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Beltrami Equation with Coefficient in
Sobolev and Besov Spaces

Victor Cruz, Joan Mateu, and Joan Orobitg

Abstract. Our goal in this work is to present some function spaces on the complex plane C, X(C), for
which the quasiregular solutions of the Beltrami equation, 0f(z) = p(z)0f(z), have first derivatives
locally in X(C), provided that the Beltrami coefficient z belongs to X(C).

1 Introduction

A function f: C — C is called u-quasiregular if it belongs to the Sobolev space
Wﬂ)’f((C) (functions with distributional first order derivatives locally in L?) and satis-

fies the Beltrami equation

(1.1) 5f(z) = u(2)0f(z), ae.zeC,

where (i, called the Beltrami coefficient of f, is a Lebesgue measurable function on
the complex plane C satisfying || ¢t]|cc < 1.

If, in addition, f is a homeomorphism, then we say that f is y-quasiconformal.
Quasiconformal and quasiregular mappings are a central tool in modern geometric
function theory and have had a strong impact in other areas.

It is well known that quasiregular functions are locally in some Holder class
(Mori’s Theorem), and moreover they actually belong to Wllo’f for some p > 2. In
this paper we are interested in studying how the regularity of the Beltrami coeffi-
cient affects the regularity of the solutions of (1.1). Thus, if the Beltrami coefficient
1 belongs to the Holder class ChH 0 < s < 1, using Schauder estimates (see for
instance [AIM, Chap. 15]), then u-quasiregular functions belong to Cllgcl *. For the
borderline cases s = 0 and s = 1, the C"*!* regularity fails (e.g., [AIM, p. 390]). If
€ WHP 2 < p < oo, then one can read in Ahlfors’ book [Ah, p. 56] the result that
quasiregular functions are locally in W*P. The cases u € W', p < 2, were stud-
ied in [CFMOZ]; for instance, when p = 2 one gets that the solutions are locally in
W24 for every q < 2. In [CFR, Theorem 4.3] some results on the case of homogene-
ity sp < 2, W*?, are obtained and applied to study the Calder6n’s inverse problem.
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Recently, in connection with the planar conductivity equation, the regularity of so-
lutions of the conjugate Beltrami equation, 0f = vdf, has been studied when the
dilation coefficient v is real and in W2, p > 2 (see [BFL, Corollary 1]).

Our goal in this paper is to present some function spaces X for which all quasireg-
ular solutions of (1.1) have first derivatives locally in X, provided that the Beltrami
coefficient belongs to X. These function spaces will enjoy the additional property of
being an algebra (that is, the product of two functions in X is again in X), and this
feature will play an important role in our arguments. We deal with Triebel-Lizorkin
spaces F;,_’q(C) and Besov spaces B;,_’q(C) withs > 0,1 < p < 00,1 < g < o0,
and sp > 2. Let A} ,(C) denote any of the function spaces with the indices as we
have determined. In any case, the condition sp > 2 ensures that we have bounded
continuous functions and multiplication algebras (e.g., [RS, 4.6.4]). In Section 2 we
will give the precise definitions of these function spaces involved in the statement of
the our first theorem.

Theorem 1.1 Suppose that ji € A}, (C) is compactly supported with || oo = k < 1.
Thenany f € WIL’CZ((C) satisfying the Beltrami equation (1.1) has first derivatives locally
in Ay, ,(C).

When the Beltrami coefficient is compactly supported there is a unique Wlt’cz((C)
solution of (1.1) normalized by the condition z+ O(1/z) near infinity. Moreover, it is
a homeomorphism of the complex plane. It is called the principal solution of (1.1).
By Stoilow’s Factorization Theorem (e.g., [AIM, section 5.5]), for any quasiregular
function f there exists a holomorphic function h such that f = h o ¢, where ¢ is
the associated principal solution. Therefore, we will only concentrate on principal

solutions. As is well known ([AIM, p. 165]), ¢ is given explicitly by the formula
P(z) = z+ C(h)(2),

where the operator
1 1
(1.2) Ch(z) = — /h(z—w)—dw
™ Jc w

is the Cauchy transform of h. When h € L?, 1 < p < oo, one has the identity
0C(h) = h. Consequently, our theorem immediately follows from next proposition.

Proposition 1.2 Suppose that i is compactly supported with || j1]| oo = k < 1 and that
d(z) = z+ C(h)(z) is the principal solution of the Beltrami equation (1.1). Lets > 0,
1<p<oo,1<q<oo,andsp>2 If € Aj (C), thenh € A (C).

Sketch of the proof The Beurling transform is the principal value convolution op-
erator

Bf(z) = —%p.v./(cf(z—w)% dw.

The Fourier multiplier of B is %, or, in other words,

Faaray

Bf(€) = 2 f(©).
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Thus B is an isometry on L*(C), and it is well known that B, as any Calderén—
Zygmund convolution operator, is bounded on A}, (C).

