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ON JOINT SPECTRA OF NON-COMMUTING NORMAL OPERATORS

ALAN J. PRYDE AND ANDRZEJ SOLTYSIAK

The purpose of the paper is to show that the Harte spectrum and the bicommutant
spectrum of an arbitrary n-tuple of normal Hilbert space operators can be obtained
from the spectral set v introduced by McIntosh and Pryde. It is also proved that
many commonly used joint spectra of an n-tuple of normal m by m matrices are
equal. These results are non-commutative variants of some theorems proved by
McIntosh, Pryde, and Ricker for commuting sets of operators.

Let H be a complex Hilbert space. All operators considered in the sequel are
assumed to be bounded linear operators on H. In [7, 8] McIntosh and Pryde introduced
a notion of a spectral set v(T') associated to each n-tuple T' = (T1,...,T,) of operators
and defined as follows:

¥(T) = {()‘1,.. HAn) ER™: Z(Tj — );)? is not invertible in B(H)}.

i=1

(Here we write for simplicity T; — A; instead of T; — A;I.) This set has proved useful
not only in the spectral theory of self-adjoint operators but also in comparing various
types of joint spectra of commuting n-tuples of operators (see [9]). One advantage of
the set 4(T') over other joint spectra is that it can be easily computed.

In this paper we show that the spectral set 4(T') is also useful in the multiparameter
spectral theory of normal (not necessarily commuting) operators. Moreover we prove
that many known joint spectra coincide on the n-tuples of normal m by m matrices.

We recall some definitions of joint spectra. Let, as before, T = (Ti,...,Tn) be
an n-tuple of operators. A point A = (A1,...,An) of C* is not in the left spectrum

of T if there exist operators S1,...,S, € B(H) such that 3 S;(T; — ;) = I. The
=

left spectrum of T will be denoted by oi(T). The right specirum, o.(T), is defined
analogously. The Harte specirum of T (in B(H)) is the union of the left and right
joint spectra; in symbols

ou(T) = ai(T) U o (T).
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It is well-known (see [6, Theorems 2.5 and 2.4]) that
a(r)={rec: "iﬂglz I(T; = 25)ell = 0}
z||= =

(the approximate point spectrum) and

n

on(T)={XeC: Y ((T; - 3)(E) # H}

j=1

(the defect spectrum).

Let S be a non-empty subset of B(H). The commutant §' of § is the set of all
operators that commute with every element of S. The bicommutant S is the commu-
tant of S'. It is clear from the definition that S" is a closed, unital, and inverse-closed
subalgebra of B(H) containing the set S. The bicommutant spectrum of an n-tuple
T = (T1,...,Tn), denoted by ¢"(T), is the Harte spectrum of T in its bicommutant
{T1,...,Tn}". One can also consider the Harte spectrum of T' = (T1,...,T,) in the
Banach algebra [Ti,...,T,] generated by T4,...,T, and the identity. Let us denote
this spectrum by &(T').

To define the last joint spectrum to be used in this paper we require “non-
commutative polynomials” (see [6, pp. 98-99]). By P(®) we denote the algebra
of all polynomials over C in non-commutative indeterminates Xi,...,X,. In other
words, P(™) is the free associative complex unital algebra generated by the symbols
Xi1,...,Xn. An n-tuple of operators (Ti,...,T,) € B(H)" induces a homomorphism
f - f(Ti,...,Tn) from P™ to B(H) which preserves the identity and sends each
X; to the corresponding T; (5 =1,...,n). A system (f1,...,fm) € ('P("))m will be
identified with a polynomial map f : B(H)" — B(H)™ which sends (T1,...,T») to
(f1 (T1,.. . Tn)y oy fu(Thy . - -, T,,)) . The restriction of this mapping to the scalar mul-
tiples of the unit C* C B(H)" takes its values in C™ C B(H)™ and reduces to the
system of “numerical” polynomials.

The Waelbroeck spectrum of an n-tuple T = (T4,...,T,) (sometimes called the ra-
tional, polynomial or rationally convex joint spectrum, see [1, 9], and [10] respectively)
is defined to be the set:

or(T) = {X € C*: f(A) € o(f(T)) for every f € 'P(")}.

It is known (see [10]) that for an arbitrary n-tuple T' = (T4,...,T,) of operators
the following inclusions are true:

(1) ou(T) C ¢"(T) C or(T) C 5(T).
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Moreover all these spectra are compact (possibly empty) subsets of C* (see [6, 10],
and [11]). Notice also that for a single operator T the sets oy (T"), ¢'(T), and o=(T)
coincide and are equal to the usual spectrum of this element denoted by o(T).

