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Abstract

An elementary and self-contained account of analytic Jordan decomposition of matrix-valued
analytic functions is given. An integral representation for their eigenvalues is obtained. This
leads to estimates of the differences in eigenvalues and the number of points of degeneracy.

Subject classification (Amer. Math. Soc. (MOS) 1970): 47 A 55.

1. Introduction

The aim of the present exposition is to present a self-contained and elementary
account of analytic Jordan decomposition of matrix-valued analytic functions and
obtain an integral representation for the eigenvalues. When the entries of the
matrix are polynomials we obtain estimates for the number of points of degeneracy
and the order of the poles of the semi-simple parts. An alternative approach to the
theory of analytic Jordan decomposition may be found in the first chapter of
T. Kato’s book.

2. Some elementary lemmas on symmetric polynomials

We recall some of the well-known results from the theory of equations and
present them in a form which will be used subsequently. For any n complex
variables z,, 2, ..., 2, wWe write

n >
521,29y oy 2y) = glzg, 2.1
(= 1Y py(z1, 25, ..., 2,) = ) P ZyZg..Zg 2.2)
1gii<ie<... <ty
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180 K. R. Parthasarathy 2]
for j=1,2,...,n. Then the polynomials s; and p; satisfy the well-known (see
Uspensky, 1948, p. 261) Newton’s identities:
51+p, =0,
S+ P15y +2p, =0,
2.3)
SptP1Sp1+PySp—gt ...+ Py 181 +1p, = 0.

LEMMA 2.1. Let (ay,ay, ..., a,), (by, by, ..., b,) be two ordered n-tuples of complex
numbers such that

say, ay, ..., ay) = 5by, by, ..., by)

Jor all 1 <j<n. Then (ay, as, ..., a,) is a permutation of (by, b,, ..., b,). In particular, if
5@y, ag, ..., ay) =0 for all 1< j<n, then a; =0 for all 1 <j<n.

Proor. The conditions of the lemma and (2.3) imply that

pj(al’ az, wecy an) = pj(bl, b2’ sery bn) = aj’

say for all 1<j<n. Hence (a,a,,...,a,) and (by,b,,...,b,) are the roots of one
and the same nth degree polynomial z*+ &, 2* 1+ ... + «,. This implies the required
result and completes the proof.

COROLLARY 2.2, Let Ay, k = 1,2, ..., be a sequence of n x n complex matrices such
that limy ., A;, = A. Let (Ayy, Aggs > Ay) and (Ay, Ay, ..., A,) be the eigenvalues of
Ay, and A respectively. Then supy ;| Ays|<oo and any limit point of the sequence
(Akp> Apgs -+ > Agp) in the n-dimensional complex Euclidean space C* is a permutation

of (A Ay, ...y A).
Proor. This is immediate from the fact that
n
DN =trd" = imtrd} = lim A}, + Aj,+... + A%,
j=1 k-0 k-0

where tr denotes trace.

LEMMA 2.3. Let P(z,2,,...,2,) be any homogeneous symmetric polynomial of
degree m in n complex variables z,,2,, ...,z,. Then P can be expressed as

P(z,2y,...,2,) = 3 R s,
F1+2igt.. A+ jmm

where s; = 54(zy, 2y, ..., 2,,) are the polynomials defined by (2.1), a;,;, . ; are complex
numbers and j,, s, - .., J, are non-negative integers.
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PrOOF. This is just a restatement of the well-known result on symmetric poly-
nomials which is usually described in terms of the elementary symmetric functions
p; defined by (2.2). The p;’s can be replaced by the s;’s according to (2.3). For a
proof we refer to Uspensky (1948, pp. 264-266.)

LeMMA 2.4. Let C* be the k-dimensional complex Euclidean space and let
my, My, ..., my, be k positive integers. Let p: C*-> CF be the map defined by

k
P =(P1uPo - Pr)s P21 20 - Z8) = _Zlmizi:'
1=

Then

det((?—ﬁ)) =k!mmy..m, Il (z;—2).
»azj’ ’ 1<i<j<k

ProoOF. It is left to the reader.

LEMMA 2.5. Let
3]
Pf,k(z],’ Zgy --ny zn) = Z H (Zi— j)Zr, (2'4)
r=1  i<j
4iedm

Sorr=1,2,..., where J;,J,, ...,J ® is an enumeration of all subsets of cardinality k

from the set {1,2,...,n}. Let (ay,a,,...,a,) be any ordered n-tuple of complex
numbers. In order that the number of distinct elements among ay,a,, ...,a, is less
than or equal to k—1 it is necessary and sufficient that

P, (ay,a,,...,a,) =0
n . . .
Jorr=1,2, .., (k) If there are exactly k distinct numbers by, b,, ..., b, occurring
among a,,a,, ..., a, with multiplicities my, my, ..., my, respectively then

P,.,k(al, Agy ...y a,,,) =mmy...my H (b,‘— b]_)Zr
I<i<isk

Jorallr=1,2,....