Recall the relation between the Cauchy and the Beurling transforms: JC = B.
Thus, ¢ = 1+ B(h) and 0 ¢ = h, and consequently the function / is determined by
the equation

(I—puB)(h) = p.

So, we only need to invert the Beltrami operator I — 1 B on the corresponding func-
tion space. This task is completed in Section 3. ]

For the critical case sp = 2, we consider a Riesz potential space I (L*!(C)), the
set of functions with first order derivatives in the Lorentz space L*!(C). Even though
close to L? , the Lorentz space L*!(C) is strictly contained in L. This small improve-
ment on the derivatives allows us to have continuous functions vanishing at infinity
(by the way, recall that functions with first order derivatives in L?> may not be contin-
uous).

Proposition 1.3  Suppose that p € I,(L»'(C)) is compactly supported with ||ji|| oo =
k < 1, and ¢(z) = z + C(h)(z) is the principal solution of the Beltrami equation (1.1).
Then h € I,(L>'(C)).

As we mentioned previously, Proposition 1.3 does not hold when the Beltrami
coefficient only has first derivatives in L?. However, the analogous result remains
valid if we replace I (L>'(C)) by L(L*'(C)), 0 < s < 2.

The main result of [MOV] identifies a class of non-smooth Beltrami coefficients
that determine bilipschitz quasiconformal mappings. In particular, we proved the
following result.

Theorem 1.4 ([MOV]) Let Q) be a bounded domain of C with boundary of class €,
0 <e < 1,andlet p € C¥(Q) with ||ullec < 1. Let ¢(z) = z + C(h)(z) be the
principal solution of the Beltrami equation (1.1). Then h € G (9)) forany e’ < ¢
and moreover ¢ is bilipschitz .

Now, we replace the Holder smoothness of the Beltrami coefficient by a Sobolev
(or Besov) condition restricted on a domain. (See definitions in the next section).

Theorem 1.5 Let0 < s < e < land1l < p < oo such that sp > 2 and let
be a bounded domain of C with boundary of class C'. Suppose that p is supported in
Q with ||i]|cc = k < 1 and that ¢(z) = z + C(h)(z) is the principal solution of the
Beltrami equation (1.1).

() Ifue W(Q), then h € W*P(Q).
(i) Ifu € B, (%), then h € B, ,(Q).

The proof runs in parallel to that of the above propositions, but now a new ob-
stacle appears: the boundedness of the Beurling transform on W*?(2) (or B;,_’ p(Q)).
In general, it is not clear if Calder6n—-Zygmund convolution operators are bounded
on WP (Q) (or By, ,(€2)). Of course, the answer depends on the operator and on the
boundary of the domain. We will study this question in domains {2 of R", n > 2.
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In R" we consider the kernel K(x) = w(x)/|x|", x # 0, where w is a homogeneous
function of degree 0, with zero integral on the unit sphere and w € C!(§"~!). Then
the singular integral

Tf(x) = po. / f(y)K(x — y)dy

is bounded on LP(R"), 1 < p < oo. (Really the condition w € C(S"7!) could
be weakened, but it is enough for our purpose). On the other hand, Sobolev spaces
WSP(R") (= F;’z (R™)) are described as spaces of Bessel potentials, thatis, f € W*? if
and only if f = G; * g, where G, denotes the Bessel kernel of order sand g € L? (e.g.,
[St, Chapt. 5]). Remember that the Bessel kernel of order s, Gi, is the L! function
with Fourier transform (1 + |€ |2)*%. Then, because T is a convolution operator, one
has the identity
T(f) = T(Gs x g) = Gy x (Tg),

and one gets the boundedness of T on W*P, 1 < p < oo. But if one takes f €
W*P(Q), € a domain of R”, then

Tof(x) == p.v. /Q f()K(x—y)dy

clearly belongs to LP(£2). However, perhaps Tof ¢ W*P(Q). For instance, let Q
denote a rectangle in C and xq denote its characteristic function. A computation
shows that the Beurling transform of xq, Bxq, has logarithmic singularities at the
vertices of the rectangle, and, therefore, its first derivatives belong to L?(Q) only if
p < 2 (eg, [AIM, p. 147]). For positive results, we restrict our attention to operators
with even kernel, that is, K(—x) = K(x). In Section 4 we will deal with Theorem 1.6.

Theorem 1.6 Let 2 be a bounded domain of R" with boundary of class C'"#, 8 > 0,
and let T be an even smooth homogeneous Calderén—Zygmund operator.
(1) IfTxqe€ B;,ﬁp(Q), 0<s<ln<sp<oo,thenTq: B;’P(Q) — beﬁp(Q).
(i) IfTxo € WHP(2),0<s < 1,n < sp < oo, then To: WoP(2) — WP (D).
(iii) IfTxq € WHP(Q), n < p < oo, then To: WHP(Q) — WP (Q).

In any case the norm operator depends on the domain ) and the Calderén—Zygmund
constant of the kernel of T (see (2.5) for the definition).

