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Introduction

Let R be a ring and M a left R-module. We investigate when the functors
Homg(M, —), Homg(—, M), and — ®zM are exact for certain restricted sub-
categories of modules.

In particular, a module N is defined to be injective relative to M in case for
every R submodule K of M Homg(M,N) - Homg(K,N) - Oisexact. f N = M
in the above sequence, M is said to be quasi-injective.

Dually, a module N is said to be projective relative to M in case for each
factor module M /K of M, Homg(N, M) - Homg(N,M |K) — 0 is exact. If
N = M in the above sequence, M is said to be quasi-projective.

Throughout we will let E(M) denote the injective hull of M, and P(M) the
projective cover of M, when M has a projective cover. We will write K < M to
mean that K is an R-submodule of M. The Socle of M, which is the sum of all
simple submodules of M, will be denoted by Soc(M). Forany X < Mand A £ R,
the notation

If(X) = {aeR|a-X =0}
ru(A4) {meMIA'm=0}

will be used to denote the left and right annihilators of X and A respectively. The
Jacobson radical of R will always be denoted by J.

Also we will say that a module is X — x(IT — x) in case every direct sum
(direct product) of copies of M has property x.

In §1, we further investigate the structure of quasi-injective modules. In
particular, we find some necessary conditions on a ring R in order that every
quasi-injective left R-module be IT-quasi-injective.

This work comprises a portion of a Ph. D. thesis written under the supervision of Professor
F. W. Anderson and submitted to the graduate faculty of the University of Oregon in the
summer of 1970. The author wishes to express his gratitude to Professor Anderson for his
encouragement and many helpful suggestions.
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21 Homological properties of modules 171

In §2, we study the structure of quasi-projective modules. We show that if
every quasi-projective is projective modulo the annihilator then R is semi-local.
Also if R is left perfect, we show that a left R-module M is projective if and only if
Exti(M, K) = 0 for all K £ R where K is a superfluous left ideal.

In § 3 and §4, we introduce the concept of a quasi-flat module. These modules,
which we characterize as being flat modulo their annihilator, are defined in terms
of a duality property generalizing Lambek’s characterization [25] of flatness in
terms of injectivity. Also, we characterize those rings where every quasi-flat
module is quasi-projective as the left perfect rings.

Throughout R will denote a ring with identity. Unless otherwise stated, all
modules will be left R-modules, and all homomorphisms will be R-homomorphisms.

1. Quasi-injective modules

We now characterize those modules which are X-quasi-injective. Henceforth,
we use the notation M to denote @ X M, and M4 to denote IT,M.

THEOREM 1.1. Let M and N be left R-modules and let A be any set, then
M@ js injective relative to N if and only if M) is injective relative to N.

PrROOF. (=) Since N < N, [27, Proposition 1] implies that M is
injective relative to N.

(«) We will show that for ¢ e Homg(E(N™), E(M™)) we have a(N)
< M™. By [24, Proposition 10, p. 92], we have that for each ae 4, N, < E(N,)
< E(N™) where N, ~ N.

For n,e N, define 7i,e N via n4(%,) = 8,,n,. By hypothesis, [27, Propo-
sition 1], and the obvious analogue of [20, Theorem 1.1],

o(f,) = o | Ew.) (72) eM,

Since any x e N is of the form x = X, , 7, where /i, # 0 for at most a finite
number of a’s, we have a(x) = Xo(i,) e M4, Hence, it follows easily that M
is injective relative to N4,

COROLLARY 1.2. The left R-module M is X-quasi-injective if and only if M¥
is injective relative to M for all sets A.

COROLLARY 1.3. Let M be a noetherian module. If M is quasi-injective, then
M is X-quasi-injective.

PrROOF. By (1.1) it suffices to show that M is M injective. Consider

0——>K;>M

"l o

M@
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with exact row. Since K is finitely generated, p(K) is finitely generated. So
p(K) £ M®™ < M™ where n is a positive integer. By [27, proposition 1] there is
amap p': M - M®™ extending p. Since M < M@, p': M - M™, So by (1.1)
M is X-quasi-injective.

It is known that left noetherian rings are precisely those rings for which
every quasi-injective left R-module is X-quasi-injective. (See [10].) The following
theorem improves this result.