PROOF. The first part is an immediate consequence of the second part of Lemma

2.1 if we replace n by (Z) and put

Ay = H (Zi—zj)2’ m= 1’2’-"’(")-
i<i k,
jieJm
The second part of the lemma is obvious.
We shall state a corollary to the above lemma after introducing a notation. We
observe that P,; defined by (2.4) is a homogeneous symmetric polynomial of
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degree rk (k—1). By Lemma 2.3 there exist polynomials

515 Sgs +evy Sp) = ank shsfr . sh» 2.5
pr,k( 1> 52 ) j,+25,+...+:2'j,.=rk(k—1) 1T eerdn { 2 n 2.5
with the property that when we substitute the values s; defined by (2.1) in (2.5) we
obtain the polynomials P, ;(z,, 2, ..., z,,). With this definition we have the following
corollary.

COROLLARY 2.6. Let the polynomials p,, be defined by (2.5) forr=1,2,..., (Z)

Then the number of distinct eigenvalues of any nxn complex matrix is less than
or equal to k—1 if and only if

Pratr A,tr A%, .., tr A™) =0 2.6)

oreveryr=1,2,..., (Z)

PrROOF. Let A, Ay, ..., A, be the eigenvalues of 4 with multiplicity included.
Then tr 47 = M+ M +...+ M = 5;(A;, Ay, ..., A,). Hence the left-hand side of (2.6)
is equal to P,;(A;, Ay, ..., A;). Now an application of Lemma 2.5 completes the
proof.

3. Properties of the Jordan decomposition of a matrix

We shall consider a fixed complex vector space V of dimension n and denote by
&(V) the vector space of all endomorphisms of V. Any element of &(V) is called
an operator. The identity operator will be denoted by I. An operator P is called a
projection if P2 = P, If P is a projection so is I— P. For any projection the dimension
of the subspace {v: Pv = v} is called the dimension of P and denoted by dimP.
If P, P,, ..., P;, are projections such that P; P; = 0 for i#; and 3; P; = I, then we
can decompose ¥ into a direct sum of subspaces M;, j = 1,2, ...,k, satisfying the
following:

) V= @k, M;;

(i) Po=vif veM;;

(iii) P;o =0if veM; and i#J;

(iv) trP;=dim Py, j=1,2,...,k.

An operator A is said to be semisimple if V has a basis in which the matrix of 4
is diagonal. A4 is said to be nilpotent if A” = 0 for some positive integer r.

We recall briefly the Jordan canonical decomposition theorem in the co-ordinate-

free form. For a proof the reader may refer to Kato (1976, Chapter 1).

TueoreM 3.1 (Jordan). Let A be an operator whose distinct eigenvalues are
Ay Ay o Ay with  multiplicities my,m,, ...,m,, respectively. Then there exist
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projections Py, Py, ..., Py and nilpotent operators Dy, D,, ..., D, such that the follow-
ing properties hold:

@) 4 =3k (\P+Dy;
(iii) Rin = P,‘D’= DiP‘i = D;-nj: 0 for all i#j,'
(iV) E;‘=1P7= I,' P‘iDi = DiP‘i = D’i;

(v) dim P; = m;.

The decomposition (i) with properties (ii)—(v) is unique. The operator S(A) = ¥, A; P;
is semisimple. The operator D(A) = X%, D; is nilpotent. If A= S,+N; where
S, is semisimple, N, is nilpotent and S; N, = N, S, then S, = S(A4) and D, = D(A).

DerFINITION 3.2. In the above theorem equation (i) is called the canonical
decomposition of A. P; is called the canonical projection of A corresponding to the
eigenvalue J;. D; is called the nilpotent part of A corresponding to the eigenvalue A;.
The operators S(A4) and D(A) are called the semisimple and nilpotent parts of A.
(In particular, the maps 4> S(4) and 4 D(A4) are well defined on &(V).)

We shall now express the canonical projections in terms of polynomials in A4
whose co-efficients are rational functions of the eigenvalues. For any polynomial
p(2)=ay+a,z+...+a,z" we shall write p(4) =a,+a; A+...+a, A" for every
A€d((V).

