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AJ3STRACT. I ce velocity, net mass budget a nd su rface eleva tion change data were collected over the leng th 
a nd wid th oC a small (3 '4 km . long) va lley glacier fi 'om 1957 to 1964. I ce velocities range up to about 
20 m ./yr.; three p rom inent ve locity m a x ima a long the length of the glacie r correspond to maxima in sur face 
slope. Net mass budgets ave raged over the glacier surface range between - 3 ' 3 m. of water eq u iva lent 
( 195 7- 58) a nd + 1 ' 2 m . ( 1963- 64) . Except for the year 1960- 61 , curves o f ne t budge t versus a lt itude a re 
pa ra llel. During the period 1958- 6 1 the g lacier became th inner a t a ra te averaging o · 93 m. /yr . T he net 
budget a nd th inn ing data a re inte rnall y consisten t. Rela tions between emergence velocity, ne t budget a nd 
surface eleva tion cha nge a re exa m ined at four specific po ints on the g lacie r surface a nd as [u nc t ions of 
d ista nce a long the leng th of the g la c ie r . E mergence velocity averages a bout - 0' 5 m. in the upper pa n of 
the glacier a nd a bout + 1 . 0 m . in the lower pa rt. I ce d ischa rge and ice th ickness are a lso calcu lated as 
fun c tions of d istance. T he d ischa rge reaches a peak of 8·8 X 10 ' m.l of ice p er year 2· 2 km. from the head 
of the g lac ier. The mean th ickness o f the g lacier is a bout 83 m. A stead y-s ta te d istribution of ne t budge t is. 
used to calcu late a steady-sta te discha rge, which is 2 · 2 times la rger tha n the presen t discha rge. 

R ESU MI£. B ilan de masse el ecolllemell l de SOll lh Cascade Glacier, Washingloll. Les donnees su r la v itesse de la 
g lace , le bi la n d e m asse er la va riat ion a lt imetrique d e la surface Ont e le co ll ectees de 1957 it 1964 1e long ct 
a u travers d ' un pe til g lacier de va llee (Iongueur 3-4 km ) . Les vitesses a lle ig nent environ 20 m /a n ; trois 
max ima bien ma rques des vitesses le long d ' un p rofi l long itud ina l correspondent it ceux de la pente super­
fi c ie ll e. Les bi la ns d e masse moyennes po ur la surface du g lac ier se ti ennent entre - 3,5 m d 'eq u ivalent en 
eau ( 1957- 58) e t + 1,2 m ( 1963- 64) . E xcepte pour I'annee 1960- 6 [, les courbes du bilan d e masse en 
[onc t ion de I'a ltitude eta icn[ para lle ies. Penda nt la per iod e 1958- 6 [, I'epa isseur d u g lacier d iminua d 'u ne 
valC" ur moyenne d e 0,93 m/a n. Les b ila ns dc masse et les donnees de d im inution d 'epa isseur se ti ennent. Les 
re la tions cn tre les vitesses d 'emergence, le b ila n de llI asse e t Ies va ria tions a ltimet r iques de la sUl'face Ont Cte 
examinees en q ua tre points spec ifiqu cs de la surface du g lacier en fonc tion de d is ta nces long itud ina les. La 
moyenne des vitesses d'emergence es t de - 0 ,5 m dans la pa r tie superieure , et de -+ 1,0 m dans la panie basse 
du g lacier. Le d eb it et I'epa isseur de la g lace son! auss i ca lcules en lonction des d ista nces long itud inales . Le 
deb it p resente une po in te de 8.8 X 10 ' km l de g lace par a n it 2,2 km de la tc te d u g lacier. L 'epa isseur moyenne 
d u g lac ier es t d e 83 m ell\" iron. U ne d ist ri bution d u b ila n d e masse d' un g lac ie r en regime pe rmanent a ete 
u t ilisee pour ca lcul e r le debit corresponda nt qu i s'es t avere "tre 2,2 fois p lus g ra nd q ue le debi t actue l. 

ZUSAMM ENFASSUNG . NeUo-Hallshalt IIl1d B ewegllllg am SOlllh Cascade Glacier, /lVashinglon. Von 1957 bis [9Go 
wu rdcn Liber d ie U i. nge und n rc ite c ines kkinen Ta lg le tschers ( Uinge 3,4 km) d ie F liessgeschwind ig ke it , dn 
Ne tto-I-I a usha lt und die Hohena ndcru ngen der Obe rAachc beobachte t. D ie F li essgeschwind igkeit e rre icht 
bis etwa 20 m /J a hr : drci a usgesprochenc Gcschwind ig keitsmax ima in d e l' Uingsachse des G letschers 
entsprechen den Nlax ima in clcr Oberna clw nneigung . D e l' "Ic tl.O -Massenh a usha lt schwankte im Mittd li bCl' 
d ie G let schero be rAac he zwischen - 3.3 m W asse rwert ( t957- 58) und + 1.2 m ( [963- 64). Ausser im J a hrc 
1960- 6 [ . liet .... r t di e I-I o lw nabh a ng ig kr i t drs Nrt to-I-I a usha l tes cin r Scha r para lJclcr Kurven. I n de r Periode 
I 958- 6 t wurde de r G le tscher p ro J a hr d urchschn ittl ich um 0,93 m d Linne r. Di e W erte CLi r den Netto-H a usha lt 
passen m it denen des Masscll\'c rlustes zusam men. Die Bez iehungen zwischen de r Emergenzegeschw indigkcit, 
dem Nello- Hausha lt und de r H oheniinderung der OberA iiche we rden a n 4 ausgewiihlten Pu nkten der 
O be rA ache und in Abhangigkeit von d e r Entfcrnung en tl a ng der G letscherachse unt ersucht. Die Emergcnze­
gcschwind igkeit be triigt im Mitle l ca. - 0.5 m im oberen T eil und ca. -I 1.0 m im un tc ren Teil des G le lschers. 
E isdurchAuss und E isd ickc werden ebenfa lJ s in Abh angig keit von der E ntfe rn u ng berechne l. De l' DU l"c hnuss 
en e icht ein M ax imum von 8,8 X 10 ; m ; E is pro J ahr 2,2 km oberha lb (ks Glc lSr hcrr ncit-s . D ie m ittle re Dicke 
des G lelschers ist u ngefa hr 83 m . M i t e in e r sta tionaren Ven eilung des Ne tlo- I-I a usha lt cs ergibt si ch rechner isch 
e in sta liona rcr DurchAuss, de r 2.2 ma l g rosse r ist a ls d er d erze itige D urchnuss. 

I NTRODUCT IO N 

The scnsitive res ponsc of som e g lac iers lo sub tl e changes in cl ima te has long been of inter t"s l 
lo g laciologists a nd pa laeoclimato logists. A com plete exp lanation o f th e res ponse of a g lacicr 
to a changc in cl im a te has bcen slow in coming beca use of d iAi c u lt prob lems in theoretica l 
an a lysis and in fi eld d a ta coll ection . R ecent theoretica l work on travel ing or kinematic waves 
(W eer tman, 1958 ; Nye, 1958, 1<)60) prov ides new insight into the m echan ism which controls 
the d ynamic response to a sm a ll pc rturbation of clim a te. A critica l as pcct of th is approach­
th a t of accounting for d iffu sion in th c wave cqua tions- has been fru itfu ll y ana lyzed by Nye 
( 1963[al , [bl ) · 

T he rela tion of g laciers to cl imate has two aspects : ( I) c1 ima tic elem en ts (through accumu­
lation a nd ab lation ) produce t im e and space va riations in the net m ass budge t of a g lacier, 
a nd (2) these var ia tions of net mass budgc t cause changes in the thi ckness, rate of flow, a nd 
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thus the dimensions of the glacier. The net budget is the critical link between these two 
aspects of the problem, but it a lso can be considered a barrier which prevents the extension 
of results of one domain of the problem into the other domain. Thus, it might be possible to 
solve the equations governing the dynamic response of glaciers to changes in net budget. 
From this solution one could then predict net budgets from knowledge of glacier variations. 
However, one could extend the results no further; the predicted ne t budget could have been 
produced by an infinity of combinations of accumulation and ablation rates produced by 
climatic parameters. This paper presents results pertinent to the second aspect of the problem, 
the dynamic response of glaciers to changes in net mass budget. 