The result reduces the study of the boundedness of the operator T to the be-
haviour of T on the function ygq. Thus, we have a necessary and sufficient condi-
tion of type T(1). In the proof of Theorem 1.6, we follow the method of Y. Meyer in
[Me], where he studied the continuity of generalised Calder6n—Zygmund operators
on Sobolev spaces W*#(R").

Since T is bounded on L?, using complex and real interpolation, one could think
that items (i) and (ii) of the above theorem are a consequence of the third one. But
this it not the case, because the conditions on items (i) and (ii) are weaker than Ty €
WLe(Q).

When (2 is a bounded domain of R” with boundary of class €',0 < s < e < 1,
and n < sp < oo then Tq is bounded on W*P(2) and Bj,yp(Q) (see details in Sec-
tion 4). In particular, the assumptions on the domain {2 in the statement of Theorem
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1.5 are to ensure that the Beurling transform is bounded on the corresponding func-
tion space. Recently, V. Cruz and X. Tolsa [CT, To] have shown that if the outward
unit normal N on 02 belongs to the Besov space B;TPI/P(aQ), then Bxq € W*P(Q).

In Section 2 we shall introduce some basic notation and set up some necessary
preliminaries. The proof of Propositions 1.2 and 1.3 are in Section 3. In Section 4 we
study even smooth homogeneous Calder6n-Zygmund operators on domains. The
proof of the Theorem 1.5 is explained in Section 5.

As usual, the letter C will denote a constant, which may be different at each occur-
rence and which is independent of the relevant variables under consideration.

2 Preliminaries

We start by reviewing some basic facts concerning Triebel-Lizorkin spaces and Besov
spaces. Let S(R") be the usual Schwartz class of rapidly decreasing C>°-functions and
g stand for the Fourier transform of g. Let ¢ € S(IR") with ¢(§) = 1if[¢] < 1 and
(&) = 0if [¢] > 3/2. Weset ¢y = 1 and ¢;(€) = $(277€) — 9(2771), j € N.
Since Z;’io 1;(§) = 1forall§ € R", the ¢; form a dyadic resolution of unity. Then,
for f € Ll (R"),1< p,q < 00, and s > 0, one defines the norms

loc

flls, = (Z 12, « f;é) "and [flls, = H (Z 27 fq) q
par =0

The Besov space By, ,(R") consists of the functions such that || f|[z;, < oo, while the
functions in the Triebel-Lizorkin space F}, ,(R") are those such that || f||r;, < oc.

The spaces F,, 5, 1 < p < oo, are known as Sobolev spaces of fractional order or
Bessel-potential spaces and we prefer denote them by W*?. Since p > 1and q > 1,
both B, , and F,, , are Banach spaces. A systematic treatment of these spaces may be
found in [Tril], [RS], and [Gr, Chapt. 6]. A remarkable fact when sp > n is that By,
and F, | form an algebra with respect to pointwise multiplication, that is,

(2.1) If - gllas, <ClIf

where A3, denotes the corresponding Besov space or Triebel-Lizorkin space (e.g.,
[RS, 4.6.4]). Moreover, functions in these spaces satisfy some Holder condition and
so they are continuous functions with

[flloe < Cli fllas,-

We say that a bounded domain @ C R” has a boundary of class €' if 9 is a
C! hyper-surface whose unit normal vector satisfies a Lipschitz (Holder) condition
of order ¢ as a function on the surface. To state an alternative condition, for x =
(x1,...,%,) € R" we use the notation x = (x’, x,,), where x’ = (x;,...,x,_1). Then
2 has a boundary of class €' if for each pointa € 9 {2 one may find a ball B(a, r) and
a function x,, = ((x’), of class €1, such that, after a rotation if necessary, 2N B(a, r)
is the part of B(a, r) lying below the graph of . Thus we get

P

181143,

s
A[’-‘i

(2.2) QN B(a,r)= {x € B(a,r) : x, < cp(xl,...,xn_l)}.
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We say that Q2 is a bounded Lipschitz domain if the function ¢ in (2.2) is of class €%,

In general, if one has a function space X defined on R"” and a domain Q C R",
one defines the space X(€2) as the restrictions of functions of X from R” to 2. In
addition, the restriction space is endowed with the quasi-norm quotient. In the cases
that we are considering we have an intrinsic characterization of elements of X((2).
We will use these characterizations in the proofs of Theorems 1.5 and 1.6. Let {2 be a
bounded Lipschitz domain in R, 1 < p < coand 0 < s < 1. Then

(a) (eg, [Tar,p.169]) f € B} ,(Q2)ifand onlyif f € LP((2) and

QJQ

|x_y‘n+sp

(b) (e.g., [Str, p. 1051]) f € WP(Q) ifand only if f € LP(£2) and

NEENOPA
(2.3) /(/ |x—y\”+25 ) dy < o0.