For convenience of the reader we shall state the following result (see [2, Lemma
2.4]) which will be used repeatedly in the course of the paper.

DasH’s LEMMA. Let T = (Ti,...,T,) be an arbitrary n-tuple of operators.
Then

(8 Aea(T) if andonly if 0 € o35 (T = X5)"(T3 — 7)),
(b) A€o (T) if and only if 0 € a(zjj (Ty = X)(T; = %)) -

This lemma immediately implies

CorOLLARY 1. IfT =(Ty,...,T,) is an n-tuple of normal operators, then
a(T) = o (T) = ou(T).

For n-tuples of self-adjoint operators we can prove more.
ProrPosITION 1. Let T = (Th,...,T,) be an arbitrary n-tuple of self-adjoint
operators. Then
(2) o|(T) = o5(T) = ou(T) = 0"(T) = or(T) = 7(T) = +(T)
PrROOF: From Dash’s lemma we get
oi(T) = 0+(T) = ou(T) = 7(T).
It is also clear that
o(T) Co(Ty) x - x o(Tn) CR™
Hence, in view of (1), it is enough to show that &(T") C v(T').
Suppose A ¢ (T). This implies that the operator § = 3 (T; — A;)? is invertible
j=1
in B(H). As [T1,...,T,] is a C*-algebra and S € [11,...,Ty] there exists V in
[T1,...,Ty] such that V.S = I. But this gives Y, V(T; - \)(T;—2;) =1. So A ¢

j=1
&(T) and the proof is complete. 1]
REMARKS. 1. The equality o(T) = 4(T) for T an n-tuple of self-adjoint operators
was proved in [4, Proposition 2].
2. For a commuting n-tuple T = (T,...,T,) of Banach space operators, equali-
ties (2) imply that the spectra o(Tj) (7 = 1,...,n) are real (see [9, Theorem 1]). This
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is no longer true if the operators T; do not commute. To see this take the follow-

1 :
ing 2 by 2 matrices: 4; = (0 8) and A; = (z{2 (1)) Then o(4,) = {0,1},

o(Az) = {—\/ﬁ/4 +1/4,1/15/4 +i/4}, but oAy, A2) = 0p(A1,43) = og(A1,4,) =
0''(A1,Az) = or (A1, A2) = 5(A1, 42) =7(A1,42) = 0.

Now we proceed to the case of normal operators. We start with

LEMMA. Let T = (Th,...,T,) be an arbitrary n-tuple of normal operators. Then
ou(T,T*) = {(A,X) eC™: )¢ a'H(T)},

where T* = (Ty,...,T:) and X = (X,...,An).
Proor: By Theorem 3.4(i) of [6] we have

ou(T,T*) C {(A,X) € C" : X € ou(T)}.

The reverse inclusion follows from the identity

z —/\)+Z(T -%) (T - —2Z(T 25)(T5 = X5)
and Dash’s lemma. a

COROLLARY 2. If T =(T,...,Tn) is an arbitrary n-tuple of normal operators,
then

{f(A,X) :AE UH(T)} C O'H(f(T, T*))
for every polynomial map f € (’P(z"))m
Proor: This is an immediate consequence of the Lemma and Theorem 3.4(ii) of
[6]. g
Now observe that if T = (T1,...,T»)} is an n-tuple of normal operators and T; =
ReT; +1ImT;, j =1,...,n, then, in view of Corollary 2,
A € on(T) implies (ReA,Im}) € oy (ReT, ImT),

where ReT = (ReTh,...,ReTy,), ImT = (ImTh,...,ImT,), Rel = (Re)y,...,Re),),
and ImA = (ImA,,...,Im),.).

Let us introduce the following notation (see [9]):

I(T) = (ReT,ImT) and p(21,.--,22n) = (21 + 22n41,- - -y 2n + i22n)-
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THEOREM 1. Let T = (Th,...,T,) be an arbitrary n-tuple of normal operators.
Then

or(T) = "(T) = p(v(I(T))).-

Proor: First we prove that oy(T) = p(7(H(T))). By the one-way spectral
mapping property of oy (see [6, Theorem 3.2]) and Proposition 1 we get

p(v(W(D)) = p(ou (WT))) € ou (p(WT))) = on(T).

On the other hand, if A € og(T), then (ReA,Im)) € o5 (II(T)), and therefore

= p(ReA,ImA) € p(dH (H(T))) = P('Y(H(T)))

as was to be proved.
To obtain the equality oy(T) = ¢"(T") it is enough to show that o"(T") C ou(T)
as the reverse inclusion is obvious (see (1)). Suppose A ¢ og(T'). By Dash’s lemma the

operator S = Y, (Tj — X;)*(T; — A;) has an inverse V in B(H). Since the operators
j=1
Th,..., T, are normal, it follows from Fuglede’s theorem that S € {T3,...,T,}". Hence
V € {Th,...,Tn}" and from Y V(T; —X;)*(T; — A;) = I we conclude that )\ ¢
i=1

o' (T). This completes the proof. 1]

REMARKS. 1. Theorem 1 can be viewed as a generalisation of Theorem 2 and Lemma
2 of [9] to non-commuting n-tuples of normal operators.