In order to test n ew theoretical developments, observationa l data are required of velocity, 
net mass budget and surface elevation changes extending over many years throughout the 
length and width of a single glacier of simple shape. Unfortuna tely such data are rare, because 
most glaciological field projects have been directed toward measuring or understanding certain 
specific parts of the genera l problem . These partial data cannot be used to analyze the response 
ofa glacier to climatic change, for, as Nye (1963[aJ , [bl ) has shown, changes at the terminus 
of a glacier are a r esult of complicated interactions extending throughout. the length of the 
g lacier. 

Another difficulty with many attempts to compare flow and mass budget results is the 
problem of demonstrating the validity of maSs budget data on an absolute (total volume or 
m ass) basis. Many types of mass balance projects (su ch as those based only on pits a nd stakes) 
y ie ld data which are useful for relating the health of the glacier from one year to another year. 
However, without supplementa l m easurements utilizing a different approach, it is no t possible 
to prove that the total mass changes are correct, due to possible bias introduced through 
improperly randomized sampling techniques, redeposition of melt water and m easurement 
techniques. In principle, it is possible to obtain m ass budget data in four different and 
independent ways: ( I) di rect measurement of mass budget quantities at points on the g lacier 
surface, (2) measurement of volumetric changes (e.g. b y comparing precise topographic m a ps) , 
(3) m easurement of ice flow through vertical cross-sections of the g lac ier coupled with surface 
e levation change data, and (4) m easurement of precipita tion , run-off, evaporation, condensa­
tion and other quantiti es in the hydrologic equation. A verifiable comparison of mass budge t and 
ice flow resu lts requires the use of at least two of these independent m easurement techniques. 
In this South Cascade Glacier study, techniques ( I), (2) a nd (4) were used in order to prove 
internal consistency of all observations. The hydrologic results are only br iefly mentioned here. 

This paper presents results of a fi eld data collection program designed to check theoretical 
expecta tions about the response of a g lacier to cha nges in net budget. These measurem ents 
were begun before an y satisfactory theory existed but a genera l type of theoretical so lution 
a nd the requisite data to check it were clearly foreseen. The anticipated theory began to 
em erge soon after the data collection program on South Cascad e Glacier had started but [or 
several years numerical so lutions were preven ted due to mathematical difficul ty. In 1961, N ye 
d eveloped an ingenious technique to produce these numeri cal so lutions. Preliminary results 
from South Cascade G lacier were supplied to him ; these wen' used to compute the net budget 
history of this glacier from the known dynamic characteris tics a nd recession history (Nye, 
1963 [b] ) . The m easured net budget data confirmed the theoretical predictions. This was the 
first successful attempt to relate variations in length and mass budgets for a real glacier. 

Some o[ these p reliminary data used by Nye differ slightl y from the final values reported 
h ere. In no cases do these differences invalida te or appreciably modify Nye's conclusions. All 
apprcciable differences between preliminary and fina l results a re explained in this paper. 

This paper reports on one aspect of the larger South Cascad e G lacier project, which was 
begun as a long-term endeavor by the U.S. Geological Survey in 1957. The proj ect was 
d esigned to be a completely integrated study of a ll m acroscopic aspects of the relation of a 
g lacier to its environment. Presented in this paper are resu lts of measurements of surface 
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velocity, net mass budget, and changes in the volum e and shape of thc glacier, after which the 
interrelations between these th ree aspects and the presen t non-steady sta te of the glacier are 
d iscussed . 

GENERAL D ESCR IPTION 

Sou th Cascade G lacier IS a sm a ll , relatively inconspicuous valley g lacier (Fig. I ) In the 

Fig . I. Aerial obliqlle jJ/lOtograjJh ~f SOllth Ca5cade Glacier, 27 SejJtember I960. View i5 toward the 501lth. (PhotograjJh b)1 
AlI5tin S. Post ) 
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heavil y glacierized North Cascade Range of Washington (Fig. 2). The glacier originates at 
a bout 2,IOO m . above sea-level in a depression be tween the Lizard (2,238 m. ) and Sentinel 
Peak (2,5 I 8 m. ), a nd terminates in a lake at an a ltitude of 1,613 m. It is abou t 3 . 4 km. long, 
up to I km. wide and flows in a slightly serpentin e north-wes t direction. The longitudinal 
profi le is characterized by four rather flat reaches separated by reaches of steeper pitch. The 
e quilibrium line (essen tiall y the sam e as the firn line) ranged in a ltitude from r ,78o m . to 

"(:~::J::r ~;-:~~~;~,:,~ ·: 
( 1;I\!o S~~ ll i~ ' S k 0 I 
l ~ . .ii .... ,.: .. ,';-" .. ...; po ane i 
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I~.~ WASHINGTON l 
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----j 

Soo 1000 
! , I! ! I 

SCALE I N M ET E R S 

Contou r in t e rval 20 m. 
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Fig . 2. Topographic map of South Cascade Glacier showing distribution rif sw/ace ice velocit y. Topography is indicated b), 
solid-line contours with a 20 m. interval,. these contours and the glacier outline are correct as qf 12 September 1961. Line rif 
small crosses marks position rif terminus in September 1959. Stippled area is bedrock. Dashed lines indicate values of velocity 
component u in m. /y r.,. lines are drawn at intervals of 2 m. l.yr. and are double-dashed where approximate. Open circles mark 
location of velocity stations and the numbers are keyed to Table I. Solid dots indicate theodolite stations on bedrock. The 
x-axis is indicated by the dotted line down the glacier ,. cross-ticks are spaced at 500 m. intervals 
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above 2,100 m. during the period 1953- 64.; its mean a ltitude for the period was about 
1,900 m. This glacier lies at a lower a ltitude than most g laciers in the North Cascade Range. 
Most glaciers in the North Cascade Range and especiall y those at higher a ltitudes were 
actively advancing or in a near-equilibrium condition from 1953 to 1961 (Hubley, 1956, 
p. 670- 71; Meier and Post, 1962, p. 71 ) . South Cascade G lacier, however, has been retreating 
continuously for many years. 

SURFACE VELOCITY 

Conventional triangulation surveys of markers emplaced in the ice or snow surface yie lded 
values of ice velocity at 49 places. Markers of many types were used for velocity measurem ents: 
wood , plas tic and a luminum poles, ranging in dia m etel" from I . 9 to 4' 4 cm. and in length 
from 1·8 to 7.6 m . In the accumulation area, great difficulty was experienced in preventing 
the wintertime d estruction of velocity stakes due to creep of th e thick heavy snow pack. 
Conseq uentl y, more velocity data are available from flat areas where there is less snow creep 
than a re ava ila ble from the steeper slopes of the g lacier. Four markers were specially d esigned 
a luminum towers, 12'2 m . or more in height, 10 cm. in diameter at the base and d es igned 
to withstand winds in excess of 50 m. /sec. without the use of guy wires. The stakes were 
triangulated with a one-second theodolite utili zing 10 points attached to bedrock around the 
margin or the glacit'r. The theodolite point locations are indicated in Figure 2. 

