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Abstract. The equations for the rotation of a weakly deformable ce
lestial body in non canonical Andoyer variables have been used to study 
the perturbation of Earth rotation due to tidal deformation raised by the 
Moon and Sun. A theory of the perturbed rotational motion of an iso
lated weakly deformable body in Andoyer variables and in components 
of the angular velocity has been developed. Mantle tidal deformations 
due to lunar and solar influences were analytically described and taken 
into account. Perturbations of the first order in the Earth's polar motion 
were determined. 

1. Equations of a Weakly Deformable Body Rotation 

Consider a weakly deformable body, assuming that its particles are slightly dis
placed from the positions corresponding to a rigid motion, or move with small 
velocity that is a known function of time. The body has an inner rigid part, 
to which we tie a Cartesian reference system C^nC,, and an external deformable 
envelope. The origin of both of them coincides with the center of mass of the 
body. 

Let A, B, C and F, E, D be axial and centrifugal moments of inertia of the 
body with respect to the said frame, that are assumed to be known functions of 
time. The components of the inertia tensor can be cast as a sum of the terms: 

A = A0 + SA, B = B0 + 6B, C = CQ + 6C, 
F=F0 + 6F, E = E0 + SE, D = D0 + 6D, (1) 

where AQ,BQ,CQ,FO,EQ,DQ are the components of the tensor of inertia in the 
undeformed state of the body, and 6A,8B,8C,dF,6E,8D are additional terms 
due to the density redistribution. To focus our attention on the effects pointed 
out before, we will suppose that the angular momentum of the relative motion 
of the body particles vanishes (i.e., we choose a Tisserand frame). 
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Now we introduce for consideration a set of Andoyer's variables 

G,0,p,l,g,h, (2) 

with cos# = L/G,cosp = H/G in the usual notation. 
A full description of these variables is given in the papers by Kinoshita 

(1977), Getino and Ferrandiz (1990), Kubo (1991), and Barkin (1999). In the 
last papers the differential equations of rotational motion of a weakly deformable 
body in the Andoyer variables were obtained in the general case. 

In this paper we will study the influence of the deformations of the Earth's 
mantle on its rotation. Tidal variations of the components of the inertia tensor 
of the Earth were given in Ferrandiz and Getino (1993). We will start with the 
simplified case in which the Earth is an isolated, weakly deformable elastic body, 
and consider the set of equations of motion: 

= G sin 0 < cos 21 > + cos 0 (SE cos / - SD sin / ) , 
I, AQBO J CQAQ 

d0 „ . A 8F _.l G 
dt 
dl „ „ f 1 6C 1 8 A SF 

dt ~ GcOs6{c-0-C-0-T0-A^-AlSin2l\- ( 3 ) 

cos ecO cos 2 0 (6E sin I — 8D cos / ) , 
C0Ao 

dg _ „ ( \ SA SF_s_nl\ , G 
dt 

G ( - I - - ^ T - -r*sm2l) + -^—cot0(8Esml + SDcosl), 
\A0 Al Al J C0A0 

obtained from equations (5) by Ferrandiz and Barkin (this proceedings) for the 
case of an axisymmetric body (AQ = BQ). In this case three first integrals 
exist: G = Go,p = po,h = ho- This implies the angular momentum vector 
of the rotational motion of this deformable body is constant. Go,po and ho 
are initial values of the corresponding Andoyer variables. Equations (3) are 
basic to determining the perturbations in the Earth's rotation. Perturbations of 
the components of the angular velocity are defined by using the transformation 
formulae from Andoyer variables to the tidal variation (8p, 6q, Sr) of the angular 
velocity: 

GSA . . . , SP SF „ . . , SE _ . 
op = -s-sinosmi ;—\- . „Gsinf lcos<+ -YGcosff + 