THEOREM 3.3. Let A be an operator whose distinct eigenvalues are Ay, A, ..., Ay,
with multiplicities my,m,, ...,m,, respectively. For any eigenvalue A, let P(A, A)
denote the corresponding canonical projection of A. Suppose

Hz)= II (z—2A)™, @G0
15i<k
pie) = ey 'S, E oy, 62
where the superscript (r) indicates the rth derivative of the function Hy(z)™. Then
P(A;, A) =pA) for 1<j<k, 3.3)
k
S(A) = El/\, pi(A). » (3.4)

ProoF. If p(z) = ay+a,z+...+a,z" is any polynomial then it follows from
Theorem 3.1 that

_ k -1 p(a)(Aj)
p) = % () B+'S 2 g), (35)
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where A;, P;, D; are as in Theorem 3.1. It is routine to check that the polynomial p;
defined by (3.2) has the property

Pi(A) =0 if i#j,
A =1, p"(A)=0 forl<r<m—1.
Hence (3.5) implies that
pi(A) = P; = P(};, A).

This proves (3.3). Equation (3.4) follows from the definition of S(4). The proof
is complete.

We shall now estimate the norms of the canonical projections of 4 in terms of
the eigenvalues of A. To this end we establish a simple inequality.

LeMMA 3.4. Let p(z) = [12.,(z— 8,) be a polynomial with roots 8,0, ..., 0, (not
necessarily distinct) and let

a(z) = min |z—6;].
1<j<sn

Then there exists a positive constant c(n) depending only on n such that

| (p@) D" | < clm) 2=+, O<r<n,
JSor all z. :

PROOF. Let ¢(z) = p(z)~1. Differentiating the identity ¢(z)p(z) = 1, r times we

obtain
r—1 r p(f—’j)(z)
(2)| < () 4)(z)]. 3.6
7@ AU e Il 6o
It is clear that
| p(2)| < alz) =™ @7
Suppose
P P@ <o)y for 1<j<r—1, @8

for all z, where a, = 1,a;,a,,...,a,_; are positive absolute constants. We note
that p'*}(z)/p(z) is a sum of n(n—1)... (n—k+1) terms of the form

[z—0;)(z—0)...z—0,)17

with i <iy<...<i;. Hence

p(k)(z)
P(@)

<a(n—-1)...(n—k+1)a(z)~*. 3.9
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Combining (3.6) and (3.9) we obtain

'?")(z), < Za ( )n(n— D...(a~r+j+ 1) a(z)~n+n

= a,a(z)~™*", say.

If we now define ay, a,, ..., a, inductively by g, =1,

a, —Za( )n(n D...(n—r+j+1)

and put c¢(n) = max(a,,a,...,a,) we obtain the required inequality. The proof
is complete.

THEOREM 3.5. Let V be an n-dimensional complex Banach space. For any operator
A on V let 3 (A) denote the set of its distinct eigenvalues. For any AeX(4), let
P(A, A) denote the canonical projection corresponding to the eigenvalue A and let

d\A)= inf |A—pl,
peZ{ANAY

d(A) = inf d() A).
AeL(4)

Then there exists a constant c(n) depending on only n such that

P, D]l < cm) ( dﬂf E)) , (3.10)

Al
S| < )5 A1’ (3.11)
where S(A) is the semisimple part of A.
PROOF. Let 3 (4) = {A, A,, ..., Ai} and A = A;. Then P(A;, A) is given by equations

(3.1)3.3). Applying Lemma 3.4 to the polynomial H,(z) of degree n—m; defined
by (3.1), where m; is the multiplicity of A; we obtain

I (Hj_l)(f) (Aj)l < Co d(A” A)_(n_"‘j-i'r)’

where ¢, is an absolute positive constant. Since [|4—XA;[|<2| 4|l for all i we
conclude from (3.1)—(3.3) that for some absolute constant ¢,

IIP(A,, A) " < Cl”:gol(zu A " )ﬂ—-ﬂy-}-r d(%, A)"("-mj+i‘)'

Since d(A;, 4)<2| A4]| we conclude (3.10) by summing up the finite geometric
series on the right-hand side of the above inequality. Inequality (3.11) follows
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from (3.10) and the fact that | A;|<|| 4] for all j. This completes the proof of the
theorem.

COROLLARY 3.6. If Ay~ A as k—o in &(V) and d(A;)= 8+#0 for all k, where
d(A) is defined as in Theorem 3.5, then lim;_, S(4;) = S(A4).

ProoF. This follows immediately from Theorem 3.5 and the uniqueness of the
semi-simple and nilpotent parts of any endomorphism on V.