A curving coordinate system * (Fig. 2) was designed so that longitudina l and tra nsverse 
components of velocity cou ld be calculated. The center line for this coordinate system (the 
x-axis) is hori zontal and is directed down-glacier approximately through the map projections 
of the zones of highest surface velocity . In gen era l, the re a re weak or unnoti ceable tra nsverse 
changes in velocity in the vicinity of this center line so that crevasses are either perpendi cular 
or para ll el to th e center line. The y -ax is is perpendicular to the curving x-axis a nd is positive 
to the right as v iew ed on a map. T herefore, values of' x generall y increase to the nOl'lh-west 
and values ofy generally in crease to the north-east . The z-axis is defined as positive upwards, 
making a right-handed coordinate system. Ice velocity components of u, v and w were resolved 
parallel to the x, y a nd z. coordina tes, respectively. 

Some results of the velocity m easurements are shown in Figure~ 2 and 3 and are li sted in 
Table J. In Table 1, la and I/; indicate the times of surveys used for a g iven velocity dete rmina­
tion . Standard errors in u and w (au and awl a re a lso ind icated on Table I and Figure 3. 
These values of sta ndard error were computed individuall y for each survey and each velocity 
computation. The net sta ndard error is the square root of the sum of the squares of the 
m easured or estimated standard errors due to the tria ngula tion geometry, survey dista nces, 
consistency of m easurem ents, resetting or creep of stakes, the time elem ent involved , and finally 
certain characteristics of the velocity stake itself. Every effort was made to include all possible 
sources of imprecision. 

Lines showing equal values of the velocity component u arc given in Figure 2 . These were 
drawn utilizing no t on ly the measured velocities but a lso some information on surface slope, 
crevasse directions a nd rates of opening or closing of structures in the ice. The surface velocity 
averaged over the width of the glacier (it) was d etermined from this map and a number of 
transverse profiles. Standard errors of u (au ) and it (a a) are shown in Figure 3. 

* The coordinate system was constructed by drawing a curving x-ax is and then m easuringy distances perpen­
dicu la r to it. Therefore, it is not a true curvilinear coordinate system except in the immediate vicinity of the x-axis. 
This coordina te scheme is mainly used for locating points on the g lacie r and to define g lacier widths along wh ich 
various p arameters can be averaged . In some situations use was made of the assumption that 

S ariS = JS a dy dx 

in order to obta in a n a rea (S) average of som e value (a) . These two expressions are not strict ly eq uiva lent fo r a 
curving coord ina te system. H owever, the computations were freq uently performed using both expressions and 
the differences were insignificant. 
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Fig. 3. L ongitudinal variations in sur(ace velocify com/Jonent u. P oint vallles at ve/ociry stations are indicated by circles or dots. 
Vertical lines indicate standard error due to measurement technique and time-variation of velociry. Solid dots indicate that 
standard error is less than radius of dot. Dashed line re/Jresents veloeiry along the eenter line (y = 0). H eavy solid line 
indicates ve/oeiry averagf.d over the glacier w idth, u. This Line is .flanked by thin lines indicating estimated standard error, 
O" ii , due to measurement, lime variation and interpolation; this curve as of 196/. D ash- dot Cllrve represents slliface slope, IX , 

and is an average over the glacier width and a moving average if 240 m. along the length 

T he most striking feature of the velocity distr ibu tion, as seen both on a velocity p rofi le and 
on a m ap, is the presence of th ree velocity m axima . T hese velocity maxima approxima tely 
coin cide with m axima of surface slope Cl (Fig. 3) . This velocity pa ttern produces zones of 
cxtending flow up-glacier from the velocity m axima and zones of compressing flow down­
glacier from them. V a lues of extension, averaged over the wid th, range up to o· 03 2 yr. _I, and 
compression values range up to 0'0 14 yr. - I. I t is interesting to no te in Figure 3 that peaks 
in center-line velocity occur down-glacier from peaks of veloci ty averaged over the width . I t 
is perhaps surprising tha t the fi rn line normally li es in the vicini ty of a velocity minimum. 
T his is due to the expanded wid th a nd great dep th of ice here. 

T he velocity m easurements are insuffic ient to d efine accurately the change in vnlocity 
with time. They d o show tha t from x = 0 to x = 2,000 m . there was negligible cha rge in 
velocity from 1958 to 1961. H owever, at x = 2,700 m . the data show an average d eceleration 
of a bou t 8 per cent during this per iod. At the terminus, x ~ 3'{00 m ., the velocity a ppaeen tly 
decreased by slightl y m ore th an 10 per cent du ring the period 1958 to 196 I. In Figure 3 is 
shown a dotted lin e in the lower one-third of the g lacier which indicates the i 959 values of 
it, whereas the solid line represen ts the 196 1 distrib ution. T he 1959 values were used by Nye 
( 1963[b] ) . 

NET B UDGET 

T he net m ass b udget of a g lacier represen ts the balance between accumula tion and 
a blation for a given budget year . If the tota l net budget for the g lacier is positive then the 
glacier has increased in mass. T h roughout this paper the m ass budget terms proposed by 
M eier (1962) a re used . Attention will be di rected particu larl y towa rd the specific net budget 
which is the gain or loss of mass as m easured at a point on the su rface of the glacier , and to the 
m ean specific net budget which is the a rea average of specifi c budgets for the whole glacier. 
Values are repor ted in meters of water equivalen t, unless otherwise indicated . 

Net budgets on South Cascad e G lacier a re som ewha t difficult to measure due to the 
very la rge seasona l values of accumula tion and a blation . The net budget averaged about 
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TABLE I. R ESULTS OF VELOCITY MEASUREMENTS MADE AT SOUTH CASCADE GLACIER, 1957- 62 

Slake I" Ib x )' z II V W atl all; 

number Dale Dale m. m . m. m ./ yr. m ./yr. m. /yr. m. m. 

24 July 1957 18July 1958 3,479 - 98 1,623 11· 2 + 0'7 - 2 · 8 0· 2 o · I 
2 18 July 1958 9 August 1959 3,490 - 98 1,6 17 9 ' 7 - 0'3 - 2,0 0·2 0·1 
3 24 July 1957 18 August 1958 3,44 1 - 27 1,62 7 12 ·6 + 0'9 - 4'0 0 · 2 0· 1 
4 18 July 1958 9 July 1959 3,453 - 27 1,62 1 11 ' 7 + 1' 3 -3 . 8 0'2 o · I 
5 24 July 1957 18July 1958 3,455 + 59 1,627 12 · 0 + 0·8 - 4'7 0 · 2 o · I 

6 18 July 1958 9 August 1959 3,467 +59 1,620 12'5 - 0 ·6 - 4 '3 0·2 0' 1 
7 18 July 1957 18 July 1958 3,420 + 180 1,632 2·2 + 0·6 - 3'3 0'5 0·2 
8 18 July 1958 I September 1959 3,26 1 - 15 1,675 11 ·0 + 0 ·6 o · I 
9 24Ju ly 1957 18July 1958 2,963 - 67 1,735 15'9 + 1'4 3 '0 

10 6 Septem ber I 96 I 18June 1962 2,960 - 6 1 1,744 15'7 + 0 ' 5 - 1·6 o· I 0 ' 05 

