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1. The basic formulae. In recent years there have appeared solutions of several integral
equations of the type

)—=g(x) ( O g x ^ l ) , (1.1)

in which the kernel K(x) contains (as a factor) one of the classical orthogonal polynomials or a
hypergeometric function.

The case in which K(x) = (1 -x 2 ) "* T^x'1), Tn being the Chebychev polynomial of the
first kind was discussed by Ta Li [1] and that in which K(x) = Pn(x~l), where Pn is the Legendre
polynomial, was considered by Buschman [2]. Both of these integral equations are included in
the case in which K(x) = T{X){\-x1Y~i Ci{x~l) in which Cx

m denotes the Gegenbauer
polynomial; the solution in this case has been derived by Higgins [3]. Equations of a similar
type in which the kernels involve Jacobi polynomials and associated Legendre functions have
been discussed by Srivastava [4, 5] and Erdelyi [6] respectively. Integral transforms in which
the kernel K{x) involves a hypergeometric function have been considered by Higgins [7] and
Wimp [8].

The object of the present paper is to show that the systematic use of the Mellin transform
leads to a simple procedure by means of which inversion formulae for transform pairs of the
type (1.1) may be discovered. The basic formulae are derived in this section and the use of
the method in specific cases is illustrated in §§3-8. The adaption of the method to integral
equations of a slightly different type is discussed briefly in §2.

If we make the substitutions

-x), 9l(x) = g(x) H(l -x), K^x) = K(x) H(l-x),

where H denotes Heaviside's unit function, we can write equation (1.1) in the form

Joo \y/ y

Denoting the Mellin transform of/x(x) by

=r
Jo

and applying the convolution theorem for Mellin transforms [9, p. 43] we find that this integral
equation is equivalent to the relation

Kt(s)f?(s) = gt(s). (1.2)
t Research carried out at Duke University, North Carolina in the summer of 1966 under grant

AF-AFOSR 435-63 monitored by the Air Force Office of Scientific Research.
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We can write this result in the equivalent form

where a^ 0, / ? / 0 and

r * ^ -/»-» r(s/g)r((s//Q-m)

If the function g(x) is such that

0(r)(l) = O (r = 0 , l , . . . ,m- l ) , (1.3)

then it is easily shown that

and hence that the equation (1.2) is equivalent to the solution

provided that there are real numbers a, /?, y and positive integers /, m such that the inverse
Mellin transform

exists. In cases in which the function Ly(x) defined by this equation is of the form L{x)H{\ - x)
we can write the solution (1.4) in the form

provided, of course, that the prescribed function g(x) satisfies the conditions (1.3).
We have assumed that / and m are integers, but we can easily modify the solution (1.6)

in cases in which it is convenient to take /, m to be positive but non-integral. The function
Lt(x) is defined once again by equation (1.5) and the solution (1.4) is modified only to the extent
that the factor ( - l ) ' + m is replaced by (-1)W+M an(j a fractional derivative of order m is
defined by the relation

(l)"
where n is a positive integer, « - 1 < Re m < n.
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The cases in which a or /? is zero can be dealt with in a similar fashion. The solution (1.4)
can be expressed in the alternative forms

where
, f s~TY(s//?)-m) 1

M(x)H(l - x) = $~mJt~i ^ — ; x , (1.8)

or

/(^(-ly+V-'hc1-"-) I N\-\\y-\ {?g{y)Y-±, (1.9)

where

N(x)H(l—x) = a"'.//"1 ',x\, (1-10)
|_F( (s/a) + l)K*{s + y)' J '

or

/(x) = (—i)'+mx~v(x —) ^ ( " / ( ^ T " ) {yyd(y)}—> (i-ii)

where

(1.12)

The case in which / = 0 and m = 1 arises frequently. If we put / = 0, m = 1 in equations
(1.5) and (1.6) we find that

f(x)= -x

provided that we can find real numbers /?, y such that the inverse Mellin transform

exists. This solution can be written in the alternative form

/(x)= -[ M(Ay-ljy{fg{y)}dy, (1.13)

where
\f(r\ — yP~yf(r\

i.e. where
r 1 i

(1.14)