THEOREM 1.4. A ring R is left noetherian if and only if for every pair M, N
of left R-modules and every set A, M is injective relative to N implies M™ is
injective relative to NW.

PROOF. (<=) if M is quasi-injective then M‘A’ is quasi-injective. So by [10,
Theorem 2.3] R is left noetherian.

(=) Suppose M is injective relative to N, and that R is left noetherian. Due
to (1.1), it suffices to show that M is injective relative to N for all sets A. Since R
is left noetherian, E(M™) = (E(M))*, So, it will suffice to show that if

o € Homg(E(N), (E(M)“)
then
o(N) £ MY,
For this it will suffice to show that for each a € 4
n,6(N) S M

where m, is the natural projection
(EM)@ Loy EM).
But n,0 e Homgz(E(N), E(M)), so by the obvious analogue to [20, Theorem
1.1], m,0(n) £ M, as desired.
It is known that for left artinian rings every quasi-injective is I1-quasi-injective.
[See 10]. We consider the problem of characterizing those rings for which every
quasi-injective module is H-quasi-injective.

THEOREM 1.5. Let R be a ring. Suppose every quasi-injective left R-module
is II-quasi-injective. Then R [J has the following properties:

(a) Every semi-simple left R module is injective as a module over R|/J.

(b) R/J is left noetherian.

PRrOOF. It is clear that every semi-simple left R-module is semi-simple as an
R /J module. Since R /J is semi-primitive, there exists a monomorphism

p:R[J > ][] R,

acd
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such that
,p(R/J) =R, (xeA)

where each R, is a primitive ring. We claim R/J has a faithful semi-simple left
R-module. Since each R, is primitive, it has a faithful simple left R,-module, say
S,. Clearly each S, is then a simple R /J module, so

T=9 X S,
acd
is a semi-simple R /J module. Since the R /J annihilator of T is just ker p = 0, T
is faithful.

Now let S be any semi-simple left R-module. Then S@® T is a faithful semi-
simple module over R /J, and is quasi-injective over R /J. So by [10, Theorem 1.2]
and by hypothesis S @ T is injective over R /J. Therefore S is injective over R /J.
This proves (a).

For (b) we observe that (a) says direct sums of injective hulls of simples are
injective over R /J. Thus R /J is left noetherian. [See 23]. This completes the proof.

2. Quasi-projective modules

Earlier we defined the notion of relative injectivity. We used relative injectivity
to determine certain properties of quasi-injective modules. Here we shall consider
the dual notion of relative projectivity, and use this concept to determine the
structure of quasi-projective modules for certain types of rings.

THEOREM 2.1. Let R be left perfect. Then the following are equivalent for
M a left R-module:

(a) M is projective.

(b) M is projective relative to R.

() Extpx(M,I) =0 foralll £gR.

(d) For K a superfluous left ideal of R and each R-homomorphism
6: M — R/K, there exists 6’': M — R such no’ = ¢, where n: R - R[K is the
natural epimorphism.

Proor. (a) = (b): Clear.
(b) = (a): There exists a set B and an epimorphism 8 such that

R® =@ X R—0>M—>0.
B
This implies M is projective relative to R® [see 27]. So since R® < R5, by [27,

Proposition 1], M is projective relative to R®). Thus, we have that 8 splits and
M is projective.
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(¢) = (b): Assuming (c) we have the exactness of Homg(M,R) —»
Homg(M, R [I) - 0.
Therefore, M is clearly projective relative to R.
{d) = (a): Consider
7
o

¥
R—Ls RII—s 0

Since R is left perfect, R /I has a projective cover P’; so by the projectivity of R,
we have the commutative diagram:

. R
n/l
n
u/n,
PP — > RII —> 0

l

0

with ker(n’) = K superfluous in P’. Since K is superfluous in P’, one easily
checks that =" is onto. Thus since P’ is projective, we may assume that
R = P’ @ P". Clearly then, K is superfluous in R. Now observing that

RIK=P ®P'|[K~P|[K@®@P ~R/I®P
we have
0’ - M
T e
“ o
R —%5 RIK~RII®P" —> 0
Here O(M) = (6(M),0). By hypothesis there exist 8”: M — R such that m,6' = §.
One now easily checks that 6’ = 6.
(a) = (¢) and (a) = (d) are trivial.