II 4 August 196 1 7 O ctober 196 I 2,679 - 229 1,780 13'3 + 1'3 - 4'3 0' 9 0'4 
12 4 August 196 1 7 O ctober 196 1 2,7 13 - 183 1,778 14. 2 + 1' 4 - 2'1 0'9 0 '4 
13 18 July 1957 18 Jul y 1958 2,705 - 146 1.780 17'2 + 2' 1 0'5 
14 18 July 1958 I September 1959 2,728 - 140 1,779 16'9 + 2 ' 4 - 3 .6 0'2 0' 1 
15 I Septem ber 1959 22 September 1960 2,774 - 134 '7'4 + 4 ' 7 - 4 ' 0 0·2 0 · 1 

16 22 September 1960 5 August 196 1 2,789 - 134 1,768 15 . 8 - 1, 2 - 4'9 0'5 0·2 
17 4 August 196 1 7 O ctober 196 1 2,774 - 125 1,765 15'3 + 2'0 - 3. 8 0'9 0' 4 
18 22 September 1960 5 August 1961 2,743 - 125 1,769 16'5 + 0'2 - 1'4 0 ' 5 0·2 

19 22 September 1960 5 August 196 I 2,759 - 125 1,773 16'5 + 0 ' 4 0 ' 5 
20 7 October 196 1 23 August 1962 2,75 1 - 122 1,772 18'4 + 1' 5 - 1·6 0·2 0· 1 

21 18 July 1957 18 July 1958 2,710 -49 1,769 17 ' 9 + 1' 3 - 3 ' 3 0 ' 5 0 · 2 

22 7 October 196 1 23 August 1962 2,746 - 12 1,756 19' I + 1' 2 0·2 
23 7 October 196 1 23 August 1962 2,743 + 46 1,745 14. 8 + 1·8 - 1 , 2 0·2 o · I 
24 10 August 1959 2 I Sep tern ber I 960 2,740 + 130 1,747 16· I - 1·8 0'5 
25 4 August 196 1 7 October 196 I 2, 713 + 183 1,750 12 · 2 + 0·8 - 3'2 2'7 0'4 

26 7 October 196 1 23 August 1962 2,749 + 3 14 1,754 5'7 - 0'3 0 '5 
27 4 August 196 1 7 October 196 1 2,758 + 427 1,757 3"4 - 0'4 - 1'3 2'7 0'3 
28 7 October 196 I 23 August 1962 2,62 1 + 2 19 1,792 15 ' 7 + 1' 4 - 3 - 1 0·2 0- I 
29 4 August 196 1 7 October 196 1 2.59 1 + 9 1 1.777 14- 2 + 1'4 - 5'3 2'7 0 ' 3 
30 4 August 196 I 7 OClOber 196 1 2,560 + 122 1· 797 14 ' I + 1' 7 - 6'9 2'7 0'3 

3 1 7 O ctober 196 I 23 August 1962 2,618 + 192 1,789 12 · 2 - 1 , 1 - 2·6 0·2 O· I 
32 18 July 1957 20 J uly 1958 2,446 - 2 19 1,83 1 15'4 + 0'3 - 3. 8 0 ' 5 o· I 
33 18 Jul y 1957 20 J u ly 1958 2,435 - 130 1.833 18'5 - 0 ' 3 - 3 .8 0 ' 5 0·2 
34 18 July 1957 20 Jul y 1958 2,438 + 46 1.842 '7 ' 5 - 1 , 2 - 1·8 0'5 0·2 
35 20 July 1957 20 Jul y 1958 2.423 + 485 1.858 14' I 0·0 0·2 

36 2 October 1959 7 October 196 I 1,99'1 - 232 7 . 8 + 2 ' 9 0·2 
37 2 I September 1960 8 August 196 1 2,036 - 37 1.879 I1 ·2 + 1· 6 - 1·0 o · I 0 ' 05 
38 4 Septem ber 196 1 9 J uly 1962 2,0 15 - 30 1.879 II ·0 + 2·6 - 1' 9 o · I 0 ' 05 
39 9 J uly 1962 4 Septem bel' 1962 2,024 + 177 1,87 1 8 ' 2 + 0'9 - 1·6 1· 1 0 · 2 
40 9 July 1962 9 Septem ber 1962 1,719 + 12 1.9 10 15 ' I + 1·8 - 2,2 1·1 0'3 

4 1 2 October 1959 7 October 196 1 1,664 - 12 12·2 + 1·8 0·2 
42 9 J uly 1962 9 September 1962 1.59 1 + 34 1,936 I1 '9 + 2·1 - 3'0 1·1 0 ' 3 
43 20 .J uly 1957 20 .J uly 1958 1,47 1 - 9 1,945 11·0 - 0,2 0 ' 5 
44 4 Septem ber 196 1 9 Jul y 1962 1,234 + 27 1,966 7. 8 + 1'4 - 1· 8 0·2 o · I 
45 9 .Jul y 1962 9 Sep tember 1962 1,204 + 244 1.967 [ . 7 - 1· 6 - 3'2 [ ·6 0'4 

46 9 Jul y 1962 9 September 1962 1,044 0 2,002 7'4 + [' 0 - 2'9 I · 3 0'3 
47 9 September [959 2 I Septem bel' 1960 632 + 49 2,049 4 . 6 - 0'3 - 2' 7 0 -2 o· [ 

48 4 Septem bel' I 96 I 9 J uly [962 707 - 6 1 2,043 4 ' 7 - 0 ·6 - 2' [ 0·2 o· [ 
49 9 .Jul y 1957 20 J uly 1958 287 + 168 2,077 I · 5 + 0'9 - 1' 9 o· [ 0· 1 

I", Ib = Times of surveys used fo r veloci ty d etermi nation. 
X,Y = Horizonta l coord inates of'stakes. 

z = Vert ica l coordinate. 
11 = Horizontal velocity component, resolved parallel to x coordinate. 
v = Hori zontal veloc ity component, resolved para ll el to)' coordinate. 

w = Verti ca l veloc ity componen t. 
aIL = Standard error of 1/. 

a IV = Standard error of w. 
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- 0·6 m. during the years 1958- 64 bu t the snow pack in spring frequen tly exceeds a thickness 
of 10 m. 

Net budget values on South Cascade Glacier were m easured by a rather complex data 
collection program. On snow-covered areas of the glacier, the net budgets were m easured 
with stakes, pits and cores at frequent intervals during the ablation season. In the snow-free 
areas, stakes drilled into the ice were measured from the time they first became clear of winter 
snow until the end of the budget year. Many more n et budget locations were used than are 
reported under the ice velocity results and from \ to 26 stakes were used at each location. Most 
of these stakes were useful for only one season. Four towers, each at least 12 ' 2 m. long, were 
spaced along a longitudinal profile and used as index stations throughout the spring, summer 
and fall, and at occasional intervals during the winter as well. In th e accumulation zone, snow 
d epth profiles (obtained by probing) were used to fill in details between stakes or pits. Snow 
density was measured using either standard 500 cm ) sampling tubes or a standard SJPRE 
7 .62 cm. diameter coring auger. The tubes and the auger did not always give equivalent 
d ensity values; the discrepancy exceeded 10 per cent in some soft snow layers even when 
core di ameters a nd lengths were carefully measured. This discrepancy was found to be due 
to a compacted zone on the outside of the cores and necessitated a correction to the d ensity 
values obtained by augering. This illustrates 0111': o f scveral subtle sources of persistent bias 
which can creep into mass budget studies . 

The transient snow line was mapped on aeria l photographs or maps at rrequent intervals 
durin g the ablation season. As the transient snow lin e sweeps over the g lacier area it m arks the 
time at which the n et budget changes from positive to negative at each point. It was assumed 
that the gla cier had a constant tota l area (except in the vicinity of the terminus) equal to the 
minimum glacier area as round at the end of the 196 \ season. The increment of budget volume 
due to differing area around the perimeter in other budget years is entirely negligible compared 
with th e integrated ne t budget over the surrace area. The loss of ice from the terminus duc to 
re treat and ca lving is discussed in th e next section on volume changes. 

