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1. Let k be an infinite field and let V/k be an irreducible variety of dimension 
^ 2 in a projective w-space Pn over k. Let P and Q be two ^-rational points 
on V In this paper, we describe ideal-theoretically the generic hyperplane 
section of V through P and Q (Theorem 1) and prove that the section is 
almost always an absolutely irreducible variety over k1/pe if V/k is absolutely 
irreducible (Theorem 3). As an application (Theorem 4), we give a new 
simple proof of an important special case of the existence of a curve connecting 
two rational points of an absolutely irreducible variety [4], namely any two 
^-rational points on V/k can be connected by an irreducible curve. 
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encouragement on my thesis research. 

I am grateful also to the referee for his comments on some oversights and 
valuable suggestions on Theorem 2 and its proof of the inseparable case. 

2. Without loss of generality, we assume that V/k is affine in an affine 
space An and P and Q are in An. We choose a coordinate system for An, so 
that P = (0), the origin of An, and the Xw-axis passes through P and Q. 
Consider a generic hyperplane HU\U\X\ + . . . + un-.\Xn-\ — 0 through the 
Xw-axis, where u\, . . . , un-i are algebraically independent over k. Let p be 
the prime ideal of V in the polynomial ring k[Xi, . . . , Xn]. In the following, 
Hu will be used also as the polynomial uiX\ + . . . + un-iXn-i in 
k(uu . . . , un-i)[Xly . . . , Xn]. Let (p, Hu) = (\i C\ . . . Pi qM be an irredundant 
primary decomposition. Let qi be an isolated component with pM as its radical 
and let Wu be its variety, dim Wu ^ 1, since it is well known that all the 
components of the intersection of V with a hyperplane have dimension 
^ dim V - 1. 

LEMMA 1. Let (£) = (£i, . . . , £n) be a generic point of Wu over k(ui, . . . , wTO_i). 
If dim V ^ 3, or, if dim V — 2 and V does not contain the line PQ, then (£) 
is a generic point of V over k. 

Proof. Let dim V — r. Denoting 

*(£) = £(£i, • • • , &0, k(u; £) = *(«i, . . . , ^n_i; £i, . . . , £n), 
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we have 

t r degHOk(u; £) + t r degkk(£) = t r degkk(u; £) 

= trdegjfcfe(w) + trdegHu)k(w,£) = (w - 1) + (r - 1), 

and t r degk^)k(u\ £) ^ « — 2. T h u s trdegfc&(£) ^ r. Bu t (£) G F, therefore 
t r degfc&(£) = r. Hence (f) is a generic point of V over k. 

L E M M A 2. Le£ (£) and V be the same as those in Lemma 1. / / ^ ^ O/er some 
i with 1 ^ i S n ~ 1, ^ew #i , . . . , w*_i, w*+i, . . . , wn_i are algebraically 
independent over k(£). 

Proof. Say i = 1. t r d e g ^ ^ f e ^ ; J) + t r degkk(£) = in — 2) + r. Since 

u2& + . . . + ww_i£w_i , 
wi = — —— t k(u2t . . . , ww_i, ij), 

we have k(u; £) = k(u2l . . . , wn_i, £) and 

t r degku)k(u2, . . . , w«_i; £ ) + r = r + ? z - 2 . 

Therefore t r degk^)k(u2,.. . , wn_i; £) = w — 2, i.e. w 2 , . . . , w»-i are algebraically 
independent over &(£). 

PROPOSITION 1. Letp,Hu, pM, (£), and Wu be as previously defined. If dim 7 ^ 3 , 
or, z/ dim V = 2 and V does not contain the line PQ, then 

(p, i7w): (Xi, . . . , X w _i) 7 = pw 

/or a// sufficiently large integers y, ^/zere 

(Xi, . . . , Xn-i) = (Xi, . . . , Xw_i) • k(ui, . . . , w„_i)[Xi, . . . , Xn]. 