(c) (e.g., [Br2,p.703]) f € WLP(Q)ifand onlyif f € LP(Q) and

(2.4) lim « / dedy < 0.
9

a=0 " Jo Jo |x -yl

A smooth (of class C') homogeneous Calderén—Zygmund operator is a principal
value convolution operator of type

T(F)() = po. / FO)Kx— ) dy,

where

K =29 s,
x|

w(x) being a homogeneous function of degree 0, continuously differentiable on
R\ {0} and with zero integral on the unit sphere. Note that one trivially has

C
K(x—y)| <
| Yl lx — y|"
and
W,
[K(x—y) — K(x—y)| < CM whenever |[x — y| > 2|y — y'|.

The Calder6n—Zygmund constant of the kernel of T is defined as

(2.5) ITllcz = 1K) [ oo + VK (x) |5l oo
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The operator T is said to be even if the kernel is even, namely, if w(—x) = w(x) for
all x # 0. The even character of T gives the cancellation T(xp)xp = 0 for each ball
B, which should be understood as a local version of the global cancellation property
T(1) = 0 common to all smooth homogeneous Calder6n—Zygmund operators. This
extra cancellation property is essential for proving Lemma 4.2 and Theorem 1.6.

It is well known that Calderén—Zygmund convolution operators are bounded on
LP(R") and also on W*P(R") (because W*F = G; * L?). Using the method of real
interpolation, one easily gets that these operators are also bounded on B;, ,(R") (see
also [Gr, 6.7.2] for a direct proof). The boundedness of Calderon—Zygmund convo-
lution operators on F;ﬁq(R”) was proved in [FTW, Theorem 3.7] (see [JHL, Theo-
rem 1.2] for a nice proof). Summarizing, if s > 0 and 1 < p, g < oo, we have

(2.6) ITf s, <

where C is a constant that depends on s, p, g, n and || T|cz.

Lorentz spaces are defined on measure spaces (Y, m), but we only need the case
where Y = C and m is the Lebesgue planar measure. The classical definition of
Lorentz spaces uses the rearrangement function. For any measurable function f we
define its nonincreasing rearrangement by

f5(t) :=inf{s: m{z € C: |f(z)| > s} <t}.

For 1 < p,q < oo, the Lorentz space LP1(C) is the set of functions f such that
[1fllzes < o0, with

I fllzracc) = {(fooo[tl/pf*(l‘)]qt_ldt) 1/q7 for1 < g < oo,

sup,o /P (1), for g = co

A second definition of Lorentz spaces, which is equivalent to the first one, is given by
real interpolation between Lebesgue spaces:

(LPO ) L )9,q = LP,q7

wherel§p0<p<p1Soo,lgqgoo,0<0<landézﬁ+— Lorentz

spaces inherited from Lebesgue spaces the stability property of the multiplication by
bounded function, that is, if f € L> and g € L?4 then fg € L1 and we have

(2.7) 178l < [ flloollgllzra-

Let 1 < p,q < oo and consider 0 < a < 2. The Lorentz potential space, I,(LP1(C)),
is the set of functions f such that f = I, * g, where g € L?1(C) and I,,(x) = c, |x|* 2
is the Riesz potential of order ov. The norm in this space is given by

| fllr,raccyy = ligllLra-

Note that when v = 1, one has || f||1, wraccy) = |V fl|Lea-
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It is well known [St2] that functions f of I;(L*!(C)) are continuous, and there
exists a constant C such that

(2.8) [ flloo < Cllflln 21y

In general Ia(Lg’1 (C)) are embedded in Cy, the space of continuous functions vanish-
ing at the infinity (see [Ba]). Again, a remarkable property of these spaces I, (L%"1 (©)
is that they are multiplication algebras, that is,

(2.9) £l 2oy < CIANL g2 llgl, 42

Finally, note that Calder6n—Zygmund convolution operators are bounded on
LP(R") and so also on Lorentz potential space, I, (L?4(C)), with constant depend-
ing on (2.5).

Invertibility of the Beltrami Operator

As we mentioned in the introduction, in order to prove Proposition 1.2 (and then
Theorem 1.1) and Proposition 1.3 we only have to consider the invertibility of the
Beltrami operator I — B on A;_’q((C) and on I;(L*!)(C). Following the idea of
Iwaniec [Iw, pp. 42—43] we define

P,=I+uB+---+ (uB)",
so that we have
(I— puB)Py_y = P,_(I— uB) =1 — (uB)" =1 — u"B" +K,

where K = " B"—(uB)" can be easily seen to be a finite sum of operators that contain
as a factor the commutator [y, B] = uB — Bu. In Lemma 3.2 (and in Lemma 3.3) we
will prove that [x, B] is compact on A;W((C) (and on I, (L>1)(C)) , so that K is also
compact. In Lemma 3.1 we will check that the operator norm of p"B" on A;’q((C)
(and on I;(L*')(C)) is small if n is large. Therefore, I — 1B is a Fredholm operator
on A% (C) (and on I; (L*1)(C)). Clearly I — tuB, 0 < t < 1, is a continuous path
from the identity to I — uB . By the index theory of Fredholm operators on Banach
spaces (e.g., [Sch]), the index is a continuous function of the operator. Hence I — uB
has index 0. On the other hand, I — B is injective on A3, (C) (and on I, (L>1H(C)),
because by [Iw, p. 43] it is injective on LP(C) for all 1 < p < oo. This concludes the
proof that I — pB is invertible.