Attempts were made to measure the standard error or these ne t budget determinations. 
Tt is relatively easy to determine the precision of net budget measurements at a single point. 
M easurcd varia tions in ice density and th ickness changes a t a point were round to show a 
normal (Gauss ian ) probability distribution, ror which the standard deviation could easily be 
d etermined. In this temperate maritime glacier, th e problems of superimposed ice and the 
redeposition of m elt wa ter in lower layers or firn are believed to be negligible. No super­
imposed ice has been identified on this glacier. Standard errors in the experimental techniques 
o r m easuring thickness changes and d ensity values could also be m easured with relative ease. 

Standard erro rs for mean specific budget, however, a re more difficult to estima te. T his is 
because some subjectivity and judgment are involved, and more information is used than just 
the point measurements. Lines of equal net budget between known points are guided by the 
trend of the transient snow line when it passes these points. No such direct aid is available in 
the accumulation area, but to some extent detail could be filled in by using information from 
prior years because it was found that spatial var ia tions or snow-pack thickness were quite 
similar from year to year. The pattern or snow-pack thickness is largely determined b y the 
relation of ridges, hollows, etc. to th e storm-wind clirections, and it appears tha t these wind 
directions have been roughly similar during the 1957- 64 period . The relative contribution of 
snow to the glacier by avalanches, however, varied greatly from year to year. For these 
reasons the sta ndard errors in m ean specific net budgets can be considered only as subjective 
es timates. 

Highl y generali zed maps of specific net budget for each year from 1958 to 1964 are 
presented in Figure 4. * T he maps shown here are generalized from d etailed large-scale maps 
which have contour intervals ranging from 6 in. (15 cm.) to I ft. (30 cm. ). Inspection or these 
maps shows that variations in net budget from yea r to year are large but rollow a consistent 
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1961 1962 1963 1964 

DD 
<. - co m . -Gto-4m. -4to - 2.m -2 m. toO O .to+ 2 m. ) + Z m . 

Fig . 4. Generalized maps of specific lIet budget b, 1957- 58 to 196.,- 6.;.. The lines of equal net budget are drawn at intervals 
of 2 Ill. of water equivalent . Each budget year is desigllated ~)I the year q{ its close. North is to the to/) of the /)age, thus 
each glacier terminus is at the to/) q( the mal) 

* A la rge inconsistency appea red when the net budgets fo r the period 21 August 1958 to 12 September 196 1 
were compared with surface lowering de te rm ined from ma p ch a nges d uring the sam e period . H owever, by 
ca lculat ing drainage-basin sto rage cha nges d uring each a bla tion season from hyd ro logic da ta , it was poss ible to 
loca te the magnitude a nd time of the discrep a ncy. An unusua lly high ra te of a bla tion occurred on the g lac ier 
in late August, September a nd mos t of Octo ber 1958. Surface measurements of net budget in thi s period were 
m eager due to few visits to the g lacier a nd loss o f most a blation stakes, a nd one firn layer was misidentifi ed . As a 
result, the negati ve net budget la te in the 1958 a blat ion season was understated. The h yd rologic results agree wi th 
the vo lume-cha nge resul ts . T herefore, the mean specifi c ne t budge t for 1958 has been changed to agree with the 
othe r results, from - 2·2 to - 3 · 3 m. Nye a na lyzed the prel im ina ry results for the p eriod 1957- 6 1 a nd adjusted 
the net budget a nd vo lume-change results equa lly to compensa te fo r the discrepancy (Nye, 1963[b], p. 111 - 12). 
Th e mos t importa n t e ffect o f this ad justment appears in com p uta tions of d ischa rge. Nye calculated a maximum 
cunent ice discharge equa l to 12·4 X 105 m .3jyr. , whereas the more accura te value is a bout 8· 8 X 10; m . Jjyr . Th e 
effect of this adjustment on the steady-state d ischa rge (and therefo re o n the kinemati c wave d iffusivity) is, however . 
n eglig ibl e, because the va ri a tion of net budge t with d ista nce was no t appreciabl y cha nged. 
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areal distribution over the glacier. This distribution is due partly to altitude and partly to 
curvature of the surface. Strongly convex steep slopes are windswept in the winter and have 
less accumulation than the concave areas immediately below. Therefore, these convex areas 
tend to have rela tively negative net budgets and the concave areas relatively more positive 
values. Values of the mean specific net budget for each year and the estimated standard error 
of this value are given in Table IT. 

T ABLE 11. CHANGES IN GLACIER AREA, MEAN SPECIFIC NET BUDGET, LENGTH, VOLUME LOST AT TERMINUS 
AND DISCHARGE AT TERMINUS, 1952- 64 

Glacier Mean specific net budget D ate,!! end Position of grounded terminus Volume ice lost Discharge 
Year area Value Standard error of budget year Value Standard error at terminus at terminus 

S b ab tb x a x Q 
km. ' m. m. m. m. m. Jx 106 m. l/yr. X 106 

1952 
- 0 ·6 0'5 

1953 2. 81 7 3,720 30 1 
1954 I 1·8 

+ 0 ' 3 0 '5 
1955 2'750 3,610 30 j 

+ 0'2 0'5 0 ·0 O· 12 
1956 2'749 3,6 10 30 

- 0,2 0'5 o· I o· I I 
1957 2'747 3,600 20 

- 3'3 0'4 1·0 0'09 
1958 2'707 29 October 3,503 5 

+ 0'7 o · I o· I 0'09 
1959 2'700 25 September 3,490 10 

- 0'5 o· I 0·2 0 '08 
1960 2. 685 23 OCtober 3,462 10 

- 1' 1 o· I 0'4 0'07 
1961 2.658 25 September 3,414 5 

+ 0'2 o· 1 0·2 0·06 
1962 2.650 28 September 3,383 8 

- 1'3 o · I 0'3 0'05 
1963 2·635 21 October 3,348 5 

+ 1·2 O· I 0'04 0'04 
1964 2·633 28 September 3,342 5 

The variation of specific net budget with altitude is shown in Figure 5. Here again 
persistent variations in net budgets at certain altitudes are marked. The 196 1 * budget curve 
is quite different from the others. The net budget in the vicinity of the terminus was abnormally 
negative this year due to a warm winter which left almost no snow accumulation at the low 
al titudes. The 1958 budget was negative over almost the whole glacier; 1964 saw snow 
accumulation over most of the surface. However, the two curves are nearly parallel. In general, 
these net budget curves are displaced horizontally, i.e. one curve can be superposed upon 
another simply by subtracting a fixed value equa l to the m ean n et budget from each curve. 

Distance along the flow center line is related to altitude at any given time. Therefore, the 
curves in Figure 5 can be approximately transformed into curves which show the variation of 
net budget with distance along this center line. An approximate graphical scale for this 
purpose is included in Figure 5. 

The activity index for this glacier (the gradient of net budget with altitude m easured at 
the equilibrium line) ranges from 7 ' 5 to 34 mm./m. The m ean value, 22 mm. /m., is typical 
of glaciers in very maritime environments. 

The net budget for any given year is related to the accumulation area ratio. Accumulation 
area ratios for past years were d etermined from aerial photographs and used to estimate the 

• The 1961 budget year is the o n e which ends in 196 1. 
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m ean specific net budget for these earlier years (M eier and Pos t, 1962, p. 70) . These estimates 
together with estimates of standard errors are g iven in Table n. 