Proof. In the proof, we write k[X] for k[X\, . . . , X n ] . Le t ^(wi, . . . , ww-iï -X") 
be a polynomial in pM, we may assume t h a t 

F(tii, . . . , «n_i; X ) 6 £[tti, . . . , «n_i][X]. 

If | i ^ 0, then F(wi, . . . , un-\\ £) = 0 implies t h a t 

c / ^2^2 + • • • + Un-^n-i \ „ 
Fy- : , «2, . • • , un\ £J = 0. 

Hence there exists a non-negative integer <r such t h a t 

A i -Fl — "y — , U2j . . . , Un-.ùXj Ç A(tt2, . . • , «a-l)[Aj 

vanishes a t (£). By Lemma 2, the prime ideal determined by (£) in 
k(u2, . . . , ^ _ i ) [ X ] is pk(u2, • . . , Un-i)[X]. T h u s 

Xx F\- - ^ , «2 , . . . , w „ _ i ; I ) e p*(«2, . . • , ^ - i ) [ X J . 
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But 

= 0 mod(^iXi + . . . + Un-iXn-J-kiuu . . . , un-i)[X] 

for large a. We have 

X^FCuu . . . , «n_i; X) G (p, i?«) • k(uh . . . , ^_ i ) [X] 

for large a. The above discussion is symmetric with respect to those %t ̂  0 
(i = 1, . . . , n — 1). Therefore for any £* ^ 0 (i = 1, 2, . . . , # — 1), we 
have XfFÇui, . . . ,un-i',X) Ç (p, Hu) for large cr. For any j such that 
^ = 0, X;- 6 p, thus XfF(ui, . . . , «n-r, X) Ç (p, i f J for any T7 G pM and any 
non-negative integer a. Thus (p, iJw): (Xi, . . . , Xw_i)7 D pw for all sufficiently 
large integers 7. We now show the other inclusion: Let g(ui, . . . , un-\\ X) 
be an element in (p, Hu): (Xi, . . . , Xn-i)

y. Then for any h(uh . . . , un-i\ X) Ç 
(Xi, . . . , Xw_i)7, h(u; X) -g(u\ X) 6 (p, #«) . Therefore there exists W J ( M ; I ) , 

w(w; X) in fe(wi, . . . , ^ - i ) [ X ] such that 

A(«;Z) • g(u;X) = £ mt(u]X)Fi(X) + n(u;X)Hu, 

where (Fi, . . . , Fs) • k[X] = p. Thus fc(«ï ê)g(«; £) = 0. If g(u; £) ^ 0, then 
h(u;X) = 0 at (J) for all h(u; X) £ (Xi, . . . , X„_I )T , which implies that 
dim V ^ 1, a contradiction. Therefore g(w; £) = 0 and g(w;X) ç pMj i.e. 
(p, HU):(XX, . . . , I B - i K f c . Hence (p, i 7 J : (Xi, . . . , Xn^)y = pu for all 
sufficiently large integers 7. 

COROLLARY 1. Let V be the same as in the proposition; then (p, Hu) has only 
one isolated component. 

Proof. Suppose that p2, say, is another isolated component; then, by the 
proposition, we have (p, Hu): (Xi, . . . , Xn^i)y' = p2 for all sufficiently large 
7'. It follows that pw = p2. 

THEOREM 1. If dim V ^ 3, or, if dim V = 2 and V does not contain the 
line PQ, then (p, Hu) is either a prime or has an irredundant primary 
decomposition in which there is only one isolated component which is a prime 
ideal and the rest are the embedded components of dimension 0 and at most one 
embedded component of dimension 1 with the prime ideal of the line PQ, 
(Xi, . . . , Xn-i), as its radical. 

Proof. Let (p, Hu) = qi C\ . . . C\ qM be an irredundant primary de
composition and assume that qi is the only isolated component, according to 
Corollary 1, with pw as its radical. 