COROLLARY 2.2. Let R be a ring. Suppose M has a projective cover P(M),
then M is projective if and only if M is projective relative to some faithful left
R-module N.

Proor. It will suffice to prove the sufficiency of the condition. But if N is
faithful, there is a set B such that R < N® [26, Theorem 2]. So M is projective
relative to N2, [See 27]. Hence if M is projective relative to N2, then M is projec-
tive relative to R. So it follows easily from the proof of 2.1 that M is projective.
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REMARK 2.3. Theorem 2.1 does not hold in general. One can show that if
R = Z = integers, we have that Q = rationals is projective relative to Z. But Q
is not projective.

An R-module M is projective as an R/Ig(M) if and only if R is projective
relative to M“ for every set A. (See [12].) We note that every (finitely generated)
quasi-projective left R-module has this property if R is left perfect (semi-perfect).
However, in general this condition does not hold for an arbitrary quasi-projective
module. (See [10].) We will give some necessary conditions on a ring R in order
that every quasi-projective be projective modulo its annihilator.

Recall that a ring is called semi-local in case R /J is semi-simple where J is
the Jacobson radical.

2 THEOREM 2.4. A ring R is semi-local if and only if every semi-simple left
R-module M is projective over R [Ix(M).

PROOF. (=) Each semi-simple left R-module S is an R/J module over a
semi-local ring, and hence is R/J projective. Noting that as Ix(S) = J, every
R/Ix(S) module is an R/J-Module, one easily sees that S is R /Iz(S)-projective.

(<=) Construct T a faithful semi-simple R /J module as in the proof of (1.5).
Let S be any simple R/J module. Since T@® S is faithful quasi-projective over
R/J, by hypothesis T® S is projective over R/J. Therefore, every simple is
projective over R/J, so R/J is semi-simple.

We have necessary conditions on a ring R for every quasi-projective left
R-module to be projective modulo its annihilator.

It is not true that we may replace ‘semi-simple’ with ‘simple’ in (2.4) as the
following proposition will show:

PROPOSITION 2.5. Let R be a commutative ring. Let M be a finitely generated
quasi-projective R-module, then M is projective over R [Ig(M).

ProOOF. Let M be a finitely generated quasi-projective and let m,,---,m, be a
set of generators for M. Define

k
$:R->@® X M, M= M

a=1

via m, ¢(r) = r m,. This is clearly an R-homomorphism. If r e ker ¢, then since R

is commutative,
k
r ( z aam,)= 0,
a=1

k
whence ker ¢ = Ig(M). So R = R/Ix(M) can be embedded in @ £ M,. So by

2 Kent Fulier has recently informed the author that he has recently proved a version of
2.4, See (I).
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[27, Proposition 1] M is projective relative to R. But, M is finitely generated so
we have
R 5 M 0.

By (27, Proposition 1) again, M is projective relative to R™, hence =z splits, so
M is R projective.

3. Modules which are flat modulo their annihilator

In the next section we introduce the concept of quasi-fiat modules. These are
designed to generalize flat modules in the same way that quasi-injectivity and
quasi-projectivity generalized injectivity and projectivity.

If M is a left R-module and N is a right R-module, then M is flat relative
to N in case for every monomorphism

f:K—> N
the induced map
f®1:K®gM - N @ M

is a monomorphism. Thus M is flat if and only if it is flat relative to every right
R-module.

Let % denote a subclass of right R-modules. Let € denote the smallest full
abelian subcategory of .# possessing the following properties:

(1) & is contained in €.

(2) All modules of .#y isomorphic to a module of € is an object of %.

(3) All submodules and factor modules of modules in & are in %.

Robert [27] showed that M is flat relative to & if and only if M is flat relative
to each module in €, the category generated by &.

There is a sort of functional dual between flat and injective modules that we
wish to exploit. To do this consider the divisible abelian group T = Q /Z.

Note that this is actually an injective cogenerator for the category .4 of
abelian groups. For each left (right) R-module M define its T-dual to be the right
(left) R-module: M* = Hom,(M, T) where M* is a right R-module via (x,r) (m)
= x(rm) where x € M*, r e R, m e M. More generally, if D is a divisible Z-module,
and if M is a left (right) R-module, The D-dual of M is M} = Hom,(M, D).