VOLUME CHANGES 

Changes in thickness of a glacier are caused by variations in velocity and strain in the ice 
as well as by changes in net budget. The m easurem ents of changes in glacier thickness reported 
here a re entirely independ ent of the measurem ents of net budget. These volume changes are 
expanded into two components. One of these is the amount of ice loss due to terminus recession, 
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(a) ( b) 

Fig. 5 

(a ) Variation of specific net budget with altitude, b(z ), for the budget y ears 1957- 58 to 1963- 64. Each curve is labeLed with the 
) 'ear at the end of the budget year. Shown also is an al)proximate scale if distance as of 1961,. this scale must be used with 
caution when inter/)olating variations of b, especially at the lower elevations andfor years much bifore or after 1961 

(b) Steady-state "et budget as afimction of altitude bo(z) . Curve f represents bo(z) calculated from the average of the seven 
budget ),ears 1957- 58 through f963- 64. Curve 2 represents bo( z) calculatedfor the period 21 August [958 to 12 September 
1961. A lso shown is the area-altitude distribution S (z) . Altitude illcremeTlts of 20 m. are !lsed. The shaded area on this 
illustration represents the area over which ice is IIsllal£v exposed at the elld of an equiL£brillm or negative blldget )'ear. T he 
remaining area is covered with snow or firn 

the calving of ice into the terminus lake a nd cha nge in glacier area in the V1C1l11ty of the 
terminus due to narrowing of the glacier tongue. The second component is the change in ice 
vo lume due to changes in elevation of the ice surface over the rest of the area of th e g lacier. 
E xcept near the terminus, the g lacier area is assumed to have rema ined consta nt from 1958 
to 1964. 

Changes in volume in the vicinity of the terminus were determined by mapping the limits 
of the glacier at the end of the budget years. Precise vertical aerial photograph y was available 
for the years 1953, ' 955, '958, 196 1 and ' 964. Oblique aerial photography was available for 
a ll other years from '955 to ' 964; most of this oblique photography was taken by Austin S. 
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Post and a typical view is shown in Figure I. Terminus positions were mapped directly 
through the use of stadia surveys or photogrammetric plotting in 1955, 1958 and 196 I . 

T erminus positions between these dates were determined by approximate plotting techniques. 
The lake was sounded up to the vicinity of the terminus in 1959 and again in 1964, so the 
actual volume of ice loss could be computed. The standard errors in ice volumes lost at the 
terminus are about 10 p er cent; these are not significant when compared with the much larger 
volume changes over the rest of the glacier surface. Positions of the terminus and the ice volume 
loss from retreat at the terminus arc given in Table II for most years from 1953 to 1964. 

Changes in elevation of the surface of the glacier were m easured , using maps prepared by 
photogrammetry. A map with contours at intervals of 20 ft. (6· I m. ) and on a scale of 
I :5,400 was plotted from 1955 vertical a erial photography. However, thc aerial photography 
used for this map was not of sufficient quality to permit accurate measurement of changes. 
Additional maps were plotted from aerial photography specially designed for this purpose and 
taken on 2 I August 1958 and 12 Septem ber 196 I . These maps were constructed at a scale of 
I: 6,000 with 20 ft. (6· I m. ) contour intervals, but with a specified standard error of point 
elevations for each of these maps eq ual to 3 ft. (0' 9 I m .) . 

A basic ques tion involved in studies of this type is : What is the standard error in the mean 
specific elevation change when measured from one map to another? If map elevation errors 
were randoml y distributed and a very large number of points were used, the error in the 
resulting mean values should be very small. However, each map might also have a systematic 
error. This was analyzed by comparing a number of surveyed elevations of stakes emplanted 
in the snow surface with map elevations, using data on the height the various stakes protruded 
a t the time of survey, the net budget change from the time of survey to the time of aerial 
photography, and the standard error of surveyed elevations. From these data, the systematic 
error (and therefore the standard error of the mean ) for each map was found to be less than 
0· 15 m . 

Values of rate of change of glacier surface elevations, h, averaged over the 1958- 6 I period, 
are shown in Figure 6. During this 3-yr. period the glacier became thinner at a rate averaging 
o· 93 m ./yr. of ice over the whole surface area. In general, the glacier showed only slight 
thinning over much of its upper reaches but thinning was pronounced in the lower one-third 
of the glacier, reaching as much as 5.6 m. /yr. a t the terminus. This general pattern is signifi­
cant and is related to the distribution of specific net budget values . 

The mean thickness of the glacier, according to a calculation presented later in this paper, 
is about 83 m. Thus the m ean thinning rate represents a 1'1 per cent loss of mass per year. 
However, one cannot extrapolate to d etermine a time of extinction of the glacier. Even if 
the climate were to remain constant, the glacier would slowly reach an equilibrium state and 
thinning would cease. 

RELATION BETWEEN VELOCITY, NET BUDGET AND CHANGES IN VOLUME 

[ntemal consistency of the data 

Before examining the relation be tween velocity, net budget and volume changes, it is 
necessary to examine the various results to see if they are internally consistent. This can be 
done by comparing total changes in volume with net budget totals. Assuming that the a rea of 
the glacier, S, is constant over the time interval of interest, the change in elevation of a point 
on the glacier surface is !)'h, then the total change in volume of the glacier, !)'M, as m easured 
by photogrammetric m eans is 

!).i\1 = J !)'h dS. 
s 

Changes in area n ear the terminus are dealt with separately. The change III volume from 
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21 August 1958 to 12 September 196 1 equals a loss of 7 ·6 X 106 m ) of ice with a sta nda rd 
error of a bout o· 5 X 106 m .3. 

Similarly, if the specific net budge t is b (measured in wa ter equiva lent) and the d ensity of 
a glacier is p, the to ta l volume change, assuming no time change in the mean density of the 
glacier or the surfa ce area, is 
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Fig . 6. L ongitudinal variation in /let budget rate (ice equivalent ), hIp, rate of change ill glacier thickness h and emergence 
velocity f. Values shown represent averages over w idth qf glacier andfor the /Jeriod 2 1 A ugust 19 5 8 to 12 Se/Jtember 1961 

In general, b is measured in rega rd to a coordinate system traveling with the ice (Lagrangia n 
coordina tes) , so tha t equa tion (2) is not strictly correct. H owever , this poin t is of m ore 
acad emic than pra c tica l importance here (the space-averaging of b due to glacier Aow is. 
unimportant) . If the time interva l of interest is not a sing le budget year , then b in equa tion (2) 
must be replaced by b a b , the tota l of b over the time inte rva l from l a to t b . For a certa in budge t 
yea]', i, the net budge t b i is the change in mass per unit a rea, bs, from beginning to end of I he 
budget yea r, given by the time integra l of the net m ass Au x (the net budget ra te), b (M eier, 
1962 , p . 254). T hus 

10 I III 

b(,b = bs(t b) -- bs(ta) = f b dl + 2 }-i- f b dl 

as can be seen from inspection of Figure 7. Note tha t the intermedia te budget values a re no t 
weighted in accorda nce wi th the va rying lengths of th e budget years. T he tota l volume loss. 
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for the time interval 2 I August 1958 to 12 September 196 I, obtained through use of equations 
( 2 ) and (3), was 7' 2 X 106 m ) of ice, with a standard error of 0·8 X 106 m). 