(p, HJi&u ..., X^Y = n (q, : (Xlt..., XJ<) 
i=l 
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for sufficiently large 7. First, if no radical of the q̂ s contains any power of 
(Xi, . . . , X„_i), then q,: (Xlt . . . , Xn-i)v = qi9 and 

K = q i H . . . H q , = (p,iTtt)-

Thus the assertion is proved in this case. Secondly, if some of the radicals of 
q ŝ contain a power of (Xi, . . . , Xn-i), say, qt, . . . , qM, then they contain 
(Xi, . . . , Xw_i) and it follows that 0 ^ dim q< ^ 1 for t ^ i ^ p. Hence for 
i ^ t — 1, q<: (Xi, . . . , Xw_i)^ = q* and qi Pi . . . H q*_i = pw. Therefore 
feHq^n . . . HqM = Pl?=iq* = (p, #«)• Finally, if qif t ^ i ^ fi, is of 
dimension 1, then Vq* = C^i, . . . , Xw_i). Hence p C (Xi, . . . , Xn_i). The 
irredundancy of the decomposition implies that there is only one embedded 
component of dimension 1 if such exists. Hence, if dim V ^ 3, there is at 
most one embedded primary component of dimension 1. 

COROLLARY 2. Let V be the same as in the proposition. If V/k is normal, 
then (p, Hu) is a prime ideal. 

Proof. This follows from the fact that the principal ideals in the coordinate 
ring of V over k are unmixed. 

LEMMA 3. Let K be a regular finitely generated extension of an infinite field k 
with tr degicK ^ 3. Let x, y, and z be three elements of K algebraically independent 
over k, and z/x (? Kvk, where p is the characteristic of k. Then for all but a finite 
number of constants c £ k, K is a regular extension of k((y + cz)/x). Moreover, 
if T is an indeterminate, then K(r) is regular over k(j){{y + rz)/x). 

Proof. By [3, p. 185, Proposition 1 and p. 186, Corollary to Proposition 2], 
the hypothesis z/x (? Kvk yields D(z/x) 7^ 0 for some derivation D of K/k 
and separability for K over k((y + cz)/x) except for only one c for which 
D((y + cz)/x) = 0. The rest of the lemma follows from [5, p. 369, Theorem 8 
and p. 369, Corollary to Theorem 8] by taking y/x for £1 and z/x for £2. 

THEOREM 2. If V/k is an absolutely irreducible variety of dimension r ^ 3 
and if V is not a cylinder in the direction of line PQ, then Wu is an absolutely 
irreducible variety over k(u)1/pe. 

Proof. Wu/k(u) is irreducible; let (£) be a generic point of Wu over k(u). 
By Lemma 1, (£) is a generic point of V over k, hence tr degfc£(£) ^ 3 and 
&(£) is a regular extension over k [6, p. 69, Proposition 1]. Let £1, £2, and 
£w_i be algebraically independent over k. If £w is separably algebraic over 
k(£i, . . . , &t-i) and if we assume that {£1, £2, &-i} is a subset of a separable 
transcendental base of &(£), let K = k(u2, . . . , wn_2)(£); ^ - 1 is then 
algebraically independent over K. Viewing k(u2, . . . , un-2) as the field k 
and un-i as r in Lemma 3, we have K(un-i) = k(u2, . . . , un-2) (wre-i) (£) = 
k(u)(£). Let y = -(u£2 + . . . + ^ -2^ -2 ) , z = — &»-i, and x = £1, one 
sees that x, y, and z are algebraically independent over k(u2, . . . , un-2) and 

X £1 
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By Lemma 3, we see that K(un-i) is a regular extension over 

k(u2,. . . , un-2)(un-i)( rk=L*=l\ = fc(uy 

Therefore Wu is absolutely irreducible over k(u). If £n is not separable over 
k(£h • • • y £«-i)> we consider the map r of An to 4̂W such that r(ai, . . . , an) = 
(ai, . . . , aw_i, a / ) , r maps 4̂W onto itself. If [7 is an absolutely irreducible 
variety with k as a field of definition and (£i, . . . , £n) as a generic point 
over &, then fe(£i, . . . , £w-i£/) is regular over £ and r maps U onto the 
absolutely irreducible variety Û having (£i, . . . , £w_i, £/) as a generic point 
over &. r maps distinct Z7s into distinct t7s, and the hyperplane section 
U\X\ + . . . + un-iXn_i = 0 of V onto the hyperplane section 