THEOREM 3.1 (Lambek [24]). Let R be a ring and M a left R-module. Then
the following are equivalent:

(a) M is flat.

(b) M¥* is injective (as a right R-module).

(¢) My} is injective (as a right R-module) for every divisible group D.

The effect of (3.1) is that we can analyze the flatness of xM in terms of the
injectivity of its ‘‘dual module’> M*. Now using well known properties of M*,
it is easy to prove the following.
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LEMMA 3.2. Let R be a ring, and let M, N,K be left R-modules. Then

(a) K M5 Nis exact in g A if and only if N* LG YN 'S is exact in
M. '

(b) M is faithful as a left R-module if and only if M* is faithful as a right
R-module. '

(© Ix(M) = ra(M™).

ProoF. (a) is [24, Proposition 1, p. 127].

For (b) assume M is faithful. Let 0 #* re R. Then there exists m € M such
that r - m # 0. By [25, Lemma 1], there exists x € M* such that x(rm) # 0; i.e.
x(rm) = (x - r) (m) # 0. So M* is faithful. That M* is faithful implies M faithful
is trivial. Finally, it is clear that (c) follows from (b).

Now suppose that M is a left R-module. Then its annihilator I[x(M) is an ideal
of R and M is naturally a left module over the factor ring R = R/Iz(M). By (3.2),
its dual M* is also a right module over R, and clearly, if K is an R (hence R)
submodule of M¥*, then '

K ® p(M) = K @ gM.

Now let R be a ring and M a left R-module. We say M is quasi-flat in case
for every divisible abelian group D, M is flat relative to

M} = Homy(M, D).

In other words, M is quasi-flat if and only if for every such D and every right
R-submodule K < K} the naturalmap K ® M — M} ® xM is a monomorphism.
Clearly, any flat module is quasi-flat, but not every quasi-flat module is flat as is
shown in the following example.

ExamPLE 3.3. Let R = Z and consider the simple Z-module Z, for p a
prime. Then since
Z/IZ(Zp) = Z//(p) = Zp

it is clear that Z,, is actually flat as a Zp-module; hence Z, is quasi-flat as a Z-
module as we shall see from (3.4). But since Z, is not torsion free, it is not flat
over Z.

Our main result characterising quasi-flat modules is the following.

THEOREM 3.4. Let R be a ring, and let M be a left R-Module, let (M) be its
left annihilator and let

R = R/Ig(M).

Then the following are equivalent:
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(a) M is quasi-flat.

(b) M is flat over R.

(c) M is flat relative to (M*)* for every set A.
(d) M?* is Il-quasi-injective as a right R-module.
(e) MpP is quasi-injective for every divisible ,D.
(f) My is II-quasi-injective for every divisible ,D.

PROOF. (d) <> (¢) < (f): These implications all follow from the facts that
every product of divisible groups is divisible, that every divisible group is a direct
summand of some power (Q/Z)4 of Q/Z, and that for every set A

Hom,(M, (D)%) =~ I1,Hom,(M, D).
(a) = (e): Let ;D be divisible and let

0-K L M

be a right R-homomorphism. By hypothesis (a), we have

0->K®M L85 M@ M

is a Z-monomorphism. Since ,D is injective,

(M3 ® rM) — (K ® M)* - 0
is exact. But there are natural isomorphisms
(K ® gM)* = Homg(K, M})
and
(Mp ® M)} = Homg(Mp, M}).
(See [24, Proposition 3, p. 123].) Thus
Homg(M§, M3) - Homg(K, Mp) = 0

is exact, so that M} is quasi-injective.

(d) = (b): Since M* is II-quasi-injective over R (by hypothesis), it is easily
seen that M* is Il-quasi-injective over R (see 3.2). But since M* is faithful over
R, there is an embedding

0—- R - (M*)

of R into some power of M* (see [26]). Thus, since (M*)* is quasi-injective, it is
injective over R; hence M* is injective over R and M is R flat by (3.1).

