
TESTS FOR THE SCALE PARAMETER 

OF THE TRUNCATED NORMAL, 

I rwin Gut tman 

( r e c e i v e d June 30, I960) 

!• S u m m a r y . Th i s p a p e r con t inues the w o r k begun in [ l ] 
and e x a m i n e s the l o s s of power when us ing t e s t s b a s e d on the 
a s s u m p t i o n tha t the v a r i a b l e be ing s a m p l e d h a s a " c o m p l e t e " 
n o r m a l d i s t r i bu t i on , when in fact , s amp l ing i s f rom a s y m m e t ­
r i c a l l y t r u n c a t e d d i s t r ibu t ion . The hypo thes i s c o n s i d e r e d h e r e 
i s the o n e - s i d e d t e s t for the v a r i a n c e of a n o r m a l d i s t r i bu t ion . 
Some t a b l e s have b e e n computed and they show tha t a p p r e c i a b l e 
l o s s e s in s i ze o c c u r . Some l o s s o c c u r s in the p o w e r too , but 
t h i s d e c r e a s e s with the a l t e r n a t i v e va lue of the v a r i a n c e and 
the d e g r e e of t r unca t i on . 

2. In t roduc t ion . Le t a n o r m a l d i s t r i bu t ion be s y m m e t r i c ­
a l ly t r u n c a t e d a t t e r m i n u s poin ts l f a n s t a n d a r d dev ia t ions f rom 
the m e a n , i. e. , i t s dens i ty g(x) i s given by 

c 2 2 
(2. 1) g(x) = -j=^ exp [- | ( x - p.) / <r J for | x - [ i | < a<r 

= 0 o t h e r w i s e , 

w h e r e c i s given by 

to ->\ l i r a - t 2 / 2 
(2. 2) — = -7==- / e dt . 

In t h i s p a p e r , we confine a t t en t ion to s y m m e t r i c t r u n c a t i o n 
only, and a s s u m e tha t the p a r a m e t e r va lue \i i s known. (The 
c a s e of the p a r a m e t e r cr a s s u m e d known i s d i s c u s s e d in [ l ] . ) 

The m o t i v a t i o n for c o n c e r n wi th t r u n c a t i o n i s the fol lowing. 

R e s e a r c h s u p p o r t e d by the Office of Nava l R e s e a r c h whi le the 
a u t h o r w a s a t P r i n c e t o n Un ive r s i t y . 
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V e r y o f t e n a s t a t i s t i c i a n i s c o n f r o n t e d w i t h a h y p o t h e s i s t e s t i n g 

p r o b l e m c o n c e r n i n g t h e v a r i a n c e of a p o p u l a t i o n . H e a l l t o o 

o f t e n p r o c e e d s u s i n g t h e a s s u m p t i o n t h a t h e i s s a m p l i n g f r o m a 

p o p u l a t i o n w h i c h i s n o r m a l l y d i s t r i b u t e d , w h e n i n f a c t h e i s 

s a m p l i n g f r o m a p o p u l a t i o n w h o s e d e n s i t y f u n c t i o n i s g i v e n b y 

( 2 . 1 ) . O b v i o u s l y , t h i s " a s s u m p t i o n e r r o r " g i v e s r i s e t o e r r o r s 

in t h e p e r f o r m a n c e c h a r a c t e r i s t i c s of a n y t e s t t h a t h e w i l l u s e . 

In t h i s p a p e r w e e x a m i n e t h e i n f l u e n c e of t r u n c a t i o n o n t h e s i z e 

a n d p o w e r of t h e t e s t s u s e d w h e n t h e " a s s u m p t i o n e r r o r " i s 

m a d e . 

3 . D i s t r i b u t i o n of s u m s of s q u a r e s . L e t a s a m p l e of n 

i n d e p e n d e n t o b s e r v a t i o n s b e t a k e n on X , w h e r e X h a s t h e d i s ­

t r i b u t i o n f u n c t i o n ( 2 . 1 ) . T h e s a m p l i n g d i s t r i b u t i o n s of 

S = S n = E ^ X ^ c a n b e d e r i v e d f o r s m a l l v a l u e s of n b y 

c o n v o l u t i o n , b u t u n f o r t u n a t e l y n o g e n e r a l f o r m i s a v a i l a b l e . 

We i n d i c a t e t h e d e r i v a t i o n f o r v a l u e s of n u p t o 4 , a n d f o r t h i s 

p u r p o s e w e t a k e , w i t h o u t l o s s of g e n e r a l i t y , JJL = 0 , cr = 1, a n d 

l e t g n d e n o t e t h e d e n s i t y f u n c t i o n of t h e d i s t r i b u t i o n of S. 

