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Faolner Nets for Semidirect Products of
Amenable Groups

David Janzen

Abstract. For unimodular semidirect products of locally compact amenable groups N and H, we show
that one can always construct a Folner net of the form (A, X Bg) for G, where (A,) is a strong form
of Folner net for N and (Bj) is any Folner net for H. Applications to the Heisenberg and Euclidean
motion groups are provided.

Amenable groups are characterized by a hierarchy of invariance properties, one
of the most significant being the combinatorial Felner conditions. Falner conditions
are often especially useful because they describe amenability in terms of the internal
group structure.

The proof that every amenable group has a Felner net is highly non-constructive.
Consequently, a significant body of work has been devoted to the explicit construc-
tion of Folner nets for certain groups (see [2, §3.6] and [6, Ch. 4, 6] for discussions
of this endeavour). In the case where G = N X H is a direct product of amenable
groups N and H, it is not difficult to show that (A, x Bg) is a Felner net for G if
and only if (A,) is a Felner net for N and (Bp) is a Felner net for H. One would like
to know when Folner nets of the form (A, x Bg) can be constructed for semidirect
products of amenable groups as well. It is noted [2, p. 68] that no Folner net of the
form (A, x Bp) exists for the non-unimodular ax + b group, given by the semidirect
product R x R*. For this reason we restrict our attention to the unimodular case.
Corollary 8 below tells us that when G = N x H is a unimodular semidirect product
of amenable groups, one can always construct a Felner net of the form (A, x Bg) for
G, from a strong type of Falner net (A,,) for N (see Theorem 3 below) and any Felner
net (Bg) for H.

Throughout, we let G, N, and H denote locally compact groups with respective
Haar measures given by Ag, Ay, and Agy. By a measurable set, we will mean a Borel
measurable set. If A and I" are directed sets, we consider A x I" as a directed set with
the product ordering.

Definition 1  Let (A,) be a net of measurable subsets of G such that 0 < A\g(A,) <
oo. Then (A,) is called a Folner net if it satisfies

)\G(an A Aa)
- 0
)\G(Aa)

uniformly in x on compact sets in G.
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We will make use of the fact that the above condition is equivalent to the uniform
convergence on compacta of Ag(xA, — A,)/Ac(As) — 0.

If G = N x H is the semidirect product of amenable groups N and H, then G is
itself an amenable group. We will denote the action of H on N by h - n. Whenever it
is convenient to do so, we will identify G = N x H with G = NH where N is a closed
normal subgroup of G, H is a closed subgroup of G, H NN = {e} and where the
action of H on N is via inner automorphisms. We use * to denote the multiplication
in the semidirect product group G = N x H, and denote the multiplication in the
direct product group G = N x H by juxtaposition. Thus, for n,m € Nand h,k € H
we can write

(1) (n,h) * (m, k) = (n(h - m), hk) = (n, h)(h - m, k).

Lemma2 If G = N x H is unimodular, then the following statements hold.

(i)  For every measurable subset A of N and each y € H, Ay(y - A) = An(A).
(ii) If (An) is a Folner net for N, then

Ag(x(y - An) — y - Ad)
)\G(Aa)

uniformly in xy (x € N,y € H) on compact sets in G.

Proof From the unimodularity of Gwe obtain Ag = Ay X Ay [3,15.29(a)], which is
also the Haar measure for the direct product group N x H. Let A and B be measurable
subsets of N and H, respectively, with 0 < Ag(B) < oo. Then for any x € N and
y € H we have

A(AA(B) = Ay X Au((x, ) (A X B)) = Ay x A((x, 7)(y - 4 x B)
= >\N X )\H(}/ A X B) = )\N(y A)AH(B)v

where we have used (1). This yields part (i). For (ii), first observe that because N is
normal in G, for any x € N we have xy = y¢,(x), where ¢,(x) = y~'xy € N. Part
(i) now gives

)\N(xyAayil - yAa}/il) - )\N(y(¢y(x)Aa - Aa)yil) = AN(¢y(x)A(x _Aa)-

Let K = LM with L C Nand M C H compact. Then {¢,(x) : x € L,y € M} C
M™!LM N N, which is compact. We are assuming that (A, ) is a Folner net for N, so
(ii) follows. [ |

Theorem 3 Let G = N x H, for amenable groups N and H, be unimodular. Let (Bg)
be a Folner net for H and let (A, ) be a Folner net for N. Then (A, x Bg) is a Folner net
for G if and only if (A,) satisfies

)\N(y 'Au _Aa)
_

@ (Ao

uniformly in y on compact sets of H.
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Proof Suppose that (A,) satisfies (2). As in the proof of Lemma 2, observe that
(x,y) * (Ay X Bg) = (x, y)(y - Ay X Bg). Hence,

(3)  (x,y) * (Aq X Bg) — (Aa X Bp)
= x()’ “Aq) X ()’Bﬂ - Bﬁ) U (X(J’ “Ay) —Ay) X ()/Bg),

and it follows that

A((x,y) * (Aq X Bg) — (Aq X Bg))

>\G(Aa X Bg)
AN(X(y - Ax))Au(yBg — Bg) N AN(x(y - An) — (Aa))Au(yBg)
- AN(Ag)Au(Bg) AN(Aq)Au(Bg)

As A\n(y - An) = AN(AL), the uniform convergence on compacta of the first term
on the right is obtained from the assumption that By is a Felner net for H. For the
second term, we observe that x(y - A,) —Aq C x(y-An) — (¥ -A) U (y - An) — (An)-
This yields

)\N(X(J’ “Ay) — Ad) < /\N(x(y “Ay) — (J’ “An)) + /\N(y “Ay —Ay)
/\N(Aa) o >\N(A0<) /\N(Aa)

So the implication follows from Lemma 2(ii) and the assumption that (A,) satis-
fies (2).