(b) = (c): This is trivial since both M and each (M*)? are R-modules (see
3.1).
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(¢) = (a): Let ,D be any divisible group. Since T = Q/Z is an injective
cogenerator for Z, there is some set A and some split monomorphism

0 D— T
Thus, there is a split monomorphism
0 - M} — (M*4

So clearly, if M is flat relative to (M*)4, it is flat relative to the direct summand
M3

REMARK 3.5. It is natural to ask whether a module M is quasi-flat whenever
it is flat relative to M*. Although we do not know we suspect this is the case. It

follows from (3.4) that this is equivalent to asking whether every quasi-injective
dual is IT-quasi-injective.

COROLLARY 3.6. Let M be a faithful left R-module. Then M is flat if and
only if M is quasi-flat.

Proor. The proof is clear by (3.4) since [g(M) = 0.

4. Some characterizations of rings using quasi-flat modules

In this Section we will use the concepts developed in §3 to characterize certain
classes of rings.

A ring is Von Neumann if and only if every left R-module is flat. More gene-
rally we have:

PROPOSITION 4.1. Let R be a ring, then R is von Neumann if and only if
each left (right) R-module is quasi-flat.

Proor. Let M be a finitely generated left R-module. Thus M @ R is quasi-
flat. But M @ R is faithful, so M @ R is flat by 3.4. Therefore, M is flat, and so R
is Von Neumann. The converse is trivial.

TueoreM 4.2. For a ring R the following are equivalent:

(a) R is left perfect.

(b) For a left R-module M, M is quasi-projective if and only if M is
quasi-flat.

PRrOOF. (a) = (b): Let M exM be quasi-projective. Then by [12, Theorem
2.3] M is projective over R /I(M) so in particular, M is flat over R /Iz(M). So by
(3.4) M is quasi-flat as a left R-module.

Conversely, suppose M is quasi-flat. Then M is flat as an R [Ig(M) module.
So since R [Ix(M) is left perfect, M is projective over R /Ig(M). (See Govorov [14].)
Hence one easily checks that M is quasi-projective as a left R-module.
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(b) = (a): Suppose M is flat. Then for every set 4, R4 @ M is flat. Hence,
by the hypothesis, each R @ M is quasi-projective. Thus, by [12, Corollary
1.2], M is projective relative to R, But there is a set A and an epimorphism

R“ % M 0.
Thus 9 must split, so M is projective. Therefore, by [14] R is left perfect.

3 COROLLARY 4.3. If every flat left R-module is quasi-projective, then R is
left perfect.

Proor. By 4.2.
A finitely generated left R-module M is finitely related in case any exact

sequence
0-K—-»F->-M-0

with F finitely generated free has the property that K is finitely generated. A ring
R is called right coherent if each of its finitely generated right ideals is finitely
related. Chase [4] proved that a ring R has the property that every flat left R-
module is IT — flat if and only if R is right coherent. We prove the following
result.

THEOREM 4.4. For a ring R the following are equivalent:

(a) Every factor ring of R is right coherent.

(b) Every quasi-flat left R-module is II-quasi-flat.

(¢) R/I is II-quasi-flat (as an R-module) for every two-sided ideal I of R.

ProOF. (a) = (b): Suppose that M is quasi-flat as a left R-module. Then M
is faithful over R /Ig(M). So by (3.4), by the hypothesis, and by [4, Theorem 2.1],
M is II-flat over R/Ix(M). Therefore by (3.4) again M is Il-quasi-flat as a left
R-module.

(b) = (c): Clear:

(c) = (a): R/I is flat as a module over itself. Hence is I1-flat as a module
over itself. Hence by [4, Theorem 2.1] R/I is right coherent.

ReMARK 4.5. There exist right coherent rings whose factor rings are not
necessarily right coherent. Consider the ring R = F[x,,x,, ---] of all polynomials
over a field F in an infinite number of indeterminates. This ring is right coherent,
so products of flats are flats. However, consider the ideal I consisting of non-
linear terms. Then R/I = R’ is not coherent. For consider the principal ideal I”
of R/I = R’ generated by x; + I. Let K be the ideal of R’ generated by
{x; + I i =1,2,---}. Then R’/K is finitely generated, but is not finitely related.
Now I’ = R'/K via a;x; + I - a; + K, so R’ is not right coherent.

3 The author has been informed that J. Golan has proved a version of 4.3. See [13].
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