Lemma 3.1 (i) The operator norm of jui"B" on A3, (C) is small if n is large.
(i) The operator norm of 1" B" on I, (L**(C)) is small if n is large.

Proof Let
, (=0 @

T Zn+1
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be the kernel of iterated Beurling transform B". Then, the Calderén-Zygmund con-
stant of B" is
1Bu(2)]2* |0 + [VBu(2)]2] || < Cr*.

(i) This is an easy consequence of well-known results. Since

18" las,, < Cligls " llgllas,

(see [RS, Theorem 5.3.2/4]), using (2.1) and (2.6), we have
1" B"(f)las, < Cllu"|las, 1B"(Hlas,

< Cllu"|la;,,7* 11 f

< Crlulls el

s
Al“i

s
AP-'{

fllag,

and the norm becomes small if # is big enough, because ||ulcoc = k < 1.

(i) Using || fllr a2 = |V Sz, (2.9), (2.7), and the boundedness of Calderon—
Zygmund convolution operators, we have

" B"(Ollnazy < Cle"llnaen 1B (Hllnaen
< Cllu"lnaznm® | e
< Cr?|lullag Nallnaen 1 £lln @z,
and the norm becomes small if 7 is big enough, because ||u||c = k < 1. [ |

Lemma 3.2 The commutator [, B] is compact on A;vq((C).

Proof First we have

|, Bl f

x,, = luBf — B(uf)la,
< pllas B fllas, + Clluef
< Cllpllas, 1 fllas,,»

s s
AP-‘I AP-‘I

s
Aﬂﬂ

and so the commutator is bounded in A, .

Using that the limit of compact operators is a compact operator, we can assume
that p € €2°(C), with its support contained in the disk D(0, R). Now we use a trick
from [AIM, p. 145]. Consider an arbitrary function g = C f with f € Aj ,, where
C f denotes the Cauchy transform of f (see (1.2)). As dg = B(f), dg = f, and

B(O(ug)) = d(ug),
uB(f) = B(uf) = pdg — B(pdg) = pdg — B(O(1g)) + B(Opg)
= pdg — O(ug) + B(Opg) = B(Oug) — dug
= B(OuC f) — ouC f.

From this representation one can see that [p, B] is compact. Given ¢ € CZ°(D(0, R)),
the operator ¢ C f is a compact operator on Aj, ,(C), because by the lifting property

(see [RS, 2.1.4]) ¢ C f € A;,f;((C), obviously ¢ C f(z) = 0if |z] > R, and the inclu-

sion ofA;,f; (D(0,R)) into A;7q(D(0, R)) is compact (e.g., [RS, 2.4.4]). [ |
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Lemma 3.3 The commutator [, B] is compact on I (L*'(C).

Proof As above we have

(3.1) L1, Bl fll 2y = [[Bf — B f)||n a2y
< [lplln @zl Bflln @z + Cllpf @z
< Cllulln @l fllnae,

and so the commutator is bounded in I; (L*!). So, by density, we only need to prove
the compactness of the commutator when p € €.
On the other hand,

2
1 Bl fllnery = D 10;(uB(f) = B(f))| 2
j=1

2
= > 1191, BIf + [, BIO; )] 12

j=1
2

<> 1105, B fllzes + |11, BIO; )| 2
j=1

Since the commutator is a compact operator in L? when p is smooth [U] and
using real interpolation of compact operators [CoP], we have that [, B]: L*!(C) —
L>!(C) is compact.

Therefore we only have to prove that [a, B]: I;(L*>!(C)) — L*!(C) is a compact
operator when a € C2°(B(0, R)) for some R > 0. Given 1 > 0 we consider a regular-
ization of the Beurling transform

B'f(z) = —% p.v./f(z — w)K,(w)dw,

where K (z) = ¢,(2) /z* and 0 < @y(z) < 1isaradial C* function satisfying
on(lz]) = 01if |z| < % and p,(|z]) = 1if|z| > 7. It is easy to check that B” is a
convolution Calderén—Zygmund operator with constants depending on 7.