UiXi + . . . + Un-iXn-x = 0 

of V. Then %n can be replaced by £/ , and repeating by £/e so that one reduces 
to the case that £/e is separable over £(£i, . . . , £w-i). Thus {£i, . . . , £w_i} 
contains a separating transcendency basis of fe(£i, . . . , £n_i, £/e)- Replacing 
?» by £/e in the argument of the separable case above, we conclude that 
K(un_i) = k(u2, . . . , «n-2)(?i, • • • , ?n-i, £/*) (X-i) is regular over &(«). This 
yields that fe(^i, . . . , ww_i) (£ipe, . . . , £/e) is regular over fe(w), whence 
k(u)1/pe(£) is regular over k(u)1/pe and PFM is absolutely irreducible over 
k(u)1/pe. Therefore we conclude that Wu is absolutely irreducible over k(u)1/pe. 
k(uu . . . , un-!)

1/pe = k1/pe(u!1/pe, . . . , Wn-i1^6) and z/i1/?,e, . . . , ^_i1 / 2 , e remain 
as w — 1 indeterminates over k1/pe. The substitution 

(Mi/*') = (ttli/p-, . . . , ^ x 1 ^ ) -> (a 1 ^) 

= (ai1/2", • • • , fln-i1/J"), («) = («i, • • • a»-i) € kn~i 

is the same as the substitution (u) = (ui, . . . , ̂ - i ) —» (#) = (#i, • • • , «w-i). 
Therefore to specialize an ideal a in k(u)1/pe[X] to an ideal ct in k1/pe[X] by the 
substitution (w) —> (a) is the same as to specialize a in k1/pe(u1/pe)[X] to â in 
k1/pe[X] by the substitution (u1/pe) -> (a1/pe). Therefore [1; 2; 5, Appendix] 
are applicable to the case of specializing ideals in k(u)1/pe[X] by the substitution 
(u) -> (a). 

THEOREM 3. If V/k is an absolutely irreducible variety of dimension r ^ 3 
and if V is not a cylinder in the direction of line PQ, then for almost all hyper planes 
Ha'.aiXx + . . . + aw_iX„_i = 0, where G k, HaC\ V is absolutely 
irreducible over k1/pe. 

Proof. Let V((p> Hu)) be the radical of (p, Hu) in the polynomial ring 
k(u)1/pe[X]. V((P, Hu)) is the prime ideal of Wu in k(u)1/pe[X] and is absolutely 
prime according to Theorem 2. By [2, p. 136, 5ate 16], V((p, Hu)) is almost 
always prime and absolute prime. By [5, p. 379, Theorem 1, Appendix], 
we obtain V((P> Hu)) C V((p, Hu)) almost always. But V((P» Hu)) is prime 
almost always. Therefore V((P» ^4)) = V((P> Hu)) almost always. Therefore, 

https://doi.org/10.4153/CJM-1970-016-x Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1970-016-x


SECTIONS OF AN ALGEBRAIC VARIETY 133 

for almost all (a) £ kn~l, V((p, «1^1 + . . . + are_iXw_i)), which is the 
prime ideal of Ha Pi V, is absolutely prime. Thus Ha H V is absolutely 
irreducible over &I/pC. 

THEOREM 4. / / V/k is an absolutely irreducible variety of dimension r > 1, 
then any two k-rational points P and Q on V can be connected by an irreducible 
algebraic curve defined over k1/pe(u). 

Proof. We may assume that P = (0), and the Xw-axis passes through 
P and Q. The assertion is obvious if F is a cylinder in the direction of the 
line PQ or the line PQ lies on V. Hence we assume that the above are not the 
case. Repeating the hyperplane section and Theorem 3, we reduce the theorem 
to the case that V/k1/pe is of dimension r = 2. One more application of 
Theorem 1 yields the desired curve. 
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