2 
C a s e n = 1. L e t S = X . T h e n f r o m ( 2 . 1 ) , i t i s e a s y t o 

s e e t h a t 

/o .x / x c 1 - s / 2 ^ 2 
(3-1} ^ ' W H * ' 0 < s < a . 

C a s e n = 2 . L e t S = X + Y , w h e r e X a n d Y a r e d i s t r i b u t e d 

i n d e p e n d e n t l y , e a c h w i t h d e n s i t y ( 3 . 1 ) . B y t h e c o n v o l u t i o n 

f o r m u l a t h e d e n s i t y of S, s a y g2 ( s )» i g g i v e n b y 

g 2 ( s ) = f_™ g ( s - x ) g ( x ) d x , 0 < s < 2 a . 

2 2 
S i n c e g . ( x ) ^ 0 i f 0 < x < a a n d g ( s - x ) ^ 0 if s - a < x < s } 

i t f o l l o w s t h a t t h e i n t e g r a n d i s n o t z e r o w h e n e v e r 
2 2 

m a x ( s - a , 0) < x < ( m i n ( s , a ) . S p l i t t i n g u p t h e r a n g e of 
i n t e g r a t i o n , w e f ind t h a t 

( 3 . 2 ) * c 2 - s / 2 2 
( g 2 ^ s ) = T " 6 ' if 0 < s < a , 

g 2 ( S ) = 2 2 
* * , . c * - s / 2 . - 1 2a JX . r 2 ^ 2 

l g ( s ) = — e s i n ( - 1 ) , if a < s < 2 a . 
2 TT S — — 
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Case n = 3. Here let S = X + Y, where X and Y are 

distributed independently, X having density function (3. 2), and 

Y the density (3. 1). Then if g As) denotes the density of S, 

g3(s) = y_* g (s - x)g2(x)dx, for 0 < s < 3a . 

Since g (s » x) ^ 0 if s - a < x < s, and g9(x) ^ 0 if 

0 < x < 2a , it follows that the integrand is not zero if 

~" 2 2 
max(0, s - a ) < x < min(s, 2a ). Examining figure 3.1, it 
is clear that 

g3(8) -

r s * 2 
/ g (s - x) g (x)dx, if 0 < s < a , 

Jo 1 Ù — 

2 g1(s - x) g2(x)dx + / 2 gd( s - x) g 2 (x)dx, 
s-a ^a • .„ 2 . 2 

if a < s < 2a , 

2a2 , , * * , , , . . . 2 , 2 
if 2a < s < 3a . 

r 2a * * 
/ 2 g l ^ S " X^ g 2 ^ x ^ d x ' 

^ s-a 

On doing the necessary integration, one finds that 

g 3 ( 8 ) = 

3 
c r- - s /2 ,e _ 2 

-7= vs e , if 0 < s < a , 
>V/2IT — 

3 
e (3a - 2/s), if a < s < 2a , 

/ 2 T T 

3 2 2 
c -s /2 r, ^ -1 3a - s , -1 (3a - s) J I ? 

7 2 ^ 6 i 6 a t a n 2a^s - 2a^ " 4 ^ S t a n J s , 2a^(s + >*)* 
2 2 

if 2a < s < 3a . 

Case n = 4. Using a similar procedure to the above (and 

consulting figure 3. 2) one can verify that 

4 2 
c -s /2 if 0 < s < a , 

r s e 
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4 2 / 2~ 
c - s / 2 r . - 1 2a - s , , - l V s - a „ / Z~7 

— e 4 s s m - 2s sin — — + 4aVs - a > , 

•r 2 -» 2 

if a < s < 2a , 

4 _ r- 2 / 2 2 
c - s / 2 f̂  2 , / T 2 _ . - 1 ^ a - V ( s - a ) ( s - 2 a ) 
— e < 6a - 6avs - 2a - 2s s in 
2TT 1 s 

- 2avs - a + 2V2 a v s - 2a j 

4 2 
c - s / 2 T s f 1 ^ - 1 3a - x 

+ —=5 e / i. oa t a n / 2 ifi-T 
^ 2a 

2 ^ 6 / , 2 Ifi-TIE D* ^ 2aVx - 2a^ 
^ 2a 

. 4 J S t a n " 1 O a 2 - x W 5 - K i f 2 R 2 < g < 3 a 2 
,yx - 2a^(x + a^)J — 

4 2 2 
c - s / 2 f 3a 1 / / - 1 3a - x 
S ? e y s -a2 JTT^ (6a t a n 2 a > « 2 a 2 

,_ - 1 (3a - x)Vx I , . . . 2 2 
-4Vx tan , „ o, — — 5 \ ( dx, if 3a < s < 4a . 