4. Operator-valued analytic maps

We shall call any path connected open subset & of the complex plane a domain.
A map z—>v(z) from & into V is called analytic if for every linear functional A on ¥,
the scalar function A(v(z)) is analytic in 2. A map z->7(z) from & into &(V)
is called analytic if for every ve V, the map z— T(z) v is analytic. If

T(Z) = Ao+ZA1+22A2+ ses +szd

for all zeC, where Ay, A,, ..., A; are operators and A;#0 we shall say that T(z)
is a polynomial of degree 4 in z.

We shall fix a domain £ and study the properties of eigenvalues of a fixed
operator valued analytic map T on &. We establish a few elementary lemmas.

Lemma 4.1. Let m(T,z) be the number of distinct eigenvalues of the operator
T(z) and let

k(T) = max{m(T, z),z€ 2}, “.1)
LTy ={z: ze 2,m(T, z) < k(T)}. 4.2

The set S (T) is discrete in 2. If @ = C and T(z) is a polynomial of degree d in z
then the cardinality of (T) is at most k(T)(k(T)—1)d.

PRrOOF. Let k(T) = k and let A (2), Ay(2), ..., A,(2) be an enumeration of all the
eigenvalues (with multiplicity) of the operator T(z). Then the functions
£2) = MY + X2 + ... + A (2) = tr T(zY

are analytic in & for every j=1,2,.... Consider the polynomials P, ; and p,
defined by (2.4) and (2.5) for r = 1. Then the function

q(z) = Pl,k(Al(z)’ A2(2),’ sey A‘n(z))
= p(tr T(2), tr T(2)?, ..., tr T(2)™) 4.3)
is analytic in 2. If T(2) is a polynomial of degree 4 then ¢(z) is a polynomial of
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degree k(k—1)d. Let now z, be a point in 2 such that m(T, z,) = k. Then there
are exactly k distinct elements p,, p,, ..., py among the sequence

A1(20): A‘2(20), srey A'n.(zl))'

If p; occurs with multiplicity m; then the second part of Lemma 2.5 implies that

q(zo) =mymy...my; I1 (u;—py)®#0.
igi<jsk
Thus ¢ is not identically zero. If g(z")# 0 for some z’ it follows from the definition
of P, ; that there must be at least k distinct numbers among A,(z"), Ap(z"), ..., A,(z").
By the definition of k it then follows that z'¢ S (T). Thus S (T)<{z: q(z)#0}.
This implies the required result and completes the proof of the lemma.

DEFINITION 4.2. Let T: z—T(z) be an operator valued analytic map in a domain
2. Then the integer k(T) defined by (4.1) is called the index of the map T. The
set #(T) defined by (4.2) is called the set of degeneracy of the map T.

LeMMA 4.3. Let T be an analytic operator valued map on & with index k(T) and
set of degeneracy S (T). Then there exist positive integers my>my> ... 2 my,
Y. m; = n with the following property: for every z€ D\F(T) the distinct eigenvalues
of T(2) can be arranged as A(z), Ay(2), ..., A, (2) where A{(z) has multiplicity m; for
every j=1,2,... k.

Proor. Choose and fix any point zo€ Z2\F(T). From Corollary 2.2 it follows
that the eigenvalues of T(z) converge to those of T(z,) as z—z, Hence we
can choose a neighbourhood N; of z, and neighbourhoods N, N,,...,N; of
A(Z0)s A9(20), -5 A1 (2p) respectively such that

(i) Ny©N, N;nN; =@ for i#j, 1<i,j<k;

(i) for every zeN,, the distinct eigenvalues of T(z) can be arranged as

A(2), Ay(2), ..., Ay(2) where Aj(z) € N; and A(z) has multiplicity d; for every .
We can now restate this in the following manner. For any set of positive integers
di>2dy>...2dy, Tk d;=n,let
U(d,, dy, ..., dy) = {z: ze 2\F(T), the distinct eigenvalues of 7(z) can be
arranged as A;(2), Ay(2), ..., A,(2) with multiplicities
dy, dy, ..., d;, respectively}.
Then U(dy, 4, ..., d),) is open. By Lemma 4.1, 2\F(T) is path connected and can
be expressed as a disjoint union of open sets U(d,, ds, ..., d;). This implies that

g\y(n = U(mla my, --~smk)

for some my>my,> ... > my, such that 33;m; = n. The proof is complete.
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COROLLARY 44. Let 2, T, k(T) and ¥ (T) be as in Lemma 4.3, and let
A(2), A(2), ..., Al(2) be the distinct eigenvalues of T(z) with multiplicities
mzmy>...zmy for ze D\ F(T). Let

$2)=_ 11 k(&-(l)-— M) if2e2\L(T),

Igi<ig
=0 if zeL(T).
Then i is analytic in 9. If 2 = C and T(z) is a polynomial of degree d in z then
is a polynomial of degree k(k—1)d. Further

F(T) ={z: J(z) = O}

ProoF. If we consider the function g(z) defined by (4.3) and use the second part
of Lemma 2.5 for r = 2 we obtain

q(z) =mym, ... mk1<il;lj<k(’\i(z) - Aj(z))z

for all ze 2\ #(T). The required result follows from the proof of Lemma 4.1.