In certain cases it is more meaningful to express the results in terms of the operator of
fractional integration Kxm defined for a > 0 by the equation
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and, for a < 0, by the equation
a+'f(x) (1 161

where / is a positive integer such that 0 < a + l < 1. In either case it is easily shown that

Jf[Kxmf(x); s] = / *(s + ma) (1-17)

and hence that

From equations (1.2) and (1.18) we deduce immediately that, if we can find constants
<*> P> V. & a nd positive integers m, n such that

1 = r(s/iw)r((s+ma+y)/n)

K*(s+ma + ni?+}> + .5) r((s/m) + a)r(((s + ma+y)/n)+0)' ^ " '

where C does not depend on x, the solution of equation (1.1) can be written in the form

y(xj = Cx Kxmx'KxnX g(x)h(l-x). \J-M)

2. Integral equations of related types. The solution of an equation of the type

f " x ( - W ) - = ff(*) (*>0) (2.1)

can be derived by an exactly similar method. If we define Kx(x) as before, equation (1.2) is
replaced by

Kl(s)j (s) = g (s). (2.2)

The remainder of the analysis proceeds in exactly the same way as before but now equation
(1.6) is replaced by

/(x) = (-l)'+mx'«+m"-v|x1-^) I Lrj)hl-'f) {y'g(y)}^ (2.3)
and equation (1.20) by

J W — ̂ A j\.xmA i\j»A yyAj. \*--^j

An integral equation of the type

I MxlyWy) dy = i/r(x) (x > a > 0) (2.5)
Jo

can be reduced to the form (1.1) by making substitutions
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For example, the integral equation

f (JC2 - t2)iXP; \xlt)4>{t) dt = \li(x) (0 < x < a), (2.7)

considered by Erdelyi [6], is equivalent to the equation (1.1) with

lx), 4>{x) = xf(a/x). (2.8)

In returning to the original variables we have at our disposal the formula

K°xmf{alx) = a-m"Kalx), (2.9)

where fix) is expressed in terms of the integral operator I*m defined by the equation

JWto = 7T\ [\xm-tmr-1f(t)mt-1dt (2.10)
1 WJ o

through the relation
l (2.11)

Alternatively we could treat equations of the type (2.5) ab initio by putting them in the
form

with
K2(x) = K(x)H(x -1), f2(y) = f(y)H(y - a), g2(x) = g(x)H(x - a),

and proceeding as before.

3. Integral equations of Abel type. As a first illustration of the method outlined in §1 we
consider the problem of solving an integral equation of Abel type. Suppose that

K(x) = (l-x)x-\

where n — 1 < A < «, with n a positive integer. Then

r(A)r(s)
X ( s ) =

Now if we take / = 0, m = n, jS = 1, y = 0 in equation (1.5) we find that

so that Lt(x) = L(x) H(l -x) with

r (x) =

This shows that, if/(x) satisfies the integral equation
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f(t)(t-x)x~1dt = g(x) (n-l<X<n), (3.1)

in which the prescribed function g(x) satisfies the condition

g(r)(l) = 0 (r = 0,1,2, . . . , n - l ) , (3.2)
then

If the prescribed function does not satisfy the condition (3.2) we take / = «, a = 1, /n = 0,
= n—X, in which case equation (1.5) reduces to

which is of the form L^(x) = L(x) H(l —x) with now

In this way we derive the solution of the equation (2.1) in the form

< 3 4 )

4. Transforms with a Chebychev polynomial as kernel. Suppose that

where Tn{x) is the Chebychev polynomial of degree n, defined by the equation

Tn(x) = cos (n cos"J x).
It is easily shown that

rn(x) = 2 ' i -V2F1(- i« ) i -±n;i-n;x~2)

and, by integrating term by term, that

The generalized hypergeometric series on the right can be summed by Saalschiitz's theorem
[10, p. 48] to give

so that

—
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By formula (2) on p. 324 of [11] we see that

. - 1 2-

so that, by putting y = n in equations (1.13) and (1.14), we find that the integral equation

has solution

This equation has been discussed by Ta Li [1].