V x - 2 a 2 ( x + a2)J ~ — 

The funct ions 4>n(s) = / g n ( t )d t , n = 1, 2, 3 and 4, have b e e n 
t a b u l a t e d by the a u t h o r , on the IBM 650, l o c a t e d a t the S t a t i s t i c ­
a l T e c h n i q u e s R e s e a r c h Group , P r i n c e t o n U n i v e r s i t y . The 
a u t h o r w i s h e s to t hank D r . R. S. P i n k h a m for h i s g e n e r o u s h e l p 
with the p r o g r a m m i n g . 

4* T e s t s of h y p o t h e s e s u n d e r t r u n c a t i o n . In t h i s s ec t i on , 
we wil l e x a m i n e the effect of t r u n c a t i o n on s ize and p o w e r of 
t e s t s of h y p o t h e s e s tha t deal with the v a r i a n c e s of p o p u l a t i o n s . 

Le t a s a m p l e of s ize n be t aken f r o m a popula t ion , whose 
d i s t r i b u t i o n i s N(0, cr^). Then a u n i f o r m l y m o s t power fu l (UMP) 
t e s t of s ize a for the one s ided h y p o t h e s i s p r o b l e m 

(4. 1) H: cr2 = 1 Alt : a*2 = cr2 > 1 
1 

i s g iven by : 
n 2 2 

(4 .2 ) Re jec t H if S = 2 . X . > \b ; a c c e p t H o t h e r w i s e , 
n i=l l a,n 

w h e r e \\i * s the point exceeded with p r o b a b i l i t y a u s i ng the 
a, n 
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C h i - S q u a r e d d i s t r i bu t ion with n d e g r e e s of f r e e d o m . Now if 
s ampl ing f rom N a ( 0 , <rc), w h e r e N a ( 0 , <r ) i s the density-
function (2. 1) with = 0, and the t e s t p r o c e d u r e (4. 2) i s u s e d , 
the p r e a s s i g n e d s ize of th i s ' u s u a l 1 t e s t i s r e a l l y not obta ined. 
The a c t u a l s i ze i s given by 

(4. 3) a ! = P r ( S > ty 2 ) 
n a, n 

w h e r e h e r e S n i s the r a n d o m v a r i a b l e with dens i ty function 
g n ( s ) of the l a s t sec t ion . 

F u r t h e r , the u s u a l p o w e r function of the p r o c e d u r e (4. 2) i s 
given by 

P (<r2) = P r ( S > I|J
 2 I S ~ + 2 cr2) 

u n ûr,n n 
(4. 4) 4, 2 

= P r S > — i - S ~ ib ). 
n o*̂  ' n n 

2 
Now if the s ampl ing i s f rom a t r u n c a t e d d i s t r i bu t i on , N a ( 0 , cr ), 
the f a c t u a l ' power function of the f u sua l 1 s ize a t e s t i s given by 

P(«r , a) = P r ( S > i|; | S ~ g ( s , cr )) 
n a, n ' n n 

(4. 5) 2 

= P r ( S . > ~7T I S ~ g ( s , l ) = g ( s)). 
n <r̂  n n n 

Denote the d i f fe rence of (4. 4) and (4. 5) by 

(4 .6 ) L(tr2 , a) = Pu(<r2) - P(o-2, a ) . 

2 2 
F o r <r = 1, Li equa l s <* - or* , while for a l l o t h e r v a l u e s of or , 
L i s the " l o s s of p o w e r " if the u s u a l p r o c e d u r e i s followed even 
though sampl ing is f rom a t r u n c a t e d d i s t r i bu t ion . V a lue s of 

2 2 
Pu(cr ), P(er , a) and the l o s s in p o w e r e x p r e s s e d a s p e r c e n t a g e 

2 2 
of Pu(o~ ) for d i f ferent v a l u e s <r and t e r m i n u s po in t s ! a ! a r e 
given in tab le I for or = . 05 , n = 1, 2, 3 , and 4. 