LemMMA 4.5, Let 2, T, k(T), S (T) and my,m,, ...,m;, be as in Lemma 4.3. Then
Jor any zy€ D\F(T) there exists a neighbourhood Ny=D\SF(T) of z, with the
following property: the distinct eigenvalues of T(z), z€N, can be arranged as
M(2), Ag(2), ..., Ai(2) where A,(2) has multiplicity m; and A(.) is an analytic function
in N, for every j.

ProOF. Let zy€ 2\ F(T). For every ze P\ & (T) arrange the distinct eigenvalues
of T(z) as A(2), ..., Ax(2) so that the properties of Lemma 4.3 are fulfilled and

limA(z) = A; for 1<j<k.
2420

Choose a neighbourhood N of z, and neighbourhoods N; of A;(z,) such that
() N;nN; =9 if i#j, 1<i<j<k;
(i) if ze Ny, then A(2)eN; for all 1<j<k;
(iii) the map ¢ defined in Lemma 2.4 is an analytic diffecomorphism on
Ny xNyx...x N;.

Property (iii) can be achieved because Lemma 2.4 implies that the map ¢ has a
non-vanishing Jacobian at the point (A(zy), Ay(zp), ---» Ai(2p)) in C*. Now we
observe that the functions

£4(2) = my A2 +my A2 + ...+ my, Al (2)

=trT@Y, 1<j<k,
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are analytic in 2. Property (ii) implies that
M2, A2, -, Al2)) = @7H6x(2), £5(2), -, €(2))

for all ze N,, where ¢! is the analytic inverse of ¢ on the set @(N; x Ny x ... x Np).
This shows that each A;(z) is analytic in z € N, and completes the proof.

LeMMA 4.6. Let 9=\ S (T) be any simply connected domain and let
mzmyz...z2my

be as in the preceding lemma. For every z€ ¥, the eigenvalues of T(z) can be
arranged as A(2), Ay(2), ..., Ai(z) so that each A(.) is analytic in & and A(z) has
multiplicity m;.

ProoF. By Lemma 4.5 we know that for any z,€ ¢ we can find a neighbourhood
N,, of z, such that N,, =% and the distinct eigenvalues of T(z), zeN,, can be
arranged as Ay (2o, 2), Ax(25 2), .--» Ai(29,2) SO that Ay(zy,2) is analytic in z€N,.
Let z5,z; €% be such that N, n N, #4. Then for each ze N, 0 N,, we can find a
permutation s(z) (of k objects) such that

s(z) (Al(zm Z), )‘2(20’ Z), LX) Ak(zo’ Z)) = (Al(zl, Z), ’\2(21’ Z): Tery AIc(zl’ Z)).
For any permutation s of k objects, let
M, ={z: ze N, 0 N,,s(z) = s}.

Since the union of all M, is N, NN, it follows that one of the M, is uncountable,
that is, there exists a permutation s, such that for uncountably many z in N, n N,

So(Al(zo, Z), A2(20’ Z), sery Ak(zo» Z)) = (Al(zh Z), A2(21’ Z), “ecy )‘k(zl’ Z)).

Since both sides are analytic it follows that the above equality holds for all
zZ€N, N N,,. Thus for each Jordan arc I' in & the eigenvalues A(2), j=1,2,...,k,
can be analytically continued as eigenvalues of T(z) along I'" with multiplicities m;,
Jj=12,...,k. Hence the required result follows from the monodromy principle.
(See Knopp, 1945, p. 105.) This completes the proof.

1

LeMMA 4.7. Let T, 9, 9, A(2), j = 1,2, ..., k, be as in Lemma 4.6. Let P{z) be
the canonical projection of T(z) corresponding to the eigenvalue A{(z) for every
2€Y. Then the map z—> Py(2) is analytic in & for every j.

Proor. This is immediate from the formula for Pz) = P(A(z),T(2)), given by
Theorem 3.3.