In the rest of this proof we will use the estimate (2.8) without any mention. For
any f € I;(L*"), the function [a, B — B"](f) has compact support. On the other
hand,

o8- 1N = | 2 [ (@) - a0 ( =~ 2 sy

1

< C||f||<>o||W||oo/ dy < Coll flly, 2 IV alloo-

|z—y|<n |Zﬁ ‘

Consequently the operator [a, B7] tends to [a,B] when  — 0. To prove that
[a,B"]: [,(L*') — L*'is compact we will use the Fréchet—Kolgomorov Theorem for
Lorentz spaces (e.g., [Brl, p. 111] for L? spaces).
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By (3.1), the image by [a, B"] of the unit ball of I; (L*!(C)) is uniformly bounded
in L*>!(C). To get the equicontinuity, take f € I;(L*') and |z — w| < {. Then

[a, B"]f(z) — [a, B"] f(w)

_ ;1 _ <P7](Z g)
=— ((a(z) — a(w)) L -0 F(&)dg
= LB ) (o0 o) s

= 01(z, w) + O1(z, w).

Since B" is a convolution Calderén—Zygmund operator,

|01(z, w)| = *] (a(2) —aw)) B'f(2)| < Cylz = wl[|Valloo| flln a2

and
_1 ey(z—8)  oyw—¢) B

el =] [ (e ) (et —at@) e

||V<P7z||oo }
<Clz— [e’¢) o d
<Cewllfllialed [ pretee [ TP
—lz = wlll fllr z2)-
Therefore
(3.2) | a, B f(2) — [a, B')fw)] < Clz — wl[|fllnn,

where the constant C depends on a and 7.
On the other hand, if |z| > M > 2R,

Ptz —w) (z—
(z—
1

<lolale [
o |w|<R|Z*W|2

1
< Cllfllnazn lalloo 77

’ a, B"] (z)‘ = ’/ a(z) — a(w)) D f( )dw

and then
. 1
(3.3) || la, BT (f)xersomn || 2 < Cllfllnze ||aHooHWXC\B(O,M)”L“7
which tends to 0 as M — 0. Combining (3.2) and (3.3), by the Fréchet—Kolgomorov

Theorem for Lorentz spaces, one gets that [a,B"] is a compact operator from
L (L*Y(C)) to L*'(C) as desired. [ ]
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4 Calder6n-Zygmund Operators on Domains

In this section we will prove Theorem 1.6. Let X(£2) denote any of the function spaces
in the statement of Theorem 1.6 and let f € X(). It is clear from the Calderén—
Zygmund theory that Tof € LP(Q). So, in order to study the behaviour of T on
X(€2), we must deal with Tq f(x) — Tqf(y), because we have a characterization of
X(£2) using first differences. Throughout this section, as appropriate, one must con-
sider the integrals in the sense of principal value. Following [Me] we consider the
next decomposition.

Lemma 4.1 Let) € C such that y(u) = 1 on |u| < 2 and (u) = 0if |u| > 4.
Define n(u) = 1 — ¢ (u). Then

4
Tof(y) = Taf(x) ==Y &i(x, ) + f()(Txa(y) — Txa(x)),

i=1

where

g1(x,) Z/Q(K(y_”)_K(x_”)) (f) = f) ”(;:il)d”’

@6y =— [ Kx—w(fw) - fx) v —)du,
Q |y—x|

u

gxy) = | Ky—uw(fw)—f(y) %x du,
Q ly — x|

u—x
@) = (£0) = £9) [ KOy =07 )
Proof Note that if )(w) + 7)(w) = 1, we can write

Tof(®) = () Tad(x) + /Q K(x— w)(f(w) — £(0)) dw)dw

+/K(x— w) f(w)H(w)dw,
Q
and then

Taf(y) — Taf(x) = /Q(K(y —u) — K(x —u)(f(u) — f(x)) 7(u)du
_ /Q K(x— w)(F(u) — F(0)) $(u)du
+ /Q K(y — w)(F(u) — £(3)) P(u)du

F () - () /Q K(y — u) (u)du

+ f)(Txa(y) — Txalx)).
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Given x # y, take ¢(u) = w(ﬁ) and 7)(u) = n(ﬁ), and that is what we wished
to prove. |

Let B = B(xy, r) be the ball in R” of center xy and radius r and let ¢y denote a
smooth function supported in B such that ||¢gp[l« < 1 and ||[Ves|le < r~!. To

deal with the term g, we will use the next lemma, which is an application of the Main
Lemma of [MOV].

Lemma 4.2 Let Q be a bounded domain of R" with boundary of class C'*, B > 0,
and let T be an even smooth homogeneous Calderén—Zygmund operator. Then there
exists a constant C = C(2) such that | Topslle < C.

Proof Since the C®’ norm of 3 is bounded by 1 + r—%, by the Main Lemma of
[MOV] we have

| Tops(x)| < CA+r7), forall x € C and
| Taws(x) — Taps(y)| < Crllx — y|°, forallx,y € Q.

Associated with the domain € there is a ry > 0 satisfying (2.2). Then if 3r > r,
one has |Topp(x)| < C(1 + (%)ﬂ) forall x € C. If 3r < rg, we write

Togs(x) = /Q K(x— y)es()dy = /

an

K(x — y)ep(y)dy
3B

_ / K(x— ) (0s0) — op@) dy +@p(x) | K(x— p)dy
QN3B QN3B

= p(x) +q(x).