2. Example 4.2, pp. 212-213 in [1], shows that even for a commuting pair of normal
operators (T1,T3) the inclusion

0’"(T1 f Tz) C O"R_(Tl, Tz)

can be proper.

3. One can easily modify Taylor's example [12, pp.189-191] to obtain two com-
muting Hilbert space operators T;, T> (one of them not being normal) with

ou(T1,T2) # o"(T1,Ts).

So, Theorem 1 is not true when the operators Tj,...,T, are not normal.

4. Since Dash’s lemma and Theorem 3.4 of (6] are valid for an arbitrary C*-algebra
the same is true for the results presented above.

In the finite dimensional case we can prove the following;:
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THEOREM 2. Let A =(Ay,...,A;) be an arbitrary n-tuple of normal m by m
matrices with complex entries. Then

oi(A) = 0,.(A) = ou(A) = 0"(4) = or(A4) = 5(4)
= P(’Y(H(A))) = {joint eigenvalues of Ay,...,An}.

ProOF: By Theorem 2.6 in [6]
oi(A) = {joint eigenvalues of 4;,...,4,}.

In view of Theorem 1, Corollary 1, and (1) it is enough to show that o(4) C on(4).
If 5(A) =0, then we are done. If, on the other hand, 3(A) 3 0, then by Theorem
1 of [11] (see also Proposition 2 of [3])

o(A) = {((p(Al), ...,(An)) : ¢ a multiplicative linear functional on [44,..., An]}.

We always assume that multiplicative linear functionals are non-zero. Notice also that
Aj € [A1,...,Ap] for j = 1,...,n as A} = f;j(A;) for some polynomial f; (see [5,
p.172, Exercise 3(a)]). Therefore for an arbitrary multiplicative linear functional ¢ on
the algebra [A;,...,A,] we obtain

(4; — ¢(4;)) (4; — ¢(4;)) C kernel ¢ # [A1,. .., Aq).

n
=1

J

Thus the element Y (A4; — (,o(Aj))*(AJ- —¢(A;)) is not invertible in [4,,...,A,] and
=1

consequently not invertible in the algebra of all m by m matrices. An application of

Dash’s lemma concludes the proof. 0

REMARKS. 1. In [4, Proposition 5], it is shown that for self-adjoint matrices A =
(41,...,4,), v(A4) = {joint eigenvalues of A;,...,A,}.
2. To show that Theorem 2 is not true when the matrices are not normal take the

following two 5 by 5 matrices:

01000 0 01 00
0 00 0O 1 0000
A;=|0 0 0 1 0fadd,=]|0 0 0 0 O
0 0 0 01 00 00O
0 00 00 0 0010
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Then (see [10, Example 1])

p(1(1(41,4,)) ) = o1(41, 42) = 02(As, 42) = om( A1, 43) = 0"( A1, 4,) = 0

while
or(A1, 42) = 5(A1, 42) = {(0,0)}.

3. To give another example showing that it can happen that op(A:,4;) #
o""(A1, Az), consider the following two 3 by 3 matrices:

1 -1 0 0 0 O
Ai=(0 1 O0)andA4d; =10 1 -1
0 0 O 0 0 2

It is a matter of simple computation to show that

p(7(H(A1,Az))) =0, oi(41,42) = {(1,0)}, ox(41,42) = {(0,2)},
or(A1, 4z) = {(1,0),(0,2)} # 0" (41, 42) = or(A1, 42)
=5(41, 42) = {(1,0),(1,1),(0,2)}.
Finally we prove

PROPOSITION 2. For an arbitrary n-tuple A = (A;,...,A,) of m by m com-
plex matrices, or(A) = 7(4).

PRroOF: From the proof of Theorem 2 it is clear that it is enough to show
{((p(Al), ceey (p(An)) :  a multiplicative linear functional on [4;,..., An]} C or(4).

Let ¢ : [A1,...,4,] — C be an arbitrary multiplicative linear functional and f an
arbitrary polynomial in P(*). Then we get

f((p(Al),.. . ,<p(A,,)) = ga(f(Al,...,A,,)) € 3(f(A1,. .. ,A,,)) = a(f(Al,. 3 .,A,,)),
and the result follows. 0
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