We can now summarize the results obtained so far in the present section and
conclude the following theorem by using Theorem 3.1.
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THEOREM 4.8. Let 2 < C be a domain in the complex plane. Let T: z— T(z) be an
analytic map from 9 into the space of endomorphisms of a complex vector space V
of dimension n. Then there exists a set F(T)=2D and positive integers k,
my=2my> ... 2> my, such that my+my+ ... +m, = n and the following properties hold:

() L(T) is discrete in D;

(ii) for z¢ S (T, T(z) has exactly k distinct eigenvalues A(z), Ay(2), ..., Au(2)

with multiplicities my, m,, ..., my, respectively;
(iii) for every zeF(T), the number of distinct eigenvalues of T(2) is strictly less
than k;

(@iv) for any simply connected domain ¥ < D\ SF(T) the distinct eigenvalues of
T(z), ze ¥, can be arranged as A\(2),Ay(2), ..., A(2), where each A(2) is
analytic in 9 and A{(z) has multiplicity my; if

T(z) = i (\@) P(2) + Dy2))

is the corresponding canonical decomposition of T(z) for ze¥ then Py(-)
and D(-) are analytic in ¥;

(V) the semisimple part S(z) of T(2) is analytic in 2\F(T);

Vi) if T(2) is a polynomial of degree d in z and 2 = C then F(T) has at most
k(k—1)d points. Further the singularities of the semisimple part S(z) can
be only poles of order <i(n—1)k(k—1)d.

PROOF. Only the second part of the property (vi) remains to be proved. Let us
assume that 7(z) is a polynomial of degree d,. Consider the function d(T'(z))
defined by the notations of Theorem 3.5 and the polynomial ¢(z) defined by
Corollary 4.4. It is clear that the function y(z) d(T(z))~? is bounded in every compact
subset of C. By Theorem 3.5 it now follows that the function

f@ =@ s@)|

is bounded in every compact set. Since i)(z) is a polynomial of degree k(k—1)d,
and S(z) can be singular only at the zero’s of )(z) the required result follows and
the proof is complete.

COROLLARY 4.9. Let T be an analytic operator-valued map in a domain & and let

A(T) = {z: T(z2) is semisimple}.

Then either A(T) is countable or the complement of A(T) is countable.

ProoF. Let N(z) denote the nilpotent part of T(z). Then ze A(T) if and only if

N(z) = 0. If A(T) is uncountable then A(T) (2 \ F(T)) is uncountable, Property
(v) of Theorem 4.8 implies that N(z) = 0 for all z¢ & (T). Hence 2\ A(T) < L (T).

This completes the proof.
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COROLLARY 4.10. If A, B are complex Hermitian matrices of order n then the set
{z: A+2zB is not semisimple} has at most k(k— 1) points where k is the index of the
map T(z) = A+zB.

ProoF. This is immediate from Theorem 4.8, the proof of Corollary 4.9 and the
fact that 4+ ¢B is semisimple for all real ¢.

Our next result is taken from Kato (1976, p. 99) but the proof given here makes
use of the finite dimensionality of V. This simple proof was suggested to me by
Ray Vanstone.

THEOREM 4.11. Let P: z->P(2) be an analytic projection-valued map in a simply
connected domain G and let z,€ G be any fixed point. Then there exists an analytic
operator-valued map U: z— U(2) in ¥ such that det U(z) = 1 for all z and

U(z) P(zy) U(z)2 = P(2)
forallze 9.

ProoF. Since P(z) is a projection we differentiate the identity P2 = P and get

P’ =PP'+P'P. 4.4
Multiplying by P on the left and the right we now obtain
PP'P =0, 4.5)
Let U be the solution of the ordinary operator differential equation
U'=[pP',PlU 4.6)
with the initial condition
U(zo) = ], ’

where [P',P] = P'P—PP’, If u(z) = det U(z) then (4.6) implies that
u = (@tr{P’,PHu=0.

Hence u(z) = u(zy) = 1 for all z. In particular U(2) is nonsingular everywhere.
Define

0(z) = U2) P(z) U(2).
Then
Q' =-U'U'UPU+U-P'U+UIPU".
Substituting for U’ in the right-hand side of (4.6) and using (4.4) and (4.5) we

have
Q' =UY~[P',P)P+P'+P[P',P)U=0.

Hence Q(z) = O(z,) = P(z,) for all z. This completes the proof.
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COROLLARY 4.12. Let P: z-> P(z) be an analytic projection valued map in a simple
connected domain 9. Let

M) ={v: P(z)v=1u}.
Then dim M(z) = m is a constant. We can choose a basis {v,(z), v4(2), ..., v,(2)} in

M(z) such that the maps z—>vy(z) are analytic in % for 1 <j<m.