For p(x) we have

x) — d
pol<c [ W= ely, < opug,), [ Y <c
QN3B [x =yl 38 X — ¥l

Ifx ¢ B, q(x) = 0, and for x € B one can prove

/ K(x— y)dy‘ <),
QN3B

proceeding as in the proof of the Main Lemma of [MOV, pp. 408—410]. ]

Let us continue with the proof of Theorem 1.6. In the case that f € B;’p(Q),
0 <s< 1,n < sp < oo, we have to prove that

/ |Taf(x) — Taf(y)|?
QJQ

4.1
D |x — ylrtsp

dxdy < oo.

By Lemma 4.1,

4
Tof(y) = Taf(x) = > _g&i(x,y) + f(x)(Txa(y) - Txa()),

i=1
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and we will study each term separately. Since f is bounded (because n < sp < 00)
and Txq € B;,p(Q),

// |f(x)(TXQ(}’)—TXQ(x))|pdxdy <

[ =yl

| Txa(y) — Txa(x)|?
Il [ [ = gy < o,

Fix f such that s < t < 1. Using the properties of the kernel K and Holder’s

inequality (with % + é = 1), we have

@y <C / IK (e — ) — K(y — )]l f) — £0)|du

QN {|u—x|>2[x—y|}

gc/g [x |n|+1|f(u) f(x)|du

N{lu—x|>2|x—y|} |x —

[f(w) — ()] 1

onflu—x>2lyly e —ulrT [x—u

_ » ?
([ g,
QN {ju—x|>2x—y|} X — [P
)
{lu—sl>2lx—y|} |X — u["719*

_ P 7
<cle-l( [ UUES IO
QN{ju—x|>2x—y[} X — P

g1 )P _ C /’ ) — fEI”
QN {Ju—x|>2lx—y|}

|x _ y‘nﬂp - |x _ y‘n-%—sp—tp |x _ u|n+tp

:C|x_y| E—rt]

Thus,

)

and then, by the Fubini’s theorem,

//kMyH
o |x — y|rsp
1 — P
cof Lo Lo B i
aJo X = y|" P Jonfumxisax—yy X — ul"P

_ P
:C/// | f(u) {r’(?j)\ 1+ —dydudx
o Jo Jon{u—xisax—yly X —u|"PTP [x — y|rrspip

<C/ |f(w) — f)|P 1 dudsx
)

|x_ u|n+tp |x_ ulsp—tp

_C//If(u) [fG) = FOIP 44 < oo

|X— u|n+sp
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Since the terms g, and gz are symmetric, we only consider one of them. Take ¢
such that 0 < r < s. As before, using the properties of the kernel K and the Holder’s
inequality (% + é =1),

ey <C | 1w = f@l

QN{|x—u|<4|x—y|} |X7 u|n

T
on{lx—ul<alx—y[} |x—ulP" fx —ufs
o\’
c / | f(u) fgatc)l du
QN{|x—u|<4|x—y|} |x - u|n P

1
/ du !
{Jx—ul<ajx—y|} [ — u["71

_ P 3
ON{|x—u<ajx—y|}  |%— ul™P

sl C [ — fel
QN {|x—ul<4lx—y|}

IN

Then

)

|x _ y‘nﬂp - |x _ y‘n-%—sp—tp |x _ u|n+tp

and therefore

// lg2(x, [P
|x_ |n+sp

- P
<c / / / 0= JOF
QJQJoN{|x—u|<4|x—y|} |x— y|" sp P‘x_ u|” p

< C/ Mdudx < 0.
aJo

‘X* u|n+sp

Finally, by Lemma 4.2 we have

‘/QK(yu)ql)<|l;_;C|>du

<,

and consequently
(x, y)[P / [fG) — fOIP
=—"—dudx <C dxdy < oo.
= S T

Combining all these inequalities we get (4.1).

Using the characterizations (2.3) and (2.4) one can see that the proofs for f €
WP(Q) or f € W'P(Q) are very similar to the one we just explained for f €
B ().

p:p
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Remark If ) is a bounded domain of R” with boundary of class €', ¢ > 0,

and T is an even smooth homogeneous Calderon-Zygmund operator, we have (see
[MOV, Main Lemma])

|T(xa)(x) — T(xa)(y)| < Clx -y, Vx, y € (L.
Therefore T(xq) belongs to W*?(£2) and B;,p(Q) forany s € (0, ¢).

5 Proof of Theorem 1.5

Consider the Beurling transform restricted on the domain §2 of class C Le

Bog(z) = f% pv/ gw) dw.

v G

By [MOV, Main Lemma], |B(xq)(z) — B(xa)(w)| < Clz — w|® for all z,w € Q.
Now, applying Theorem 1.6 we have that By is bounded on the spaces B, ,(€2) and
W*P(Q). Let us denote by X(£2) any of these two spaces. We will show that the
Beltrami operator I — uBq is invertible on X(2). Then taking h = (I — uBq) (1)
we get the conclusions.