5. Transforms whose kernels are Legendre polynomials. If we take

K(x) = Pn(x-1),

where Pn(x) is the Legendre polynomial of degree n and integrate both sides of the equation

we find that

'3F2(i-in,-inAs-in;i-n,is-

Again the generalized hypergeometric series on the right terminates. Calculating its sum by
Saalschiitz's theorem we find that

Taking / = 0, m = 2, j? = 2, y = n +1 in the formulae (1.5), (1.6), we find that the solution is
given by equation (1.6) with

From formula (18) on p. 326 of [11] we deduce that

J-\x) = x rn~2yx),
showing that the equation

j 1 PMx)f(y) dy = 0(x) (0 < x < 1), (5.1)

with 0(1) = g'(l) = 0, has solution

(5.2)
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The solution (5.2) of the integral equation (5.1) was first derived by Buschman [2].

6. Transforms whose kernels are Gegenbauer polynomials. Suppose that

where C$,(x) denotes the Gegenbauer polynomial
Then, from the formula

we can easily deduce that

and, integrating term by term, that

Since m is a positive integer we may use Saalschutz's theorem to evaluate the generalized
hypergeometric series on the right side of this equation. In this way we obtain the result

from which it follows that

(m-l)!r(s+2A)

If we take / = 0, p = 0, m = X + fi + l, y = m in equation (1.5) we find that

L*(S) = 2
l W r(is)K*

from which we find that
2 mlT(s + n-l)

1 w r(m+2A)r(is)r(is+»+/*)' v " ;

where we have written
H = \{m-n-\). (6.2)

Now, from the formula

we can easily deduce that
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Using the formula

we deduce that

-»(l_x2y-*CZ(x)tf(l-x);s]

, —n —

The hypergeometric series on the right-hand side of this equation can be summed by the use of
Bailey's theorem [10, p. 32] to give

Comparing this result with equation (1.5) we see that

L(x) = ̂ - ) 2 - A - " -V- 1 ( l -x 2 ) " -*CS(x) , (6.3)

where we have written

«IX« + 2OT» + 2j«)

22 A + 2"+ 1 (m-l) ! ("- l ) ! '

Substituting from equation (6.3) into equation (1.6) we find that the equation

\mT(l)[\y*-x2Y-tCi{ylx)f(y)dy = g(x) (0 < x < 1) (6.5)

has solution

^ ^ ) J % Q ( l 0 + ' ' + 1 . (6.6)
This is the result derived by Higgins [3].

7. Transforms whose kernels are associated Legendre functions. If we take

X(x) = ( l -
in equation (2.1), we find that

and hence that

Putting m = 2, n = 1, a = - v - l , j? = v —A, y = (5 = 0 in equations (1.18) and (1.9) we find
that the integral equation
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g(x) (x > 0) (7.1)r
has solution

J(x) — \Zx) Kx2 &x 9KX)- \<-1)

The equation (7.1) was considered by Srivastava but his solution appears to be in error; the
solution (7.2) is due to Erdelyi [6].

8. Transforms whose kernels are hypergeometric functions. For the kernel

we find that

T^/s r(c)r(s)r(c-a-b+s)

If we take 0 = 1, y = I — 0 in equation (1.5) we find that

L() 1 jn-

It is readily shown that Lt(x) = L{x)H{\ —x), where

L(x) = ————^-.^~m c(l—x)m c
 2Fv(—a,—b;m — c\\. — x ),

which shows that the integral equation

g(x)=(\y-xy-l
2F1(a,b;c;l-(xly)f(y)dy, (8.1)

with 0(p)(l) = 0 ( r = 0 , 1 , . . . , m-1), has the solution

f^ = f^^)\l(y-'r-'-t
1Fd-a,-b;m-c;l-(yM)g'-Wy. (8.2,

The solution in this form is due to Jet Wimp [8].
On the other hand if we take

we find that

Taking 7 = 0, 0 = 1, y = c-b in equation (1.5) we find that
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;
r(s)r(s-m+a-b)

1
J

showing that the inversion formula for the hypergeometric function transform

(8.3)

is

y^y — x)1"'*'1 2Fi(m — a,—b;m-c;l-(x/y))gim)(y)dy. (8.4)

This is the formula derived by Higgins [7].
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