ProoF. Define the map U: z—U(z) satisfying the properties of Theorem 4.11 and
select a basis v,,v,,...,v, for M(z). Put v;(z) = U(z)v; for all ze¥. Then
{04(2), v5(2), ..., 9, (2)} is a basis of M(z) with the required property. The proof is
complete.

THEOREM 4.13. Let T: z—T(z) be an analytic operator valued map in a domain
2D with index k and set of degeneracy S (T). Let §< D\ F(T) be a simply connected
domain and let m;, A(2), P(2), ze¥9, j=1,2,...,k, be as in Theorem 4.8, so that
properties (iyiv) are fulfilled. Then for any two points z,,2,€ Y and any Jordan
arc T joining z, and z, and completely contained in G,

A(ze)— A(zy) = mj? frtr T'(z) P(2)dz
Jor all 1<jgk.
ProoF. By using Theorem 4.8 and Corollary 4.12 we can find an analytic map

U: z-> U(z) in & such that the map T(z) = U(z) T(z) U(z)~! admits the canonical
decomposition

1(z) = ﬁ]l()\,(z) 0+ Dz)), ze, @7

where the projection
9;,=U@)P(2) Ux)™ @“.38)
is independent of z. In particular,
1) ;= M(2) Qs+ ﬁj(z)-
Differentiating and taking trace we get
tr7(z) Q; = m; Xi(2)+tr ﬁ;(z).

Since Dy(z) is nilpotent and tr Dj(z) = (tr Dy(z))’ = 0 we have

m;X(z) =trT'(z)Q; forallze¥. 4.9)
Since (U™’ =—U-1U'U~! we have
T =[vuv,T1+UT'UL 4.10)
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Since tr AB =tr BA for any two operators A,B and T(z) commutes with its
canonical projections Q; we have
tr[U'ULT1Q,=0.
Now (4.8)(4.10) imply
m; )\;(z) = trU@)T'(z) U(z)1 Q;
=trT'(2) U(z)1 Q; U(2)
= trT'(z) P(2)

for all ze¥. Since A;, T', P; are all analytic in ¢ an application of Cauchy’s
theorem completes the proof.

5. Some applications

We shall now indicate a few applications of Theorem 4.8 and Theorem 4.13
in the study of variation of spectra of finite dimensional operators.

THEOREM 5.1. Let U, V be any two unitary operators in an n-dimensional Hilbert
space. Then the eigenvalues of U and V can be arranged as A(U), A(U), ..., A (U)
and A\(V), A(V), ..., A, (V) respectively such that

max| L)~ 40 |<I1K1}
where K is any Hermitian operator such that

VU1 =exp(iK).

ProoF. Put T(2) = exp(izK) U for all zeC, where VU1 = exp(iK) and X is
Hermitian. Then the map T is analytic and T(0) = U, T(1) = V. Further T(z) is
unitary for all real ¢. Let &(T') be the set of degeneracy and let k be the index of the
mapT. The set [0,1]n&(T) is finite. We denote the points of this set by
h<tz<..<t,and put 4, =0, t,,, = 1. Since there are no points of degeneracy in
(#;—3, ;) we can find a simply connected domain %, such that (f;_,, ¢,)< 9;< C\&(T)
for all i=1,2,...,r+1. By Theorem 4.13 we can arrange the distinct eigenvalues
of T(2),t€(t;_4, 1)), as Ay(2), Aja(t), ..., Ay (t) so that

b

Ay(0)— Ay(@) = mj? I tr T'(¢) P(t) dt G.1)

a

for all [a,b]<(#;_y,t;), where m;2my>... 2m, are defined by Theorem 4.8 and
P,(1) is the canonical projection of T(f) corresponding to the eigenvalue A (¢).
7

https://doi.org/10.1017/5144678870001168X Published online by Cambridge University Press


https://doi.org/10.1017/S144678870001168X

194 K. R. Parthasarathy [16]

Since T(#) is unitary, P;;(t) are orthogonal projections of dimensions m; and
[m tr T'(0) Py()| < | T' )|
= ||iKexp (itK) U||
<||K].
Hence (5.1) implies
| Aii(0) = A @) | <|| K[ (6 —a), (5.2)
for all [a,b]<=(t; 4, 1,). Letting b} 1, and a ¢, ; and using Corollary 2.2 we now
conclude the following: for every arrangement of all the eigenvalues of 7(¢;_,) as
Ayt As(ti—y)s .5 Ap(t;—y) We can find an arrangement of all the eigenvalues of
T(t;_1) as A(2;), Ag(t)s ..., A,(t;) such that
[A (1) — At D <|| K| (= 2,_p) (5.3)
for all 1 <j<n. Permuting the eigenvalues of T'(z,) successively for i —=1,2,...,r+1
in a suitable manner we can ensure (5.3) for all i. Then
14,0) = A(D)]< g:ll A1) = Aty

<[|X]
for all 1 <j<n. Since T(0) = U and T(1) = V the proof is complete.