The flow of ice through the calving terminus into the lake is equal to the time- and space­
averaged velocity at the terminal ice face times the projected area of the calving ice face . 
Ice loss due to recession of the terminus is included if one uses the position and area of the 
terminus at the end of the time interval of observation. The volume of ice flow through the 
terminus, a form of ablation and therefore a net budget component, was o' 24 X 106 m ) of 
Ice, with a standard error of about o· 05 X 106 m ) . The total loss of ice obtained from net 

, 
~l , 

to 
··t a 

----------- ----- - --;)0_ t ime 

Fig. 7. EX/Jlanatiol1 of the derivation q( equation (3). The changing mass per unit area of glacier bs is plotted as a function of 
time ; to is the beginning of budget y ear I , t" I" 11 '" I" are the times at the ends of the budget ,years i = [ , 2 , 3 . . . 11 , 

alld the time interval of illterest extends from I a to tb 

budget data, therefore, is 7' 5 X 106 m ) for the 3-Yr. period, as compared with 7.6 X 106 m .3 
obtained from photogrammetric measurements of volume change (equation ( I)) . 

Relations at the glacier sur/ace 

The interrelations between flow, net budget and changes in thickness are first examined 
at specific points near the surface of the glacier. Figure 8 shows the effects typically observed 
at a stake in the accumulation zone of a glacier. The stake and surrounding snow and firn 
(random-dashed area) are shown (a ) at the end of one budget year. The same stake, the 
surrounding old firn (random dashes) and the new snow of the next budget year (dotted area, 
equal in thickness to blp) is shown (b) at the end of the following budget year. This diagram 
is drawn as it would be seen by an observer fixed in space and looking horizontally at a section 
of the glacier cut in the direction of the velocity vector. 

The thickness of the snow layer initially around the pole decreases due to densification but 
not due to surface wastage, because (a ) is the end of a budget year, and this is in an area where 
the subsequent net budget is positive. The water equivalent of the snow layer b'om the base of 
the pole to the surface (random-dashed area) remains constant from (a ) to (b ) . 

Thus 
L, PI = L2(PI + ptJ.t ) 

where LI and L2 are the initial and final thickness of the layer, PI is the initial density, p is the 
rate of change of the density averaged over the time interval from (a) to (b ), which is tJ.t . 
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Therefore, the vertical velocity due to densification of snow around the pole, Wd, assuming 
that the base of the pole remains fixed in relation to the snow immedia tely around it, IS 

_ LI - L z LIp 
Wd - 6.t p, + p6.t 

The vector V (Fig. 8) represents the displacement of a point (e.g. a d ebris particle) o r iginally 
on the glacier surface; this is not the sam e as the disp lacement vector of the stake. The vector> 

u6t 

( a) 

w6t 

( b ) 

b6t 

f 

Fig . 8. D iagrammat ic longitudinal sec/ion at glacier surface showing one stake at beginning (a) and end (b) of olle budget year 
tJ.t , alld several velocity com/Jonellts. Curving arrows in the .firn (random dashes ) show ajJjJroxi1l1ate paths qf /Iow in time 
and space, but are neither stream lilies nor streak lines. Snow added during budget J'ear is indicated by doUed area 

V , plunges at an angle g relative to the original snow surface. If the surface slope ex is constan t 
fmm (a) to (b), it fo llows from Figure 8 that 

tan (ex + g) = (f6.t + u6.t tan o:) /( u6.t ). 

By expanding the left-hand side and combining terms, 

u , 
cot g = tan ex + jsec ex. 

The emergence * velocity f is defined as fo llows (see Fig. 8) : 

f = w+ u tan ex + Wd , 
Thus 

f = A- b/p 

(5) 

(6) 

* This is called the em ergence velocity, in keeping with the conven tion that a ll velocities in the direction o r 
the positive z-axis a re considered positive. In the accumulat ion area, f represents a "submergence" and has a 
negat ive value. 
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where h is the time rate of change of glacier thickness and h is bl fl.t. Equations (5) and (6) 
e xpress the relation between flow, mass budget and glacier thickening. Below the firn area, 
Wd = 0 , and equation (5) reduces to the simple expression 

j = w+ u tan 0: (sa) 

as discussed in an earlier paper (M eier, ' 960, p. 20). 
In Table III are presented results of a computation using these equations at four points 

Dn a longitudina l profile of South Cascade G lacier for the budget year '961 - 62. In this table 
U, W, 0:, Wd and hip were measured directly,jwas calculated using equation (sa), h calculated 
from equation (6) and t from equation (4) . Note thatjand hip almost balanced each other 
at PI, so that in spite ofa large residual snow pack (1 '2 m .) the elevation of the surface did 
not rise appreciably. 

TABLE Ill. R ELATION BETWEEN NET B UDGET, EMERGENCE VELOCITY AND GLACI ER THICKENING AT FOUR 

L OCATIONS, I g62 B UDGET Y EAR 

Location x 11 W a Wd* J b/p h g 
rn . Ill. m. m. /yr. m. /yr. m. /yr. m./yr. 

Po 2,g60 16'5 - 1·6 - 8 · 8 ° 0·00 + O · g - 2 ,0 - 1,1 + 3'°° 
PI 2,01 5 11 '3 - I·g - 4'2° 0·03 - I-I + 1·2 + 0 '1 - 5'2 ° 

P 2 1, 234 8 , 2 - 1· 8 - 3 ' 1° o· l o t - 1 '5 + 1' 7 + 0 '2 - 10''2 ° 

P 3 7°7 4' 7 - 2 ,1 - 6'0° 0· 15 - 1 · 8 + 2'5 + °'7 - l g·gO 

* L, ~ 3'0 m . in each case. t Approximate value. 

Longitudinal variations of thickness change, net budget and emergence velocity 

Values of thickness change, n e t budget and emergence velocity averaged over the width of 
the glacier were calculated for the period 2' August 1958 to 12 September , 961, and plotted 
as a function of the distance (x) from the head of the glacier in Figure 6. In this case, h was 
obtained by diloect m easurement andf calculated from equation (6) . Insufficient data are 
available on the distribution of wand Wd in some areas of the glacier, so j could not be 
calcula ted independently of hip and h. 

The emergence velocity is, as would be expected, negative in the accumulation area and 
positive in the a blation area. The cross-over point is at x = 2,320 m., which happens also to 
correspond with the position of the equilibrium line for a steady-state condition (Fig. 5) . The 
magnitude of em ergence velocity is small at the head of the glacier and at the terminus, 
because the horizon tal and vertica l components of ice velocity are small at these two boundaries 
and therefore the transfer of materia l to or from the surface must a lso be small. 

The angle t between the velocity vector V and the surface was calcul a ted from equation 
(4) . The magnitude and angle of plunge of V , averaged over the width , was calculated for 
points 244 m . apart along the leng th of the glacier from head to terminus. The results (Fig. 9) 
show that t is a rather large negative angle in the upper reaches of the glacier and a similarly 
large positive angle in the lowest reaches . The vector, V , plunges downwards from the 
horizontal throughout the length of the glacier except within 400 m. of the terminus. 

Ice discharge 

If the emergence velocity is known at a ll points on the surface of a valley glacier, then the 
ice discharge through vertical cross-sections can be calculated. Consider a fixed cross-section 
located at a distance x from the h ead of a glacier. If the mean d ensity of the g lacier does not 
,change with time, then the equation of continuity can be written for a given instant of time 
,as follows: 

x 

Q (x, t ) = I w(h- hip) dx. 
o 
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Or, from equation (6), 
x 

Q (x, t ) J Wj dx 
o 

where Q (x, t ) is the discharge in m. 3 (ice)/yr. at time t through a fixed cross-section at :1', 

and W is the glacier width. 
I t seems proper to use the d ensity of ice in the net budget term b/ p for time inter vals of 

one year or more for the following reason: in general, the distribution of density with depth 
below the surface at an y fixed point will be approximately constant in time if the d ensity 
profile is always m easured a t the end of a budget yea r. This is an hypothesis similar to Sorge's 
law for pola r glaciers. In a steady-state condition an increment of snow of low density is added 
to the surface each year. This mass is compensated by an equal mass-increment of ice which 
flows out through the fi xed cross-section (the mean d ensity of the g lacier is close to that of ice) . 
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Fig. 9. Longitudinal jJrojiie showing sll1face ve/ocity vectors and calculated bedrock /)rojile. Vert ical distances are exaggerated 
2' 5 times. B edrock I)rojile is calculated on the assumption that 11 = ii. Sw/ace and bedrock /Hofiles and sill/ ace velocity 
vectors relJresent averages taken over the width of the glacier 

Even though South Cascade G lacier is not currently in a steady-state condition, these re lations 
must be approximately true because the process of compaction shou ld proceed at about the 
same ra te regard less of whether the g lacier is in a steady or non-steady condition . 