Now, le t u s t u r n to the s i tua t ion w h e r e s ampl ing i s f rom 
N a ( 0 , cr^). By the N e y m a n - P e a r s o n F u n d a m e n t a l L e m m a , the 
U M P t e s t of (4. 1) of s ize a i s : 
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Rejec t H if SX . > K ( a , n ) , o r m a x l x . | > a; 
1 or l 

(4 .7 ) 
a c c e p t H o t h e r w i s e ; 

w h e r e K ( a , n ) i s the point exceeded with p robab i l i t y a u s ing 
the d i s t r i b u t i o n w h o s e dens i ty i s g n ( s ) . Tab le II g ives the 
s ign i f i cance po in t s for the t e s t (4. 7) for d i f ferent n, a and a. 
Tha t i s , if s a m p l i n g f rom a ' t r u n c a t e d 1 n o r m a l d i s t r i b u t i o n , 
(4. 7) g ive s the ! c o r r e c t ' t e s t for p r o b l e m (4. 1) and t a b l e II 
g ives the c o r r e c t s ign i f icance po in t s for t h i s p r o b l e m , 

5. C o n c l u s i o n s . E x a m i n a t i o n of t ab le I, shows that by fa r 
the m o s t s e r i o u s l o s s e s o c c u r in the s i ze of the t e s t r a t h e r than 
in i t s p o w e r . F o r e x a m p l e , if the t r u n c a t i o n o c c u r s a s m u c h a s 
two and a half s t a n d a r d dev ia t ions away f rom the m e a n , and 
n = 4, the s ign i f i cance l eve l i s only two p e r c e n t if the u sua l 5 
point i s u s e d . H o w e v e r , t h i s i n c r e a s e s if the t r u n c a t i o n is 
t h r e e s t a n d a r d dev i a t i ons away f rom the m e a n , and indeed the 
s ize a p p r o a c h e s the 5°/o l e v e l , a s the d e g r e e of t r u n c a t i o n 
i n c r e a s e s . 

It i s i n t e r e s t i n g to note tha t , a l though the l o s s e s in p o w e r 
a r e a l m o s t neg l ig ib l e a s n i n c r e a s e s , they do i n c r e a s e a s n 
i n c r e a s e s . T h i s of c o u r s e i s exp la ined by the fact tha t t he 
d i s t r i b u t i o n s of s u m s of s q u a r e s of v a r i a b l e s f rom the t r u n c a t e d 
n o r m a l have m e a n and v a r i a n c e l e s s than tha t of the d i s t r i b u t i o n 
of Xi M tha t i s , the d i s t r i b u t i o n m o v e s to the left a s n i n c r e a s e s , (n) 
and g ives l e s s p r o b a b i l i t y to t a i l s on the r igh t , and hence l a r g e r 
L. 
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TABLE II 

O/ 
Upper 100a /o points of g n ( s ) . 

a 

.10 

.05 

.025 

.01 

.005 

\ n 
a \ 

1.0 
1. 5 

2. 0 
2.5 
3.0 
00 

1.0 
1. 5 
2. 0 

2. 5 
3. 0 
00 

1. 0 
1. 5 

2. 0 
2.5 
3. 0 
00 

1. 0 
1. 5 
2. 0 

2. 5 
3. 0 
00 

1. 0 
1. 5 

2. 0 
2. 5 
3.0 
00 

1 

.753 
1. 503 

2. 168 
2. 537 
2. 667 
2.706 

. 862 

1. 823 

2. 818 

3.489 
3. 759 
3.841 

.932 
2. 020 
3. 298 

4. 346 
4. 851 
5.074 

, 972 
2. 153 
3. 631 

5. 823 
6.215 
6. 635 

.986 
2. 201 

3. 833 
5. 660 
7. 106 
7. 879 

2 

1. 126 

2. 252 
3.429 
4. 204 
4. 510 
4. 605 

1.319 
2.635 
4. 014 
5.222 
5.796 
5.991 

1.484 

3. 008 

4. 881 
6.029 
6.996 
7. 378 

1. 657 
3.435 
5.330 
6.953 
8. 355 
9.210 

1. 755 
3. 697 
5. 848 
7.696 
9-158 
10.597 

3 

1.545 
3.045 
4.489 
5.594 
6.091 
6.251 

1.755 
3.521 
5.266 
6. 641 
7.495 
7.815 

1.929 
3.927 
5.978 
7. 609 
8.745 
9. 348 

2.140 
4. 381 
6.808 
8. 820 
10.200 
11.345 

2.287 
4.701 
7.358 
9.675 
11.269 
12.838 

4 

1.926 
3.799 1 
5. 574 
6.865 
7.553 
7.779 

2.073 j 
4.318 
6. 449 ! 
8.054 1 
9.063 
9.488 

2.268 I 
4.716 
7.225 

9.052 
10.369 
11.143 

2. 547 
5.218 

8. 329 
10.482 
12.018 
13.277 

2.733 
5.496 

• 9.426 
11.587 

13.203 
14.860 
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FIG. 3.1 
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X=S-a 

FIG. 3.2 
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