As in the proof of the Proposition 1.2, we claim that I — B, is a Fredholm operator
on X(Q2). Define P,, = I + uBg + - - - + (4Bq)™ so that

(I — uBa)Py—1 = Pp—1(I — uBq) =1 — pu™(Ba)™ + R,
where R = p"(Bg)™ — (1Bgq)™ can easily be seen to be a finite sum of operators that

contain the commutator [y, Bg] as a factor. We will prove that [p, Bo]: X(Q2) —
X(£2) is a compact operator. On the other hand, for z € (),

(I—p"™Ba)") f(2) = (I— p™(B™)q) f(2) + " (2) ((B")af(z) — (Ba)" f(2))
= (I — /Lm(Bm)Q) f(Z) + Mm(z)Kmf(Z)v

where B" is the m-iterated Beurling transform and K,,, f := (B")af — (Bq)" f. As in
the proof of Lemma 3.1, if F € X(€2), we get

(5.1) 1" Fllx < Cml|pll 26 llxa 1 Fllx@)-

Recall that the kernel of B™ is ((—1)"mz™~!) /(7z™*!), and then, by Theorem 1.6, if
f € X(€2), we have

(5.2) [(BMafllxe < Cm*| fllxq-

Consequently, combining (5.1) and (5.2),

1™ (B™)a fllxy < Cm ||l 2l llxea 1 fllxce
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which implies that I — p”(B™)q is invertible if m is large. Assume for a moment that
the operators K, are compacts on X(£2). Thus, I — pBg is a Fredholm operator and
in addition has index zero. Since X(£2) C L?(£2) we also have that I — uBq, is injective
(see [Iw]) and therefore invertible on X(£2).

The compactness of the operators [u, Bg] and K,,, on X(£2) follows parallel argu-
ments. Since X(£2) is an algebra and the Beurling transform B, is bounded on X(2),
we have

11 Bal fllx = [[uBaf — Ba(uf)llx < Cllplixllflx-

Moreover, because the domain 2 is Lipschitz, there exists a sequence of functions
€ C°°(Q) such that 1; converges to 1 in X(£2). So, we are reduced to proving the
compactness when z € C°°(€). In this case, the kernel of the commutator

ool fe) = = [ BELE i [ bz foerdw

clearly satisfies

|k(z,w)| <

C
| | forall z,w € Q,
z—w
|z — 2|

|k(z',w) — k(z,w)| < C
|z — w|?

if |z —w| > 2|z —2'].
Then a simple computation gives (see [MOV, p. 419]), for z1, z, € €,

(53) |l Balf(z1) — (1, Bal f(22)| < Clzy — 2 (1+log| |) [l fll o>

where d denotes the diameter of €). From (5.3) one immediately gets that [u, Bo] f
belongs to B’ 5.p(§2) and to whr(Q) for any S < 1. The compact embedding
whr(Q) — WSP(Q) s < B, (and BPP(Q) — B, (Q)) gives the compactness
for the commutator (e.g., [Tri2, Proposition 7]).
We have K, f = (B™)af — (Ba)™ f. To prove that K, is compact on X(£2) we will
proceed by induction. For m > 2,
(Bo)"f = Ba((Bo)" ' f) = B([(Ba)"" f]xa)
=B([B" ' (fxa) — Kn-1f] x0)
= B(B""'(fxa) = (B"~'(fxo)) xa — (Ku-1f)x0)

= B"(fxa) — B(xa-B" ' (fxa)) — Ba(Ku-1f).

It is then enough to prove that, for m > 1, the operator

Quf == B((B"(fxa)) xa)
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is compact in X(€2). For z € Q, we write

Qumf(2) = B(B"(fxn))Xxa:)(2)
_ 1 [ B"(fxo)(w)
T oor /“ (z —w)? dw
1 1 (=D)"m [ (w—&)"!
- /Q e ey [©de
- /Q Ko(z, ) f(E)dE,
where ) 1
_(=nm 1 mw—=9"
Km(%f) = 71_2 /Qu (Z — W)2 (W _ £)m+1 dw

In [MOV, pp. 418—419], it is proved that if ) is a bounded domain of class € and
f € L*>*°(£), then

Quf(2)| < Cdflloes 2€9,

d
1Quf(2) = Quf @) < Clai =zl (1+10g ——) [flloo, 21,22€ 2,

|21 — 2]

where d denotes the diameter of 2 and C depends on m and ).

Consequently, if f € X(£2), then Q,,f belongs to Bg,P(Q) and to WP () for
any 8 < e. Choose 3 such that s < < e. Again, the compact embeddings
WHEP(Q) — WP(Q) and Bg‘p(Q) — prﬁp(Q) give the compactness of Q.
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