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PLANS' THEOREM FOR LINKS: 
AN APPLICATION OF tk MOVES 

BY 

JÔZEF H. PRZYTYCKI 

ABSTRACT. We use tk moves on links to prove that the first ho­
mology group with Z2-coefficients of an odd sheeted cyclic cover of 
5 branched over a link is even dimensional. 

The Plans' theorem [3] (see also [2], [5], or [1] ) says that for a knot K and 
an odd number s, the s-fold cyclic branched cover of S3 branched over K (M$) 
has the first homology group a direct double (i.e. HX(M^\ Z) = G © G). 
It is not true generally for links as the example of the Hopf link ( $ ) shows, 
(HX(MS), Z) = Z5, but it remains true in Z2 coefficients. 

THEOREM 1. Let s be an odd number then Hx(M^l\ Z2) = G © G {that is 
HX(M^), Z2) = (Z2)m where m is an even number). 

To prove the theorem we use the Fox method (as presented in [4] ) and tk 

moves [4]. 
Consider diagrams of oriented links L0, and Lk which are identical, except the 

parts of the diagram shown on Fig. 1. 

XX k positive half twists 

FIGURE 1. 

The tk move is the elementary operation on an oriented diagram L0 resulting in 
Lk (Fig. 1). 

LEMMA 2. For s odd, a ts move does not change HX(M^\ Z2). 

Now Theorem 1 follows because it is a special case of the Plans' theorem for 
knots and any link can be gotten from a knot using ts moves. 

To prove Lemma 2 we have to recall Corollary 2.6 of [4] namely that a ts move 
preserves the Alexander module of a link modulo 

f + 1 
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\ - t + t1 - ... + ts 
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- l i But Hx(Ml\ Z) can be thought as a Z[t, t ] module presented by the matrix 
V1 tV(where F i s a Seifert matrix of L) and additional relations 

ts - 1 
(w) = 0 

for each generator w of the module ( [1], Proposition 9.20). 
In particular (ts — ! ) / ( / — 1) is an anihilator of the module. Furthermore, 

1 

/ - 1 

f + 1 
t 4- 1 

(mod 2), 

therefore Lemma 2 holds. 

REMARK 3. In fact Theorem 1 can be partially extended to s even; namely: 
dim HX{MS

L, Z2) = (c(L) — \)(s — 1) mod 2 where c(L) is the number of 
components of L. 

SKETCH OF A PROOF. Let F be a Seifert matrix of L (of dimension d = 2g + 

c(L) - 1) then HX(M{[\ Z) has a presentation by the (s - \)d X (s -\)d 
matrix 

V + V1 

-VT 

0 

0 

-V 

V1 

0 

V1 

0 

0 

0 

0 

0 

0 

0 0 -V1 V V1 

and A is skew symmetric over Z2, so the conclusion of Remark 3 follows. 
I am grateful to D. Rolf sen for useful conversations. 
After submitting the paper for publication I got a letter (dated April 10, 1987) 

from V. Turaev. He informed me that he also generalized the Plans' theorem (in 
1983 or 1984) but had never written it down (except a short description in a 
letter to C. Weber). His method uses the result of C. Weber [6]. 

THEOREM (Turaev). Let H be the first integer homology group of an s-sheeted 
cyclic branched cover of a ^-dimensional homology sphere branched over an 
n-component link. The covering projection induces a homomorphism i of H into the 
Z^coefficients homology of the link complement. If s is odd then the kernel of i is a 
{direct) double. The Plans' theorem for knots and Theorem 1 can be derived from 
the above theorem. 

I have also received a letter from Pablo Del Val (a student of J. Montesinos) 
informing me that he is working on the homology of cyclic coverings of S 
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branched over a link and studying with C. Weber the possibility of extending 
the Plans' theorem. They are writing a paper on Plans' theorem for links. 
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