Values of Q.calculated using equation (7) are presented in Figure 10 ; Q = 0 a t the head 
of the glacier and reaches a peak of 8·8 X 105 m .3/yr. at x = 2, 3 20 m. The discharge then 
d ecreases a lmost to zero at the terminus. A sligh tly positive Q at the terminus is due to the 
discharge of ice into the lake by calving and melting. The discharge per meter of width, 
Q/ W, is also shown in Figure 10. There is an apparent consistent relation between 0.. / W 
and u (surface velocity averaged over the width ) . It should be noted tha t the 0.. / Wand u 
results are entirely independent. 

Glacier thickness 

The m ean thickness, h, of the glacier at each cross-section can be calculated from the 
relation Q = uh W, where u is the velocity averaged over both width and depth. However, 
determining u exactly is difficult. The known surface velocity is made up of two components : 
one is due to the shear deformation within the ice and the other is the sliding velocity of the 
glacier on its bed. A minimum value for the m ean d epth can be computed by assuming that 

2, 
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u = U. This assumption would be realistic if a lmost a ll of the velocity were due to sliding on 
the bed. The velocity distribution for ice obeying the Glen flow law, flowing in a chann el of 
parabolic cross-section with the bed slip eq ual to zero is a lso such that u ~ u, according to a 
recent calculation by N ye (personal communication) . 

Slightly more precise thickness va lues might be computed by allowing fo r the d ecrease 
of velocity with d epth . This can be done a long the center line if the channel cross-sec tion is 
known to approximate cer tain analytical shap es. H owever, the cha nnel shape of South 
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Distance from head of g lacier x, In meters 

Fig. 1 0 . L ongitudinal variations of discharge and velocity. Q is the actllal discharge, Q / W is the discharge per ullit width, 
Q 0/ Q is the ratio of steadv-state discharge to actual discharge, and 11 is the sill/ace velocity averaged over the width. The 
vallles of Qand Q o were calCIIlated using data averaged over the jleriod 2 r August 1958 to 12 Sell tember 1961 

Cascade Glacier is not known, nor is there an y obvious way to determine the d ecrease of 
velocity with d epth away from the center lin e. T herefore , this calculation is not attempted here. 
It can be shown that the magnitude of the correction is small ; nowhere can it exceed about 
28 p er cent. 

A bed rock profile based on the ass umption that M, = u is shown in F igure g. Qua litatively, 
the profile appears to be reasonable : flat uncrevassed a reas occur where th e bed profile is 
con cave upwards; steep crevassed areas overlie convex parts of th e bedrock profile. T he 
maximum thickness (averaged over the width ) is a bout 15 2 m .; the mean thickn ess for the 
whole glacier is about 83 m. 

Relation to a steacfy-state condition 

I t is instructive to calculate how fa r the present cond ition of Sou th Cascade Glac ier differs 
from a steady state. One way to do th is is to compute discharge which would resul t from a 
stead y-state condition with the present glacier area and a stead y-state net budget. First, a 
distribution of steady-sta te net budget values, bo, must be computed . Actual net budget values 
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can be expressed as function s of elevation b(z) . The net budge t total , B, is obtained by multi­
plying the net budget values, b(z), by the corresponding distribution of area with altitude, 
S(z), and summing over th e vertical ex tent of the glacier 

B = J b(z) S(z) dz. 

By definition, a steady-state net budget is one in which 

Bo == J bo(z) S(z) dz =- 0 

(lV[eier , 1962, p . 258) . The refor e, a distribu tion of bo(z) can be ob tained from any distribution 
of b(z) by subtracting B /S from each value of b(z), where S is the total area of the glacier, 
because 

.r [b (z)-B /S] S(z) dz = o. 

In Figure 5b, bo( z) and S(z) a re gra ph ed as functions of a ltitude. C urve I shows a bo(z) 
calculated from b(z) averaged over the whole period of record (budget years 1957- 58 to 
1963- 64) ; curve 2 was computed using b (z) averaged for the period 2 I August 1958 to 
12 September 1961. Equa tion (3) was used in the averaging . T h e two curves are quite similar, 
even tho ugh the aberrant 1960- 6 I eurve received much greater weight in curve 2. 

A similar distribution of stead y-state n et budget values can be obtain ed by summing over 
hori zonta l distance down-g lacier , x, knowin g th ~ distribution of net budget, b(x), and area, 
S(x), with di stance. A curve of bo(x) for the p eriod 2 1 August 1958 to 12 Sep tember 196 I was 
used in equation (7) to calculate a stead y-state uni t discharge Q o(x)/ W. This curve was 
calcula ted with a n assumed discha rge a t the terminus equal to the presen t discharge. The 
resulti ng curve has a shap e similar to th e shape of the present unit discharge curve but the 
discha rge at any given point is about twice as g reat. The ratio of Q, o/Q, is plotted as a function 
of x in Figure 10. This curve is dashed at the upper end (x < 400 m .), because here the 
computa tion of Q, o is sensit ive to slight varia tions in th e assumed boo It is a lso dashed within 
150 m. of th e terminus, because the ra rio has been a rbitraril y forced to equa l one a t the 
termillus. This forcing has no apprecia ble effect more th an 150 m . from the te rminus. Th e 
mea n ra tio of Q,o/Q, is about 2'2. ~ ye ( 1963[bj ) a lso calcul a ted va lues of Qo. His results 
differ from these by less than 6 per cent, a lthough he used p re liminary data a nd a different 
m ethod of computa tion. 

Although the calcu lated stead y-state discha rgt: of South Cascade G lacier is about twice 
the actua l di scha rge, the calcul a ted stead y-sta te thickness is not twice as g reat, because 
Q, = 'U h IV, a nd the stead y-sta te values uo, ho a nd Wo would a ll he greater than under present 
conditions. From Nye's a na lysis (Nye, 1963[b], p. 11 2) !to/u = (Q, o/ Q,)'I ~ I ·8 ; so 
ho = 1'16 li, assuming Wo = /lI T. This would suggest that the glacier would have to be 
a bou t 16 pe r cent thi cker than the present in order to have a stead y-state discha rge. However , 
the a na lysis is no t as simple as this because, if the glacier is m ad e thicker , the surface slope 
must ch a nge, decreas ing the veloci ty in the upper part of the g lacier and increas ing it at the 
term inus, n ecessitating inc reased thickness above and decreased thickn ess be low. The width 
of the glacier will be slightl y increased and th e cbanged elevation of the g lacie r surface will 
cause the distribution of net budget values to change. Calculation of an in ternall y consistent 
stead y-state profil e of th e g lacier is labol"ious, requires m any simplifying assumptions and is 
not a ttempted here . However, it appears that the g lacier wou ld have to be somewhat less tha n 
16 per cen t thicker in order to hand le a stead y-state distribution of net budge t with the present ­
day leng th a nd area. 
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