For the converse, note that (x(y-A,)—A,) X (y¥Bg) C (x, y)*(Aa xBg)— (A X Bg)
by (3). Consequently,

AG((X()’ : Aoz) _Ao/) X (yBH)) < AG(X,}’) * (Aa X Bﬁ) - (Aa X Bﬁ)
)\G(Aa X Bﬁ) o /\G(A(y X Bﬁ)

The term on the left is just equal to An(x(y - Ay) — An) /AN (An), so (2) follows from
the assumption that (A, x Bp) is a Felner net for N x H. [ |

Using this result, we are able to construct Folner nets for the Heisenberg group,
generalized Heisenberg groups, as well as the motion groups on RF. We note that if
G is any one of these groups, then it is exponentially bounded. Hence, [6, Propo-
sition 6.8] implies that a Folner sequence for G can be chosen from among the sets
{C" : n € N}, where C is taken to be any compact neighbourhood of the identity.
However, even if we begin with a nice set C, the set C" does not allow for a clean de-
scription in the semidirect product group. For these groups then our approach seems
to be much simpler.

Example 4 The regular Heisenberg group H of 3 x 3 upper triangular matrices

with real entries can be expressed as R? x R = H, with ¢ € R acting on (a, b) € R?
by c- (a,b) = (a,b+ ac). If we take A, = [—n,n] x [—n?, n*] as a Folner sequence
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in R? and (B,) to be any Folner sequence in R, then (A, x B,) is a Folner sequence
for H.

To see this, we show that (A4,) satisfies (2). One can easily check that ¢ - A, =
{(x,y) : y € [=n*+ cx, n* + cx] for x € [—n, n]} and hence,

Ac-Ay—A)  (emm) ﬂ
AA,) T 2n@m) 4 (c €R).

This gives the desired uniform convergence in ¢ on compact subsets of IR.

Taking A, = [—n,n] X [—n,n] and B, = [—n, n], provides an example of two
Folner nets whose Cartesian product does not yield a Folner net for the semidirect
product group. Indeed, A(c - A, — A,)/MA,) = (Je|n)(n)/(2n)(2n) = |c|/4 which
does not even converge pointwise to 0 in R.

Example5 A generalized Heisenberg group H,, is given by all matrices of the form

S O =
S~
— 3

where A, B € R?, ¢ € R, and I is just the p x p identity matrix. Here H, = RP*! xR?
with the action of h = (a;,a,,...,a,) € RP onm = (¢, by, by,...,bp) € RP*! given
byh-m=(c+ Eleaibi, bi,by,...,by).

Take (B,) to be any Folner sequence in R? (for example [—#, n] X [—n,n] x - - - X
[—n,n]) and take A, = [—n?,#?] X [—n,n] X --- x [—n, n] as a Felner sequence
in RP*'. Again, we show that (A,) satisfies (2). If h = (a1,...,a,) € RP?, then
Ah-Ay—Ay) < (|ag| + |ag| + - - - + |ap|)n(2n)P. This gives

Mh-A,—A,) - (|lar] + |az| + - - - + |a,)n(2n)? B (|lar] + |az| +- - - +|ap|

AA,) - 2n?)(2n)P 2n

which yields the uniform convergence in h on compact subsets of R.

As with the regular Heisenberg group, one can show that the Felner sequence
A, = [-n,n] x [-n,n] X -+ x [—n, n] for RP*! will not yield a Folner sequence of
the form (A, x B,) in Hj,.

Example 6 We now consider the Euclidean motion group on R¥, G = R¥ x SO (k).
It is not difficult to see that A, = {(x1, %2, ..., %) : ] +x3 + - - +x; < n’} definesa
Folner sequence for IR* which is invariant under the action of SO (k). It follows that
(A,) trivially satisfies (2). Consequently, if (B,) is any Felner sequence for SO (k)
(since SO(k) is compact, we may simply take B, = SO(k) for all n), we obtain a
Folner sequence (A, x B,) for Rk x SO(k).

In each of the above examples, we exhibited Folner sequences for N satisfying (2).
However, it was noted in Examples 4 and 5 that not every Folner net for N satisfies
this property. We now show that Felner nets of this form always exist in N.
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Theorem 7  For amenable groups N and H, let G = N x H be unimodular. Then
there exists a Folner net (A,) for N such that

)\N(y 'Aa _Aa) N

A (A) 0

uniformly in y on compact sets of H.