Al A0 A0B0 A0CO 
C G 

+ —— cos 0 sin ISO + —— sin 0 cos 161, 
A0 A0 
GSB . c , SQ SF „ . a . , SD _ a 

Sq = -y-sinocosf—— + G sin v sin / + D ~, G cos 0 + (4) 
B0 Bo AoBo BoCo 
G G 

+ -— cos 0 cos ISO + — sin 0 sin 181, 
Bo Bo 
G8C . SR SE _ . . . , 8D „ . . , 

Sr = ——s- cos o - — + G sin 0 sin / + G sin 0 cos ( — 
C0 Go AQCO BoCo 

~ sin 080. 
Co 

https://doi.org/10.1017/S025292110006173X Published online by Cambridge University Press

https://doi.org/10.1017/S025292110006173X


Tidal Variations of the Earth's Rotation 567 

2. Model of the Earth mantle tidal deformation 

For the determination of the variations in the Earth's polar motion caused by 
lunisolar tidal deformations of the mantle, we use tidal variations of the second-
harmonic coefficients, presented in the form of the following series: 

SJ2 = ^2 K2(cr) cos Qc, 
(7 

iC22 = ^/i'22<1(a)cos(2Z + 2 f l - 0 ( r ) + ^A'226(<T)cos(2/ + 2ff + e a ) , 

6S22 = - £ K22a(a) s i n ( 2 ' +2g-Qa)- £ A'22i)(<7) sin(2/+ 2g + &,)&) 
a a 

6C21 = ^/i'21a(CT)sin(/ + ff-0CT) + ^Ar
216((T)sin(/ + 5 + 0CT), 

6S21 = 5Z A'2l0(a) cos(Z + fir - 0ff) + ^Ar
2i6(<T)cos(/-(-ff-|-0<T), 

where A'22a(<7),..., A'2ii,(cr) are numerical coefficients, the values of which are 
given in Table 1 of Ferrandiz and Getino (1993). The argument 0CT is a integer 
linear combination of the angles of the lunar theory: 

©<7 = <?xlM + o2ls + 03F + a4D + 05 ft, 
F = lM + gM, D = IM + 5 M + h,M ~ h - 9s - hs, (6) 

a = (ai,<72, (73,0-4,0-5), 

Here IMI9M, hltf a n d ' s>gs, hs are the Delaunay variables for the Moon and the 
Sun and 5 = / + g is the angle of the Ear th 's rotation (referred to the 0% axis). 

Variations of the components of the Ear th 's inertia tensor are connected 
with variations (4,5) by simple relationships and can be presented in the follow
ing way. 

6A 
— = J2{A°cos@° + A<7,_2Cos(-2S + 0<r) + A < , ,2Cos(0 < T +2S)}, 

— = J2 iB" c o s 0 "+ B°,-i c o s (©<r - 25) + B ^ cos ( 0 ^ + 2 5 ) } , 

^ = £ { C , c o s 0 „ } , (7) 

6-f = E {Fh sin (Q.+2S) + F^2 sin ( 0 , - 2 5 ) } , 

^ = ^2{D<r,1cos(Qir + S) + D0l-icoB(Q<r-S)}. 

The coefficients of the series (5) and (7) are connected by simple relations: 

Aa = Ba = ~ K 2 (<T) , Ca = -2Aa, 

https://doi.org/10.1017/S025292110006173X Published online by Cambridge University Press

https://doi.org/10.1017/S025292110006173X


568 Ferrandiz et al. 

Aafl = -B„l2 = F;i2 = jA'226 (<T) , 

2 
4x,-2 = -B<,,2 = F;_2 = ~K22a (<*) , 

E:A = D^ = -jK21b(a), E;t_1 = Da>_1 = -jK21a(<r). 

Numerical values of coefficients (8) are displayed in Table 1. 

(8) 

Table 1. Coefficients of the main periodic tidal variations of the axial 
and centrifugal moments of inertia of the Earth (unit = 10- 9 rad). 

N 

1. 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 
10. 
11. 
12. 
13. 
14. 

; 