Our next result is a generzlization of Lidskii’s thcorem (see Kato, 1976, pp.
124-126).

THEOREM 5.2. Let T(z) = Ay+zA, +22Ay+... be a power series such that
© ol z|"|| 4,|| converges for all |z| < p, where Ay, Ay, As, ... are Hermitian matrices
of order n. Let X;; > Ajp> ... 2 Ay, be the eigenvalues of A; and let

AJ'l
l(j)= AJZ s j=1,2’.-..
Ain
Then the eigenvalues of T(t) can be arranged as A(t), Ay(t), ..., A (t) in te(—p,p)
such that
A() = 36 QU(OAY (54
j=0
where
A(D)
A (¢
Aa(t)
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and QY)Xt) is a continuous doubly stochastic matrix-valued function in (— p, p) for
each j. Outside a fixed countable set of points all the Q'9’s can be chosen to be analytic
in (—p, p)-

PROOF. Let 9 = {z: | z| < p} and let #(¢) be the set of degeneracy of the analytic
map z—>T(z) in Z. Let k be the index of this map. By Theorem 4.8, the set
= (—p, p)nF(T) is a countable discrete set. Let

Co={t,,r=0,+1, +2,...},

where 0<ty<t;<...and 0>¢_, >t _,>.... By the argument employed in the proof
of Theorem 5.1 we can arrange the distinct eigenvalues of T(¢) in (f;_;,2;) as

X (), Xigt), ..., X;(0) such that
Xij(b)— Aj(a@) = myt f ’ tr T'() Py(t) dt (5.5)

for all [a,b]<(2;_,,t;), where m; is the multiplicity of )\u(t) and P,(t) is the corre-
sponding canonical projection. We have

o
T'()= St 4,, 1€(~p,p).
r=1
Let v,4,0,9,...,0,, be unit eigenvectors of A4, corresponding to the eigenvalues
At Asg, ovs Ay Of A, Then (5.5) can be written as

Kty -Kyar = [ 5 S CulDlmtrad g, (5.6)
a r=1 g=1 my

Since {P;(t)v,,,0,,) is a non-negative continuous function in (#;_,,¢;) (indeed,

analytic) and 0 < (Py(t) v, v,,) <1 it follows that the limits

limAy (%) and lim X;(a)
bt aly_y

exist. Using Corollary 2.2 we now conclude the following: permuting the functions
40, A, ..., A;x(t) in each interval (t;_1,t;) suitably we can write all the eigen-
values of T(¢) as A,(2), A(2), ..., A,(f) so that
(1) each A,(¢) is continuous in 1€(— p, p);
(i) A,(9) is analytic in (- p, p)\ Cy;
(i) there exists an orthogonal projection-valued function Py(#) such that

T'(t) P(1t)

& dim P,(r) TmPe) ¢

1]
M) - M) = [

for all [a,b]<(—p, p);
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(iv) for 1¢C,, P(r) is the canonical projection of T(f) corresponding to the
eigenvalue A, (7). In particular,

to L trd,P(7)
)\1(t) - A,L(O) = o rglr‘l' 1 m d‘r. (5.7)
Put
0"(7) = (¢ (™)),
where

t (PLT) Vs, 0,
V(f) = -7 p—1 NN ] Vrjs Vrf/
93 )=t fo" dm P, dr,

for all z&(— p, p). Since tr Py(t) = dim P,(7) we have
n ¢
2qP@ =1t f re"ldr = 1.
j=1 0

Since A,(t) has multiplicity dim P,(¢) and the sum of P;(¢) over all i such that A,(t)
runs through all the distinct eigenvalues of T(¢) is the identity operator it follows
that

n
NIACERS
i=1

Since Py(7) is an orthogonal projection, ¢{7'(¢) >0. In other words Q" is a doubly
stochastic matrix-valued function in (— p, p). Now (5.7) implies that

(D) = A0)+ Zr(QN(OAN),
el
for all 1 <i<n. Without loss of generality we could have assumed

A0 = 2,0)> ... 2 A,(0).

Since Py(t)’s are analytic in t¢ C, it follows that the Qs are analytic in t¢ C,.
This completes the proof of the theorem.
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