Proof Define a continuous group action of G = NH on N by
s-x=mnhxh™' (s=nh,x,n € N,he H).

Letting

(4) (s- @)= f(s"'-x) (s€Gx€EN,feL(N)),

L'(N) becomes a left Banach G-module (see [6, p. 42] for the definition). It is clear
that s - f > 0 whenever f > 0, and it follows from Lemma 2(i) that the action is
isometric on L!(N). Thus, in the sense of [9, Definition 1.1], (4) defines a positive
action of G on L!(N). Given o = (¢, K), where ¢ > 0 and K is a compact subset of
G, it suffices to find a measurable subset A,, of N such that 0 < Ay(A,) < oo and

(5) /\N(s : AuAAa) < 6)\N(Aa) (5 € K)

The locally compact group G is amenable, so by [9, Corollary 1.11; Proposition 1.13],
there exists a positive norm one function ¢ in L'(N) such that ||s - ¢ — ¢[j; < €,
(s € K). (There is a misprint in [9, Proposition 1.13 (2)]: M, should be (M,)}.)
The standard proof of the Folner condition (FC) from Reiter’s condition now yields
(5). For example, in the proofs of [2, Theorem 3.6.3, Lemma 3.6.4], one only needs
to replace by s- pand sAbys-A={s-a:a € A} [ |

Combining the results of Theorems 3 and 7 yields the following corollary.

Corollary 8  Every unimodular semidirect product of amenable groups N and H pos-
sesses a Folner net of the form (A, x Bg) where (A,) is a Folner net for N and (Bg) a
Folner net for H.

One might wonder whether a similar result can be obtained for semidirect prod-
ucts of semigroups. The situation is somewhat different since neither the strong nor
the weak Folner conditions characterize left amenability for semigroups. (A semi-
group S satisfies the weak Folner condition (WFC) if, for every finite subset F of S
and any € > 0, there exists a finite subset A of S satisfying |[xA — A| < ¢|A| for each
x € F. For the strong Felner condition (SFC), xA — A is replaced by A — xA, or
equivalently by A A xA.) It is known that if S satisfies SFC, then it is left amenable
and if it is left amenable, then it satisfies WFC, but that none of these implications
is reversible (a nice discussion of these results is contained in [6, 4.22]). In [5], it is
shown that if a semidirect product of semigroups S = U x T satisfies SFC, then U
and T also satisfy SFC. One might then ask the following.
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Question 9 For a semigroup S = U x T satisfying SFC (resp. WFC), under what
conditions can one obtain a strong (resp. weak) Folner net for S of the form (A, X Bg)
from strong (resp. weak) Folner nets (A, ) and (Bg) for U and T respectively?

For more on Folner conditions and semidirect products of semigroups, the reader
is referred to [5, 11] and the references therein.

Related to Felner nets (see Remark 12 below) are what we shall presently call
Al-nets (asymptotically invariant nets).

Definition 10  Let (U,) be a net of compact sets which comprises a base for the
neighbourhood system at the identity in G. We call (U, ) an Al-net if

Ac(xUx™ ' AU,)
Ac(Ua)

— 0

uniformly in x on compact subsets of G.

Al-nets were studied in [9], where it was noted that the (regular) Heisenberg
group H always possesses an Al-sequence. However, no explicit construction of an
Al-sequence for H was given. We conclude this note with such a construction.

Example 11  Let H = R? x R be the Heisenberg group. Then
U, = [-1/n*,1/n*] x [=1/n,1/n] x [—1/n* 1/n*]

is an Al-net for H.
For (a, b,c), (x,y,z) € H, one has (a,b,c)"! = (—a, —b + ac, —c) and so

(ﬂ, ba C)a (xa Y, Z)(ﬂ, b; C)il = (xa y X —az, Z)'
By taking (x, y,z) € U,, one can check that

_ 2(lal +|c]) 2 2 8(|a| + |c])
A((aabaC)Un(aabaC) I—Un) < %;ﬁ = %-

Thus
A(a,b,c)Uy(a,b,c)™" — U,) < 8(lal +lc) > _ la| +]c]
AU, - ns 8 n

This implies the desired uniform convergence on compacta.

Remark 12 With regard to the cohomology of the Fourier algebra A(G) and the
group algebra L'(G), the importance of Folner nets in combination with Al-nets for
G can be found in [4, 10]. Indeed, [10, Remark 2.6] gives a simple formula for con-
structing an approximate diagonal for L'(G) from Felner and Al-nets for G. Let
(A,) be a Folner net for G, and let (£,) be the associated L?(G)-normalized char-
acteristic functions. Then the net of norm one positive-definite functions u,(s) =
(m2(8)€0, €0) (s € G), where m, is the left regular representation of G, gives a bounded
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approximate identity for A(G). Thus, the proof of [4, Lemma 3.4] shows how to con-
struct a nice operator approximate diagonal for A(G) from Felner and Al-nets for
G (also see [1,7], and [8, §7.4]). If H is the Heisenberg group, Examples 4 and 11
thus allow for the explicit construction of an approximate diagonal for L' (H) and an
operator approximate diagonal for A(H).
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