Alezei(Zn/L)(n',x) +)L>1keze—i(2n/L)(nl,x) +Azelei(2n/L)(n2,x)
+ Aiele—i(%‘r/L)(nz,x))’
o= }T(ei4n(7«/ﬁ/c/L +e—i4naﬁk/L)

i.e. u(ty, x) is of the form (8.5). Hence, the required property is proved.

Here we test algorithm (7.3) on example (2.4)—(2.7), (8.1). We consider the following
relative errors in Fourier space for the velocity and pressure, respectively:

2 litn (1) — un (1)
2o lun (o)

erry, () 1= (8.6)

and

errp(tk) — Zn | Pn(tk) — pu(ti)] . (8.7)

Zn | pn (ti)]

The results of the tests are presented in Tables 1 and 2. We observe the first order of
convergence both in the velocity and pressure. The experiment confirms the theoretically
proved first order of convergence for the velocity. In the case of the pressure we conjectured
first-order convergence but rigorously proved the order 2/3. In the experiment we observe
first order of convergence for the pressure as well. We also see that the relative errors of this
algorithm are very small, even for large frequencies k.

TABLE 1: Relative errors at = 0 in simulation of problem (2.4)—(2.7), (8.1) witho = 0.1,k =1, L =1,
and T = 3 by algorithm (7.3) with N = 4 and various time steps /. The corresponding exact solution is
found due to (8.2).

h Velocity  Pressure

0.20  0.016 0.078
0.10  0.0078 0.038
0.05  0.0039 0.019
0.02  0.0016 0.0074
0.01  0.0008 0.004
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TaBLE 2: Relative errors at + = 0 in simulation of problem (2.4)-(2.7), (8.1) with ¢ = 0.01, ¥ = 10,
L =1,and T = 2 by algorithm (7.3) with N = 20 and various time steps /4. The corresponding exact
solution is found due to (8.2).

h Velocity  Pressure

0.20  0.0106 0.089
0.10  0.0052 0.043
0.05  0.0026 0.021
0.02  0.0010 0.008
0.01  0.0005 0.004

9. Conclusions

In this paper we have constructed a number of new layer methods for NSEs with spatial
periodic boundary conditions. We obtained new first-order layer methods, among them those
which are based on different probabilistic representations than those used in [1], methods
preserving the phase volume, and methods specifically designed for small viscosity. A second-
order method was also proposed. Layer methods can be viewed as alternatives to the traditional
finite element, spectral, and finite difference methods. We performed some numerical tests
on a simple model of laminar flow and obtained promising results. At the same time, further
development of numerical algorithms and their testing are required.
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