1 
1 
0 
1 
0 
0 
-1 
-1 
1 
0 
0 
0 
0 
0 

(' 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
1 
1 
0 

F 

0 
0 
0 
2 
2 
0 
2 
2 
2 
2 
2 
0 
2 
2 

D 

-2 
0 
2 
0 
0 
0 
2 
0 
0 
2 
0 
0 
-2 
-2 

n 

0 
0 
0 
1 
1 
1 
2 
2 
2 
2 
2 
0 
2 
2 

-4<r,0 

= Ba 

-0.2049 
-1.0716 
-0.1778 
-0.1610 
-0.8409 
0.8501 

-0.0738 
0.0574 
-0.3885 
-0.0620 

-2.0286 
-0.1499 
-0.0552 
-0.9417 

-4(7,2 

— F' 
a-,2 

= -S<r,2 -0.0321 
-0.1669 

-0.0278 
-0.0073 
-0.0381 
0.0381 

-0.0018 
0.0012 
-0.0085 
-0.0012 
-0.0436 
-0.0236 

-0.0012 
-0.0206 

A„,-2 

= n,-2 
= Bcr,-2 

-0.0321 
-0.1669 
-0.0278 
0.1681 
0.8788 
-0.8885 
-0.8570 
0.6665 

-4.5131 
-0.7209 
-23.5732 
-0.0236 

-0.6411 
-10.9411 

C<r,0 = 

0.4098 
2.1433 

0.3556 
0.3220 

1.6818 
-1.7001 

0.1476 
-0.1147 
0.7770 
0.1240 
4.0571 
0.2998 

0.1105 
1.8834 

4* — 

"A ~ 

0.1470 
0.7690 

0.1276 
0.0517 
0.2695 
-0.2725 
0.0154 
-0.0118 
0.0804 
0.0130 
0.4207 
0.1077 
-0.0027 

-0.0484 

0.1470 
0.7690 

0.1276 
-0.3529 
-1.8444 
1.8650 
-0.3556 

0.2764 
-1.8725 
-0.2991 
-9.7796 
0.1077 

-0.2661 
-4.5394 

3. Variations of the Earth's polar motion due to lunisolar tidal vari
ations of its mantle 

The solution to the rotation of an isolated and deformable body was first ob
tained in the Andoyer variables. First order perturbations of the angular velocity 
components were also derived, taking into account results on the unperturbed 
Chandler motion of an axisymmetric weakly deformable body (Barkin, in press) 
and the transformation formulae (4). Here we use the solution of the problem 
in variables p,q,r. 

Tidal variations of the moments of inertia of the Earth lead to the following 
perturbations of the pole motion: 

*P = y£pl,1sin(e(7 + S) + p;t_1sm(Qcr-S), 

^ - ^2 ^.1 c o s (®o- + S) + qff,-i cos (0ff - S), (9) 

J?* 

Pa,e I" = <la,e M TT 1 + 
Wfi + (ftCT + £U>) 

(ft<7+w)'-ft2_ 

where ft is the Chandler frequency, and u is the Earth's angular velocity. 
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Using formulae (9) we find the corresponding coefficients of the tidal luniso-
lar variations in the polar motion of the Earth (Table 2). Similar perturbations 
in the diurnal rotation of the Earth were described in detail earlier (Yoder et al. 
1981, Ferrandiz and Getino, 1993). 

Amplitudes of perturbations of the equatorial angular velocity components 
are given in Table 2. 

Table 2. Coefficients of the periodic perturbations in the pole motion 
of the Earth caused by its tidal deformation {unit = 0"001). 

N 

1. 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 

10. 
11. 
12. 
13. 

'M 
1 
1 
0 
1 
0 
0 

-1 
-1 
1 
0 
0 
0 
0 

>'s 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
1 
1 

F 

0 
0 
0 
2 
2 
0 
2 
2 
2 
2 
2 
0 
2 

D 
-2 
0 
2 
0 
0 
0 
2 
0 
0 
2 
0 
0 

-2 

n P 
0 
0 
0 
1 
1 
1 
2 
2 
2 
2 
2 
0 
2 

Z,l/w=Q<r,i/u Pi 
0.062 
0.311 
0.051 
0.098 
0.107 

-0.056 
0.003 

-0.005 
0.015 
0.005 
0.081 

0.0443 
-0.001 

;-l/W = 9<T,-1/W 

-0.001 
-0.006 
-0.028 
0.009 
0.031 

-0.001 
0.009 

-0.002 
0.049 
0.010 
0.165 

-0.000 
0.001 

14. 0 0 2 - 2 2 -0.020 0.007 

4. Summary 

The tidal perturbations in the Earth's polar motion were tabulated for the 
Ferrandiz and Getino model of the mantle deformations using theoretical results 
on perturbed rotational motion of a deformable body by Getino and Ferrandiz 
(1999) and Barkin (in press). 
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